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Preface

The book is a summation of many years’ work on the study of general Beltrami
equations with singularities. This is not only a summary of our own long-term
collaboration but also with that of many other authors in the field. We show that our
geometric approach based on the modulus and capacity developed by us makes it
possible to derive the main known existence theorems, including sophisticated and
more general existence theorems that have been recently established.

The Beltrami equation plays a significant role in geometry, analysis, and
physics, and, in particular, in the theory of quasiconformal mappings and their
generalizations, Kleinian groups, and Teichmiiller spaces. There has been renewed
interest and activity in these areas and, in particular, in the study of degenerate and
alternating Beltrami equations since the early 1990s.

In this monograph, we restrict ourselves to the study of very basic properties of
solutions in the degenerate and in the alternating cases like existence, uniqueness,
distortion, boundary behavior, and mapping problems that can be derived by
extremal length methods. The monograph can serve as a textbook for a one- or
two-semester graduate course.

Donetsk, Ukraine Vladimir Gutlyanskii
Donetsk, Ukraine Vladimir Ryazanov
Haifa, Israel Uri Srebro

Holon, Israel Eduard Yakubov
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Chapter 1
Introduction

1.1 The Beltrami Equation

Let C be the complex plane. In the complex notation w = u +iv and z = x + iy, the
Beltrami equation in a domain D C C has the form

wz = U(z)wy, (B)

where 1 : D — C is a measurable function and
= 1 . 1 .
wz=dw= E(Wx +iwy) and w,=dw= > (wy —iwy)

are formal derivatives of w in 7 and z, while w, and wy are partial derivatives of
w in the variables x and y, respectively. For the geometric interpretation of u, see
Appendix A.4.5.

In the real variables x,y,u, and v, (B) can be written in the form of the system

{ vy = Quy+ Puy B)
—vy = Buy + yuy,

where o, 3, and y are given measurable functions in x and y; see, e.g., [263]. For
U1 =0, (B') reduces to the Cauchy-Riemann system, i.e., (B") with § =0 and o =
y=1.

This book is devoted mainly to the Beltrami (B). In addition to the theory of the
Beltrami (B), there is a theory of the Beltrami equation of the second kind

wz = V(z) Wz, (S)

with applications to many problems of mathematical physics; see, for instance,
[136]. The Beltrami equation of the second type also plays a significant role in the
theory of harmonic mappings in the plane; see, e.g., [59,201]. Hence, we give also

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 1
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6_1,
© Springer Science+Business Media, LLC 2012



2 1 Introduction

some results on the Beltrami equation with two characteristics:
w: = W(z)-w: + v(2) W (D
The existence problem for degenerate Beltrami (B) when

L@, .
e FE

is currently an active area of research; see, e.g., [26,48-50, 56, 57, 65, 66, 70, 76,
77,99, 117, 140, 147, 159, 160, 174, 212-214, 238, 254, 271]. The study of such
homeomorphisms started from the theory of the so-called mean quasiconformal
mappings; see, e.g., [5,41, 94,95, 100, 133, 134, 138, 139, 141, 185, 187, 204, 206,
243,244,257,273,274], and related to the modern theory of mappings with finite
distortion; see, e.g., [25,42, 104, 105, 112-114, 116, 118, 125-130, 132, 155, 161-
165,181-183,192-195,207-209, 225].

Ku(z) : =

1.2 Historical Remarks

The system (B’) first appeared in [86] in connection with finding isothermal
coordinates on a surface. Local coordinates u# and v on a given surface are called
isothermal if the curves u = const are orthogonal to the curves v = const or,
equivalently, if the length element ds is given by

ds® = A(u,v) (du® +dv?).

The transition from given local coordinates x and y to isothermal coordinates u and
v is an injective mapping (x,y) — (u,v) satisfying

a(x,y) dx? +2b(x,y) dxdy + c(x,y) dy? = A(du? +dv?), A >0,

where u and v are solutions of the Beltrami system (B') with

- \%,y: \/LZ and A =ac—b>> Ay >0,

Gauss in [86] proved the existence and uniqueness of a solution in the case of
real analytic o, 3, and v, or, equivalently, when u is real-analytic. The equation
then appeared in the Beltrami studies on surface theory; see [32]. There is a
long list of names associated with proofs of existence and uniqueness theorems
for more general classes of t’s. Among them we mention A. Korn [124] and
L. Lichtenstein [154] (Holder continuous p’s, 1916) and M.A. Lavrent’ev [144]
(continuous u’s, 1935). C.B. Morrey [176] was the first to prove the existence and
uniqueness of a homeomorphic solution for a measurable u (1939). Morrey’s proof
was based on PDE methods. In the mid-1950s, L. Ahlfors [6], B. Bojarski [43,44],
and LN. Vekua [263] proved the existence in the measurable case by singular
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integral methods. L. Ahlfors and L. Bers [7] established the analytic dependence
of solutions on parameters; cf. the paper [44] and its English translation in [47], and
the corresponding discussion in the monograph [51].

1.3 Applications of Beltrami Equations

The Beltrami equation was first used in various areas such as differential geometry
on surfaces (see Sect. 1.2), hydrodynamics, and elasticity. Most applications of the
Beltrami equation are based on the close relation to quasiconformal (qc) mappings.
Plane qc mappings appeared already implicitly in the late 1920s in papers by
Grotzsch [97]. The relation between qc mappings and the Beltrami equation was
noticed by Ahlfors [4] and Lavrent’ev [144] in the 1930s. The significant connection
between the theory of the Beltrami equation and the theory of plane qc mappings
has stimulated intensive study and enriched both theories. Most notable is the
contribution of qc theory to the modern development of Teichmiiller spaces and
Kleinian groups.

The Beltrami equation turned out to be useful in the study of Riemann surfaces,
Teichmiiller spaces, Kleinian groups, meromorphic functions, low dimensional
topology, holomorphic motion, complex dynamics, Clifford analysis, control the-
ory, and robotics. The following list is only a partial list of references: [2,4-6,8-11,
22,23,26,27,33-38,45,60,72,78,80-82,90, 117, 135-137, 143,146, 151, 157,232,
242,245,246,263]. Part of the list consists of books and expository papers where
further references can be found. For the classical theory of the Beltrami equation
and plane qc mappings, we refer to [9,30,44, 152].

1.4 Classification of Beltrami Equations

We say that i is bounded in D if ||ft||. < 1 and that y is locally bounded in D if u|A
is bounded whenever A is a relatively compact subdomain of D. The study of the
Beltrami equation is divided into three cases according to the nature of p(z) in D:

(1) The classical case: | ||| < 1.

(2) The degenerate case: ||1| < 1 almost everywhere (a.e.) and ||t]]. = 1.

(3) The alternating case: || < 1 a.e. in a part of D and 1/|u| < 1 a.e. in the
remaining part of D.

1.5 ACL Solutions

By writing f : D — C, we assume that D is a domain in C, which is an open
and connected set and that f is continuous. A mapping f : D — C is absolutely
continuous on lines (ACL), f € ACL, if for every rectangle R,R C D, whose sides are
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parallel to the coordinate axes, f is absolutely continuous on almost every horizontal
and almost every vertical line; see, e.g., [9] or [152]. A function f: D — C is a
solution of (B), if f is ACL in D, and its ordinary partial derivatives, which exist a.e.
in D, satisfy (B) a.e. in D.

Some authors (cf. [99,116]) include in the definition of a solution the assumption
that f belongs to the Sobolev class Wl(l)’c1 and that (B) holds in the sense of

distributions. If f € Wlé’cl and f is continuous, then f € ACL, and the generalized
(distributional) partial derivatives coincide with the ordinary partial derivatives. In
general, an ACL function need not belong to Wkl)"cl. For some u’s, however, every

ACL solution is just a Vl/kl)’cl solution.

A solution f: D — C of (B) which is a homeomorphism of D into C is called a -
homeomorphism or l-conformal mapping. In the above cases (1) and (2), a solution
f:D — C of (B) will be called elementary if f is open and discrete, meaning that
f maps every open set onto an open set and that the preimage of every point in
D consists of isolated points. Elementary solutions of (B) are also called by us -
regular mappings.

If f: D — C is open and has partial derivatives a.e. in D, then by a result of
Gehring and Lehto (see [9, 91, 152]), see also with the earlier Menchoff result for
homeomorphisms in [172,255,256], f is differentiable a.e. in D. It thus follows that
every elementary solution is differentiable a.e.

Let f: D — C be an elementary solution. The complex dilatation of f is defined
by

Hr(2) = u(x) = 9f(2) /£ (), (1.5.1)
if df(z) # 0 and by u(z) = 0if df(z) = 0. For such a mapping, the dilatation is
_ @)

Ky(z) = Ku(2) (1.5.2)

= u@)

Note that Ky < e a.e. if and only if |u(z)| < I a.e., and that Ky € L™ if and only if
]l < 1.

1.6 Ellipticity of the Beltrami Equation

In the classical case (1) in Sect. 1.4, the system (B) is uniformly or, in a different
terminology, strongly elliptic, i.e.,

A=ay—B>> Ay >0, (1.6.1)

and in the relaxed classical case (2) in Sect. 1.5, (B) is elliptic, i.e.,

A=ay—B*>0. (1.6.2)



Chapter 2
Preliminaries

2.1 BMO Functions in C

The class BMO was introduced by John and Nirenberg in the paper [122] and soon
became an important concept in harmonic analysis, partial differential equations,
and related areas; see, e.g., [21,24, 84, 103,200] and [239].

A real-valued function u in a domain D in C is said to be of bounded mean
oscillation in D, u € BMO(D), if u € L} (D), and

loc

1
l|ul|« == sup—/|u(z) —up| dm(z) < oo, (2.1.1)
B |B|B

where the supremum is taken over all discs B in D, dm(z) corresponds to the
Lebesgue measure in C, |B] is the Lebesgue measure of B, and

1
s — EZM(Z) dm(2).

We write u € BMOjoc (D) if u € BMO(U) for every relatively compact subdomain
U of D (we also write BMO or BMO). if it is clear from the context what D is).

A function ¢ in BMO is said to have vanishing mean oscillation (abbreviated
as ¢ € VMO), if the supremum in (2.1.1) taken over all disks B in D with |B| < €
converges to 0 as € = 0. VMO was introduced by Sarason in [227]. A large number
of papers are devoted to the existence, uniqueness and properties of solutions
for various kinds of differential equations and, in particular, of elliptic type with
coefficients of the class VMO; see, e.g., [61,119, 166, 184, 190].

If u € BMO and c is a constant, then u + ¢ € BMO and |jul|« = ||u+ c||«.
Obviously L™ C BMO.

John and Nirenberg [122] established the following fundamental fact (see
also [103]):

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 5
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6_2,
© Springer Science+Business Media, LLC 2012



6 2 Preliminaries
Lemma 2.1. Ifu is a nonconstant function in BMO(D), then

__b
{z€B:|u(z) —up| >1}| <ae T=".|B| (2.1.2)

for every disc B in D and all t > 0, where a and b are absolute positive constants
which do not depend on B and u. Conversely, if u € LllOC and if for every disc B in D
and forallt >0

{z € B |u(z) —ug| > t}| < ae™"|B| (2.1.3)

for some positive constants a and b, then u € BMO(D).
We will need the following lemma which follows from Lemma 2.1:

Lemma 2.2. Ifu is a nonconstant function in BMO(D), then

{ze€B:|u(z)] > 1} <Ae P7.|B| (2.1.4)
for every disc B in D and all T > |ug|, where
B=b/|ul. and A =ae’"sl/lul (2.1.5)

and the constants a and b are as in Lemma 2.1.

Proof. For t > 0, let T =t + |ug|, D = {z € B: |u(z)| > t}, and D, =
{z € B : |u(z) —up| > t}. Then, by the triangle inequality, D; C D;, and hence,
by (2.1.2),

ID1| < |Dy| < aellusl/ Il . o=/ llull- ||

which implies (2.1.4) with A and 3 as in (2.1.5). O
Proposition 2.1. BMO C L! _forall p € [1,).

loc

Proof. Letu € BMO. Then by (2.1.4),
Ju(2)|Pdm(z) < |Bl{|up|” +A [ t”e’ﬁtdt} < oo, O
B |up]

Remark 2.1. Given a domain D, D C C, there is a nonnegative real-valued function
u in D such that u(z) < Q(z) a.e. for some Q(z) in BMO(D) and u ¢ BMO(D).
For D = C, one can take, for instance, Q(x,y) = 1+ |log|y|| and u(x,y) = O(x,y) if
y>0and u(x,y) =1ify <0.

2.2 BMO Functions in C

Later on, we will need also several facts about BMO functions on C and their
relations to BMO functions on C.
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We identify C with the unit sphere
S?={xcR¥:|x|=1}

and the functions on C with the functioni on S2. This is done with the aid of
the stereographic projection P of S> onto C which is given for (x;,x2,x3) € §2\
(0,0,1) by
X1 +1ixa

1—X3 '

7= P(x1,x2,x3) =

A real-valued measurable function « in a domain D C C is said to be in BMO(D),
if u is locally integrable with respect to the spherical area and

1
o =SUp——— [ |u—up|do < o, 2.2.1
o = sup s Z ju—ugldo 2.0

where the supremum is taken over all spherical discs B in D. Here, o(B) denotes
the spherical area of B, do = 4dx;dxa/(1 +x7 +x3)2, and

1 "
w= o5 / 1do. (22.2)
B

The following two lemmas enable one to decide whether a function « in a domain
D C C belongs to BMO(D) (in the spherical sense) by considering the restriction ug
of uto Dy = D\ {eo} (see [200], p. 7):

Lemma 2.3. u € BMO(D) if ug € BMO(Dy). Furthermore,
¢ Huoll+ < llullo < clluolls, (2.2.3)

where c is an absolute constant.
The following lemma is a consequence of Lemmas 2.2 and 2.3:

Lemma 2.4. Ifeither u € BMO(D) or uy € BMO(Dy), then for T > Y,
o{zeB:|u(z)| > 1} <aeP* (2.2.4)

for every spherical disc B in D where the constants o, 3, and y depend on B as well
as on the function u.

Proof. 1f B € C, then by Lemma 2.3, we have (2.1.4), and since o(E) < 4|E| for
every measurable set E C C, (2.2.4) follows. If o € B, then for suitable rotation R of
82, oo is exterior to B/, B’ = R(B), and the assertion follows by Lemma 2.3 and the
validity of (2.2.4) with B’ and i = u o R~ ! instead of B and u. Now, in view of the
invariance of the spherical area with respect to rotations, by Lemmas 2.2 and 2.3,
we have again (2.2.4). O
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2.2.1 Removability of Isolated Singularities of BMO Functions

The following lemma holds for the BMO functions and cannot be extended to the
BMOj,, functions (see [200], p. 5):

Lemma 2.5. Let E be a discrete set in a domain D, D C C, and let u be a function
in BMO(D\ E). Then any extension ti of u on D is in BMO(D) and ||ul|« = ||4]|+

2.2.2 BMO Functions, gc Mappings, qc Arc, and Symmetric
Extensions

We say that a Jordan curve E in C is a K-quasicircle if E = f(dA) for some
K-quasiconformal map f : C — C; see Sect.3.1 below. A curve E is a gc curve
if it is a subarc of a quasicircle. The following lemma is a special case of a theorem
by Reimann on the characterization of quasiconformal maps in R", n > 2, in terms
of the induced isomorphism on BMO (see [199], p. 266):

Lemma 2.6. If f is a K-gc map of a domain D in C onto a domain D' and
u € BMO(D'), then v =uo f belongs to BMO(D), and

[Vl < ellull.

where c is a constant which depends only on K.
The next lemma can be found in [121].

Lemma 2.7. Let D be a Jordan curve such that dD is a K-quasicircle, and let u be
a BMO(D) function. Then u has an extension it on C which belongs to BMO(C)
and

1]l < ¢llall-

where c depends only on K.

The following lemmas, which concern symmetric extensions of BMO functions,
will be needed in studying the reflection principle and boundary behavior of
the so-called BMO-quasiconformal and BMO-quasiregular mappings in Chap. 5.
It should be noted that these lemmas cannot be extended to BMO),. functions
(see [200], p. 8).

Lemma 2.8. If u € BMO(D) and i is an extension of u on C, which satisfies the
symmetry condition

oy u(z) if zeD,
(r) = {u<z/|z|2> if z€C\D,

then i € BMO(C) and ||u|« = ||
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Similarly, one can prove the following lemma:

Lemma 2.9. Let D be a domain in C, E a free boundary arc in dD which is either
a line segment or a circular arc, D* a domain which is symmetric to D with respect
to the corresponding line or circle such that DND* =0 and 2 = DUD*UE. If
u € BMO(D) and ii is an extension of u on Q which satisfies the symmetry condition

| ulz) ifzeD,
”(Z)_{u(z*) if z€ D",

then it € BMO(Q) and |||« = || u]|«

2.3 FMO Functions

Let D be a domain in the complex plane C. Following [112] and [113], we say that
a function ¢ : D — R has finite mean oscillation at a point zy € D if

dy(z0) = lim |9(z) — e (20)] dm(z) < oo, (2.3.1)

€=0 JB(z,e)

where

Pelz0) = ]i e ¢(z) dm(z) (2.3.2)

is the mean value of the function ¢(z) over the disk B(zg,€). Condition (2.3.1)
includes the assumption that ¢ is integrable in some neighborhood of the point zg.
We call dy(zo) the dispersion of the function ¢ at the point zo. We say also that a
function ¢ : D — R is of finite mean oscillation in D, abbreviated as ¢ € FMO(D)
or simply ¢ € FMO, if ¢ has a finite dispersion at every point z, € D.

Remark 2.2. Note that if a function ¢ : D — R is integrable over B(zp, &) C D, then
£ 100 =Bl dn(z) < 2-Felao), (233)
B(ZU!E)

and the left-hand side in (2.3.3) is continuous in the parameter € € (0, &) by the
absolute continuity of the indefinite integral. Thus, for every & € (0, &),

sup ][ |9(2) = Pg(20)] dm(z) < oo, (2.3.4)
e€[by,8] /B(20:€)

If (2.3.1) holds, then

swp o 19(2) = elao) dm(z) <. (235)
ec(0,8)] /B(z0:€)
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The value of the left-hand side of (2.3.5) is called the maximal dispersion of the
function ¢ in the disk B(zo,&)-

Proposition 2.2. If, for some collection of numbers ¢ € R, € € (0, &),

Tim |9(2) — @e| dim(z) <o, (2.3.6)

€0 JB(z,e)

then @ is of finite mean oscillation at 7.

Proof. Indeed, by the triangle inequality,

]i(zo,e) |9(2) — §p(z0)| dm(z) < ]i(ZOﬁ)I(P(z)—(pA dm(z) + |9 — P, (20)]

< z-][ 10(2) — @] dm(z). O
B(ZO!E)

Choosing in Proposition 2.2, in particular, ¢ = 0, € € (0, &), we obtain the
following:

Corollary 2.1. [f, for a point zg € D,

lim lo(2)| dm(z) < oo, (2.3.7)

€20 JB(z.¢)

then @ has finite mean oscillation at 7.

Recall that a point zg € D is called a Lebesgue point of a function ¢ : D — R if
¢ is integrable in a neighborhood of zp and

lim l¢(z) — ¢(20)| dm(z) = 0. (2.3.8)

€20 JB(z.€)

It is known that, for every function ¢ € L! (D), almost every point in D is a Lebesgue
point. We thus have the following corollary:

Corollary 2.2. Every function ¢ : D — R, which is locally integrable, has a finite
mean oscillation at almost every point in D.

Remark 2.3. Note that the function ¢(z) = log(1/|z|) belongs to BMO in the unit
disk A (see, e.g., [191], p. 5) and hence also to FMO. However, ¢, (0) — o as € — 0,
showing that condition (2.3.7) is only sufficient but not necessary for a function ¢
to be of finite mean oscillation at zg. Clearly, BMO(D) C BMOjoc(D) C FMO(D)
and BMO(D) # BMOj,.(D). Also, BMOjc(D) # FMO(D) as is clear from the
following examples.
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2.3.1 Examples of Functions ¢ € FMO\ BMO,,

Setzy=2"" 1, =2"P" p>1, cy=2"",D, = {z€C:|z—z4| <14}, and

oo

0(z) =, caxp, (),

n=1
where yg denotes the characteristic function of aset E, i.e.,

1, z€E,
0, otherwise.

260 = {

It is evident by Corollary 2.1 that ¢ € FMO(C\ {0}).
To prove that @ € FMO(0), fix N such that (p — 1)N > 1, and set € = gy =
av+ry.-ThenU,>y Dn C D(g):={z€C:|z] <€} and

/(P Z/(PZnZCnrﬁ
D(e) nszn n>N
_ 2 22(17[7);12 < Z 22(17]))11

n>N n>N

< C-RU=PIN2 < 2ce?,

Hence, ¢ € FMO(0) and, consequently, ¢ € FMO(C).
On the other hand,

/(p”zﬂZc%rﬁ: 21:00.

D(e) n>N n>N

Hence, ¢ ¢ L?(D(¢)), and therefore, ¢ ¢ BMO),c by Proposition 2.1.

We conclude this section by constructing functions ¢ : C — R of the class
C=(C\{0}) which belongs to FMO but not to L{ for any p > 1 and hence not
to BMOjq. In the following example, p = 1 4 0 with an arbitrarily small § > 0. Set

1
o(z) =4 e ifle <1, (2.3.9)
0, if |7 > 1.

Then @ belongs to Cj’ and hence to BMO),c. Consider the function

* (Pk(Z)a ifZEBka
_ 23.1
95(2) {o, if z€ C\UB, (2.3.10)
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where By = B(z,7¢), zx =27, rp =2 (119K ? §>0,and

on(z) = 2% g <Z;—Z"> ZEB, k=2.3,.... (2.3.11)
k
Then ¢j is smooth in C\ {0} and thus belongs to BMOj,c(C\ {0}) and hence to
FMO(C\ {0}).
Now,
/ oc(2) dm(z) = 2720 / o0(2) dm(z). (2.3.12)
C
Hence,
Tim @5(2) dm(z) < oo. (2.3.13)
£e—0 B(e)

Thus, ¢ € FMO by Corollary 2.1.
Indeed, by setting

1 1
K=K(e) = {logz E] <log, s (2.3.14)
where [A] denotes the integral part of the number A, we have

J= ][ 03(z) dm(z) <1. Y, 2720 /o 2K+ (2.3.15)
D(e)

where I = [ @(z) dm(z). If K6 > 1,i.e, K > 1/0, then

o - = /1\* 4
2725/(2 < 2*21{ — 272]{ — = — . 272K 23.16
kg;( - ,Z;( ,Zz) 4 3 7 | )
ie.,J<16I/3r.
On the other hand,
/(p1+5 ) dm(z /(p1+6 (2.3.17)

and hence @5 ¢ L'*3(U) for any neighborhood U of 0.
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2.4 On Sobolev’s Classes

We recall the necessary definitions and basic facts on LP, p € [1,o0], and the
Sobolev spaces W/? [ = 1,2,.... Given an open set U in R” and a positive integer
l C(l)(U ) denotes a collection of all functions ¢ : U — R with compact support
having all partial continuous derivatives of order at least / in U; ¢ € C5(U) if
@ €Ch(U) foralll =1,2,.... A vector & = (04,..., o) with natural coordinates is
called a multi-index. Every multi-index ¢ is associated with the differential operator
* = glol /ox]1 - 9xgn where |t = 0 + -+ + Q.

Now, let u and v : U — R be locally integrable functions. The function v is called

the distributional derivative D%u of u if

/uD“(pdx:(—l)‘“‘ /v(pdx Y oeCyU), (2.4.1)
U U

where the notation dx corresponds to the Lebesgue measure in R”.

The concept of the generalized derivative was introduced by Sobolev in [231].
The Sobolev class WP (U) consists of all functions u : U — R in LP(U), p > 1,
with generalized derivatives of order / summable of order p. A functionu : U — R
belongs to Wloé’(U) if u € WhP(U,) for every open set U, with compact closure
U, C U. A similar notion is introduced for vector functions f : U — R™ in the
componentwise sense.

A function ® : R" — R with a compact support in the unit ball B” is called a

Sobolev averaging kernel if @ is nonnegative and belongs to Cj' (R") and

/ o(x) dr = 1. (2.4.2)

The well-known example of such a function is @(x) = yo(|x|> — 1), where
@(t) =e'/" fort < 0 and @(r) = 0 for r > 0, and the constant ¥ is chosen so that
(2.4.2) holds. Later on, we use only @ depending on |x].

Let U be a nonempty bounded open subset of R” and f € L' (U). Extending f by
zero outside of U, we set

fi=@pxf = / flx+hy) o hn/f ( )dz, 2.43)

[y[<1

where f;, = @, * f, @ (y) = @ (y/h), h > 0, is called the Sobolev mean functions for
f-Itis known that f, € C5(R"), || fullp < || ||, forevery f € LP(U), p € [1,e2], and
fn— fin LP(U) forevery f € LP(U), p € [1,00); see, e.g., 1.2.11in [170]. It is clear
that if f has a compact support in U, then f}, also has a compact support in U for
small enough 4.
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A sequence ¢y € L' (U) is called weakly fundamental if

lim [ @(x) (@ (x) — @, (x)) dx=0 VD eL”(U). (2.4.4)

khkz*)w

It is well known that the space L'(U) is weakly complete, i.e., every weakly
fundamental sequence ¢ € L'(U) weakly converges in L'(U), i.e., there is a
function in ¢ € L'(U) such that

k—yoo

lim [ ®(x) g(x) dv = / O() p() dx ¥ ® e L7(U); (2.4.5)
U U

see, e.g., Theorem I'V.8.6 in [73]:
Recall also the following statement (see, e.g., Theorem 1.2.5 in [110]).

Proposition 2.3. Let f and g € L} (U). If

[roa=[sodc Voecrw), (2.4.6)

then f =g a.e.

The following fact is known for the Sobolev classes WI’P(U ), p > 1; see, e.g.,
Lemma IT1.3.5 in [202], also Theorem 4.6.1 in [79]. Note that this fact for p = 2 was
known long ago in the plane for the so-called mappings with the bounded Dirichlet
integral; see, e.g., Theorem 1 in [247].

Lemma 2.10. Let U be a bounded open set in R" and let fi, : U — R be a sequence
of functions of the class WP (U), p > 1. Suppose that the norm sequence || fi |1 is
bounded and fi — f ask— oo in LY(U). Then f e W' (U) and d fi,/dx; — 0 f | 9x;
as k — oo weakly in L (U).

Here we apply instead of Lemma 2.10, which is not valid for p = 1, the following
lemma; see, e.g., [222] or [220].

Lemma 2.11. Let U be a bounded open set in R" and let f, : U — R be a
sequence of functions of the class W' (U). Suppose that f, — f as k — oo weakly
in L"U), dfi/dxj, k=1,2,..., j=1,2,...,n are uniformly bounded in L' (U)
and their indefinite integrals are absolutely equicontinuous. Then f € W' (U) and
dfi/dx; — df/dx; as k — e weakly in L'(U).

The proof of Lemma 2.11 is based on Proposition 2.3 and the above mentioned
criterion of weak convergence in the space L.

Remark 2.4. The weak convergence f; — f in L' (U) implies that

sup [[fill1 < oo
k
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see, e.g., IV.8.7 in [73]. The latter together with

sup 10 fi/dxjll1 < o=,

Jj=1,2,...,n, implies that f;y — f by the norm in L7 for every | < g <n/(n—1),
the limit function f belongs to BV (U), the class of functions of bounded variation,
but, generally speaking, not to the class W (U); see, e.g., Remark in 4.6 and
Theorem 5.2.1 in [79]. Thus, the additional condition of Lemma 2.11 on absolute
equicontinuity of the indefinite integrals of d f; /dx; is essential; cf. also Remark to
Theorem 1.2.4 in [197].

Proof of Lemma 2.11. Tt is known that the space L! is weakly complete; see Theorem
IV.8.6 in [73]. Thus, it suffices to prove that the sequences dfi/dx; are weakly
fundamental in L' (U).

Indeed, by the definition of generalized derivatives, we have that

/@()gf"dx— /fk ‘de Vo eCyU). (2.4.7)
J j

Note that the integrals on the right-hand side in (2.4.7) are bounded linear
functionals in L' (U) and the sequence f; is weakly fundamental in L' (U) because
fi — f weakly in L' (U). Hence, in particular,

/(p(x) (%—af“)dx—m VoeCU)
U

8x.,- 8xj

as ky and ky — oo.

Now, let @ € L=(U). Then || @y |- < || ®||- and @}, — @ in the norm of L' (U) for
its Sobolev mean functions @y, and hence, @, — @ in measure as 7 — 0. Set ¢, =
@y, , where @, — @ a.e. as m — oo. Considering restrictions of @ to compacta in
U, we may assume that ¢,, € C5°(U). By the Egoroff theorem, ¢,, — @ uniformly
onaset S C U such that U \ S| < &, where 6 > 0 can be arbitrary small; see, e.g.,
II1.6.12 in [73]. Given € > 0, we have that

S/ (@(x) — Pu()) (%i—%i) dx

d
<2-max| @(x) — - sup /‘ 9
xes k=12,.. 8x,

u|m

for all large enough m. Choosing one such m, we have that

' afkl asz £
U/(pM(X) (8_x,_ 8xj) dx | < 3
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for k; and k; large enough. By absolute equicontinuity of the indefinite integrals of
d fi/dxj, there is 8 > 0 such that

]38 o

for all k =1,2,... and every measurable set E C U with |E| < §; see IV.8.10 and
IV.8.11in [73]. Setting E = U \ S, we obtain that

1 €
<__
12

[ow (%—%) dv| < I +h+1,
U J J

where

oft, i,
= E/@(x)—(pm(x))(ai;j— ) ar |

L = /((D(x) — On(x)) (%‘%) dx ),
J .

o afkl asz
b= | fonto (G- 50) |

U

and hence, by the above arguments,

afkl asz
for (G o) | =

for large enough k; and ky. Thus, (9 f;)/(dx;) is weakly fundamental in L' (U) and
hence (9f;)/(dx;) converges weakly in L (U) just to (d.f)/(dx;) by (2.4.7); see
Proposition 2.3. a

Recall that a function f : D — C is absolutely continuous on lines, abbreviated
as f € ACL, if, for every closed rectangle R in D whose sides are parallel to the
coordinate axes, f|R is absolutely continuous on almost all line segments in R which
are parallel to the sides of R. In particular, f is ACL (possibly modified on a set of
Lebesgue measure zero) if it belongs to the Sobolev class Wl‘1 of locally integrable
functions with locally integrable first generalized derlvatlves and, conversely, if
f € ACL has locally integrable first partial derivatives, then f € Wl see, e.g.,
1.2.41in [170].

OC’
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A continuous one-to-one mapping f between domains D and D’ in C is called
a homeomorphism if its inverse mapping f~! is also continuous. Recall also that a
mapping f : D — C is open if f(A) is open whenever A is open, and f is discrete if
the preimage of every point consists of isolated points in D.

Let f: D — C be an ACL open mapping. Since f is ACL, it has partial derivatives
f in x and y and the formal derivatives

- 1
Of = fo=5(f=if) and 3f = fr= 3 (fi+if).

1
2
a.e. in D, and since, in addition, f is open, it is differentiable a.e. in D by
the Gehring—Lehto result in [91]; see also the corresponding Menchoff result for
homeomorphisms in [172], Theorem III.3.1 in [152] and Lemma II.B.1 in [9]. At
points z in D where f is differentiable, the dilatation 1(z) = f(z) is defined by

1(z) =9f(z)/9f(z),

if df(z) #0and by u(z) =0if df(z) = 0. If, in addition, f is sense preserving (s.p.)
i.e.,its Jacobian J;(z) = | f.|* — | fs|* > 0 a.e., then |u(z)| < 1 a.e. and the dilatation
of fis
1T+ [u(z)
Ki(z) =Ku(z) = 1—|I~1( I >1 ae. (2.4.8)

An ACL embedding with a given u a.e. is called a u-homeomorphism. In some
places, as in [70] and [254], the term is more restricted. Note that a g-homeomor-
phism f is quasiconformal (qc), if ||t|| < 1, or equivalently if K, € L*(D).

Given a measurable function Q : D — [1,e) and an ACL s.p. open discrete
mapping f : D — C, we say that f is Q(z)-quasiregular (Q(z)-qr) if K¢(z) < 0(z)
a.e. in D. For completeness, constant mappings are considered as Q(z)-gr mappings.
If, in addition, f is injective, we say that f is Q(z)-quasiconformal (Q(z)-gc). An
ACL s.p. open discrete mapping f : D — C is BMO-quasiregular (BMO-qr) if it is
0(z)-gr for some Q in BMO(D), i.e

Kr(z) <Q0(z) ae., Qe€BMO(D), (2.4.9)

with K¢(z) as in (2.4.8). If, in addition, f is injective, it is BMO-quasiconformal
(BMO-qc).

More generally, if f: D — C is Q(z)-gc, and Q belongs to a given class .% of
functions, we say that f is .%-quasiconformal (% -qc), and .7 -qr maps are defined
similarly. For example, a mapping f : D — C is called FMO-quasiconformal (FMO-
qc), if f is Q(z)-gc with some Q in FMO(D).

Proposition 2.4. Every homeomorphic ACL solution f of the Beltrami equatlon
(B) with K, €L} belongs to Wll‘1 IfK, € Lloc, p € [1,], then f € WloC where
s=2/(1+1/p)€[1,2]. In particular, f € Wl sz” erL .
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Proof. Indeed, if f is a homeomorphic ACL solution f of the Beltrami equation (B),
then f has partial derivatives f; and f; a.e., and its Jacobian J(z) = |f.|> — | |? is
nonnegative a.e. and, moreover,

[0l < [af] < 1ofl + 1911 < K@) 77@)  ae.  (24.10)
Recall that if a homeomorphism f : D — C has finite partial derivatives a.e., then

[ 410 am) < 17(8) @411
B

for every Borel set B C D, where |A| denotes the Lebesgue measure of a set A in C;
see, e.g., Lemma II1.3.3 in [152]. Consequently, applying successively the Holder
inequality and the inequality (2.4.11) to (2.4.10), we get

1/2
1971 < 1Kully*- LA, 24.12)
where || - ||s and || - ||, denote the L*- and LP-norms in a compact set C C D,
respectively. a

Recall that a mapping f : X — Y between measurable spaces (X,X,u) and
(X', X', 1"} is said to have the Lusin (N) property if @’ (f(S)) = 0 whenever u(S) =0.
Similarly, f has the (N~!) property if 1 (S) = 0 whenever u’(f(S)) = 0.

Proposition 2.5. If f € ACL is a homeomorphism of a domain D C C into C with
fte Wl(l)’cz, then =1 is locally absolutely continuous, preserves null sets, and f is
regular a.e., i.e., it is differentiable with J¢(z) # 0 a.e.

Proof. Indeed, the assertion on f’1 follows from the inclusion f’1 S Wllc;g; see,
e.g., Theorem II1.4.1 in [152]. As an ACL function, f has a.e. partial derivatives
and hence it has a total differential a.e. by the Menchoff theorem in [172]; see also
Theorem I11.3.1 in [152] and Lemma II.B.1 in [9], cf. [91] for open mappings. Then,
by the Ponomarev result in [189], N~! property of f is equivalent to the condition
Jp(z) #0forae. z€D.

Let us give a more direct proof of the last statement. Let £ denote the set of
points of D where f is differentiable and J¢(z) = 0, and suppose that |[E| > 0.
Then |f(E)| > 0, since E = f~!(f(E)) and since f~! preserves null sets. Clearly,
! is not differentiable at any point of f(E), contradicting the fact that f~! is
differentiable a.e. O
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2.5 Modulus and Capacity

A path 7 in C is a continuous mapping y: A — C, where A is an interval in R.
Its locus y(A) is denoted by |y|.Given a family of paths I" in C, a Borel function
p : C — [0, is called admissible function for I', abbreviated as p € admTI, if

[P 1az>1
Y

for each y € I'. The (conformal) modulus M(I") of I" is defined as

mr)=_inf [ o) an(e)
RV!

interpreted as 4o if admI” = @, where dm(z) corresponds to the Lebesgue measure
in C. Thus, every family I" which contains a constant path is of infinite modulus.

We say that a property P holds for almost every (a.e.) path y in a family I' if the
subfamily of all paths in I" for which P fails has modulus zero. We also say that I3
is minorized by I and write I3 > I if every path in I; has a subpath which belongs
to I5. Tt is known that M(I7) > M(I3); see, e.g., [85], pp. 176-178, or Theorem 6.4
in [258].

The modulus is a conformal invariant and plays an important role in the study
of conformal, qc, and qr mappings; see, e.g., [9, 120, 152,203,258] and [267]. We
show that the modulus method is very useful in the study of Beltrami equations.

Given a domain D in the extended plane C = C U {e} and nonempty disjoint
compact sets Cy and C; in D, the triple (Cy,C,D) is called a condenser in D, and
its capacity is a number

cap (Co,C1,D) :inf/|Vu|2 dm(z), (2.5.1)
D

where the infimum is taken over all ACL functions u : D — R with values 0 and 1
on Cy and Cy, respectively. We set below (Cy,Cy) = (Co,Cy,C).

Given a domain D and two sets E and F in C, A(E, F, D) denotes the family of all
paths ¥ : [a,b] — C which join E and F in D, i.e., y(a) € E, y(b) € F and y(t) € D
fora <t <b. Weset A(E,F) = A(E,F,C) if D= C. It is well known that

cap (Co,C1,D) = M(A(Cy,C1,D)) (2.5.2)
for every condenser in D C R", n > 2; see, e.g., [88] and [107]. Moreover,

M(A(Co,C1,R)) = M(A(Co,Cy)) (2.5.3)
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for ring domains R and its complementary components Cy and C; in C; see, e.g.,
Theorem 11.3 in [258]. Recall that a ring domain, or briefly a ring in C, is a domain
whose complement C \ R consists of two connected sets.

For points z,{ € C = CJ{e}, the spherical (chord) distance s(z,{) between z
and { is given by

I B
RTEEE T A
1
s(z,00) = ———— if oo, 254
S et T e

Given a set E C C, §(E) denotes the spherical diameter of E, i.e.,

S(E) = Ssup S(Zl,zz). (2.5.5)

21,02€E

The following basic inequality (2.5.6) will be used frequently. Let f : D — C be
a qc mapping which is Q(z)-gc for a given function Q in LllOC7 and let I" be a path
family in D and p € adm I". Then (see V(6.6) in [152] or [153])

M(T) < [ [ 0@p*@) amz). (25.6)
D

Below, D) denotes the open unit disk in C, i.e., D= {z€ C: |z| < 1}.

Lemma 2.12. Let f: D — C\ {a,b}, a,b € C, s(a,b) > & > 0, be a qc mapping
which is Q(z)-qc for some Q in L'(D). Let 71 be a point in D\{0}, and suppose that
s(f(21),(0)) = 8. Then

s(f(2),f(0)) = w(lz]) (2.5.7)

for every point z with |z| < r =min(1 —|z1],|z1|/2), where y is a positive, strictly
increasing function depending only on 6 and ||Q|1.

Proof. Given z; with |z;| < r, choose a continuum E; which meets 0 and z; and a
continuum E, which meets the point z; and dID such that dist (E;,E, UdD) = |z];
see Fig. 1.

More precisely, denote by L the straight line generated by the pair of points 0 and
z1 and let C be the circle |z — z2| = |z2|. Denote by 7y the tangency point to C of the
ray starting from z; that is opposite to zo with respect to L (an arbitrary one of the
two possible if zo € L). Then E| = [z1,%] U ¥(0,1), where ¥(0,1) is the shortest arc
of C joining 0 and 7y, E» = [z2,2+), Where z is the point (opposite 7y with respect
to L) of the intersection of dB" with the straight line that is perpendicular to L and
passing through z. Note that z; is the nearest point in E; for any point z in the half
plane that is opposite to zo with respect to L. Hence, z; is the nearest point in E,
for E;.
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Fig. 1 The ring domain A’

Let I' denote the family of paths which join E; and E; U JdD. Then
P(z) =lz2| " 20 (2)
is admissible for I'" and, by (2.5.6),

i) < [[p@0R ane <lol [[ o an =121 @58
D

e

The ring domain A" = f(D\(E; UEy)), see Fig. 1, separates the continuum Ej =
f(Ey) and E} = C\ f(D\E,), and since

s(E}) > s(f(z1),£(0)) > 8, s(E5) >s(C\f(D)) >

and
S(EiaEé) < S(f(z2)7f(0))a
it follows by Theorem 12.7 in [258] that
M(f(I")) = A(s(f(z2), £(0))), (2.5.9)

where A (r) = A5(t) is a strictly decreasing positive function with A () — e as t — 0.
Hence, by (2.5.8) and (2.5.9), s(f(z2), £(0)) > w(|z|) where

vy =2 (121)

has the required properties. a
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The following lemma will be also useful later on:

Lemma 2.13. Let D be a domain in C, zo € D, f a homeomorphism of
Dy = D\ {z} into C, Co ={z€ C:|z—2| = &}, 0 < & < dist(z9,9D),
Ce={z€C:|z—z|=¢€},e€(0,8),andAs ={z€C:e<|z—z0| < &}. Then

32 2n
o) = 5377 (“iariceran ) a0

where E is the connected component of C\ fAe containing the cluster set

Cleo.f) = (weT: w = lim f(z), 2 € Do}

and F is the rest of C\ fAe.
Proof. Indeed, first of all, we have that

1
cap (E,F) > cap Rt <W>, (2.5.11)

where &(E) and 6(F) denote the spherical diameters of the continua E and F,
respectively, and Rr(¢) is the Teichmiiller ring

Rr(t) = C\([-1,0]U[1,]), 7 > 1; (2.5.12)
see, e.g., 7.37 in [267]. It is known that

2n
cap Rr(r) = o2 ®(1)’ (2.5.13)

where the function @ admits the good estimates
t+1<Pr)<16-(t+1)<32-¢, t>1; (2.5.14)

see, e.g., (7.19) and (7.22) in [267]. Hence, the inequality (2.5.11) implies that

cap (E,F) > 2—”32 (2.5.15)
log 559507
Thus,
32 2r
<= L 5.
3€) < 575 0 (o 77 ) 2210

which implies the desired estimate (2.5.10) because the family of paths A(E, F) is
minorized by A(fCe, fCp); see also (2.5.2) and (2.5.3). a
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We adopt the following conventions: Given a set E € C and apath y: A — C, we
identify yNE with y(A) NE. If y is locally rectifiable, we set

I(yNE) = |Ey|, (2.5.17)
where
Ey =1L,y '(E)). (2.5.18)

Here, |A| means the length (Lebesgue) measure of aset A C Rand [, : A — Ay is as
in Sect. 2.1. In general for sets A in C, |A| will denote the Lebesgue measure of A.
Note that

Ey=1, ' (E), (2.5.19)

where }p : Ay — C is the natural parametrization of y and that

I(yNE) = /XE()/(I)) Y() di = /XEY(S) ds. (2.5.20)
A Ay

We say that yN E is measurable on y if £, is measurable in A,.
Remark 2.5. The definition of the modulus immediately implies that:

1) Almost every path in C is rectifiable.
2) Given a Borel set B in C of measure zero,

1(ynB)=0 (2.5.21)

for a.e. rectifiable path y in C.

3) For every Lebesgue measurable set £ in R”, there exist Borel sets B, and B* in
R" such that B, C E C B* and |B*\ Bi| = 0, and thus, by 2), Ey and xg, is a
measurable set, respectively, and a measurable function in the length interval A,
fora.e. yin C.

The following lemma extends Theorem 33.1 in [258] from Borel sets to arbitrary
sets (cf. also Theorem 3 in [85]) and is based on 3):

Lemma 2.14. Let E be a set in a domain D C C. Then E is measurable if and only
if YNE is measurable for a.e. path y in D. Moreover, |E| = 0 if and only if

1(ynE)=0 (2.5.22)

on a.e. path y in D.

Proof. Suppose first that E is measurable. Then by 3) in Remark 2.5, yNE is
measurable for a.e. path yin D.

For the other direction, let C be a closed cube in D with edges parallel to the
coordinate axes. By the assumption, YN E is measurable for a.e. line segment y
joining opposite faces of C and parallel to the edges. Thus, by the Fubini theorem,
E is measurable.



24 2 Preliminaries

Next, suppose that |E| = 0. Then there is a Borel set B such that |B| = 0 and
E C B. By Remark 2.5, (2.5.21) and hence (2.5.22) hold for a.e. path yin D.

The sufficiency of (2.5.22) follows from the corresponding result in Theorem
33.11in [258] by virtue of 3) in Remark 2.5 This completes the proof. a

Given a Lebesgue measurable function p : C — [0, 0], there is a Borel function
p*: C — [0,00] such that p* = p a.e. in R"; see, e.g, 2.3.5 in [83] and [224], p. 69.
This suggests an alternative definition of the modulus. A Lebesgue measurable
function p : C — [0,00] is extensively admissible for a path family I' in C,
abbreviated as p € ext admI, if

/p(z) |dz] > 1 forae.yeT. (2.5.23)
Y

Note that (2.5.23) includes the assumption that the function s — p(¥(s)) is
measurable in the interval [0,/(y)]; the path is parametrized by arc length. The
extensive modulus M(T") of T is defined as

M(I') = inf / p?(z) dm(z), (2.5.24)
C

where the infimum is taken over all p € ext admI . It is easy to see that
M(I) = M(T). (2.5.25)

Further, we use the Hausdorff metric between compact sets in the plane

h(E,F)= max{sup in§|zl — 22|; sup ing|zl —zZ|}. (2.5.26)
€

7 EER2E 7€EFZ

Let us give here an elementary proof of the following lemma that will be useful
for further applications:

Lemma 2.15. Let D be a domain in C, E and F be mutually disjoint compact sets
inD, andlet Ex and Fi,, k= 1,2,..., be sequences of continua in D such that E;, — E
and F, — F as k — o in the Hausdorff metric. Then

M(A(E,F;D)) < lilgninf M (A (Ex,Fy;D)). (2.5.27)
—poo

Proof. 1If either E or F is degenerated into a point, then M (A (E,F;D)) = 0 and
(2.5.27) is obvious. Hence, we may assume with no loss of generality that d (E;) >
d(E)/2>0andd (F) >d(F) /2> 0.If the right-hand side in (2.5.27) is equal to
oo, then (2.5.27) is trivial. Consequently, we may also assume later on that the finite
limit is

lim M (A (Ex,Fi; D)) < My < oo. (2.5.28)

k—>oo
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Moreover, we may assume that, forallk=1,2, ...,
ri.:=h(E,E) <r,:=min(dist(E,F), dist(E,dD), diam E/2)

and
rpi=h(F,F) <r,:=min(dist(E,F), dist(F,dD), diam F/2).

In view of (2.5.28), we may assume that M (I,) <M,+1, where [;=A (Ey, Fy; D),
k=1,2,.... Then, forevery k= 1,2, ..., there is p; € adm I} such that

: 1
/p,f dm(z) < M) + 7 < M: = Mo + 2, (2.5.29)
D

Now, let ¥ be an arbitrary curve in the family I" := A (E, F; D) and let 7y be the
end of y in E. Then dist(zo,Ex) < h(E,E}) and, by the above choice of ry, every
circle |z — zo| = r with r € (ry, ro) intersects y as well as E; and belongs to D. By
(2.5.29) and the Jensen inequality, we have

0]

M>/p,§dm(z)z/ / p? |dz| | dr
By

Tk \|z—zo|=r

o, "0 2
= / (% p? |dz|) 2nrdr2/<][ p |dz|) 2nrdr
PO |z—z0l=r 4 |z—z0|=r

2 2
ro

dr 1 rn . '
d — > —log— f d
/ / Pr | Z| 2nr T 21m 8 Ik re(lg,ro) / Pi | Z| ’
Tk \z—z0|=r [z—z0|=r

where By = {z: |z—z0| < ro}. We obtain from here that there is a circle |z —zo| = r
with r € (r, o) that intersects ¥ and E and

2rM

dz| < & =2, | —,

) Pk | Zl k 10g;_0
[z—zo[=r k

where Oy — 0 as k — co. Thus, the curve ¥ can be joined with Ej by an arc ¥, of a
circle such that

/pk|dz|<5k—>0 as k—»oo.

Yk

Similarly, the curve y can be joined with Fy by an arc ¥ in D such that

/pk|dz|<5,:‘—>0 as k— oo
%
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where
2nM

& =2 .
log%

One can construct a curve oy € Iy consisting of the arcs ¥, 7;", and pieces of the
curve Y such that

/pk 1dz] < /pk \dz| + 8 + &,
O Y
and then
/Pk |dz] > 1—6— &
Y
because p; € adm I}. Thus,

* Pr
= — dm I”
pk 1_5k_5k* € adm

because the choice of & — 0 and §; — 0 was independent on y € I". Hence,

gplf dm (z)
M(A(E,F;D)) < m

and, finally, by (2.5.29) we obtain (2.5.27). a

Remark 2.6. The main idea for the proof of Lemma 2.15 for extremal lengths is due
to Professor PM. Tamrazov; see Theorem 1 in [251]. In fact, the equality

lim M (A (E,Fi:D)) = M(A(E,F:D)) (2.5.30)

k—yoo

was even proved there and under more general conditions; cf. also [87, 101] and
[270]. However, we just use only (2.5.27).

2.6 Convergence Theorems for Homeomorphisms

The following convergence theorem plays a significant role in our scheme on
deriving existence theorems for the Beltrami equation (B); see [222] or [220].

Theorem 2.1. Let D be a domain in C and let f,, be a sequence of sense-preserving
ACL homeomorphisms of D into C with complex dilatations Uy, such that

1+ |1 (2)]

1 _
)] S 0(z) €Ll (D) Vn=12,... (2.6.1)
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If fu — f uniformly on each compact set in D, where f : D — C is a homeomor-
phism, then f € ACL and df, and df, converge weakly in L} .(D) to df and df,
respectively. Moreover, if in addition U, — | a.e., then gf =udf ae.

Proof of Theorem 2.1. To prove the first part of the theorem it suffices to show
that df, and df, are uniformly bounded in L] (D) and have locally absolute
equicontinuous indefinite integrals. So, let C be a compact set in D and let V be
an open set with their compact closure V in D such that C C V,say V = {z € D:
dist(z,C) < r} where r < dist(C,dD). Note that

19fu <1 afil <1l +19ful <02(2)-1* (@)  ae,

where J, is the Jacobian of f,. Consequently, by the Holder inequality and Lemma
11.3.3in [152]

1/2
[1afilam) < | [ 0@ dn@)| 140
E E
for every measurable set E C C. Hence, by the uniform convergence of f;, to f on C,
1/2
/I dful dm(z) < /Q(z) dm(z) | | f(vV) [V (2.6.2)
E E

for large enough n and, thus, the first part of the proof is complete.
Now, assume that ,(z) — U(z) a.e. Set {(z) = df(z) — u(z) df(z) and show
that {(z) = 0 a.e. Indeed, for every disk B with B C D, by the triangle inequality

S Il(n) +12(n)7

[ c@aray
B

where

Il(n) =

[ (0701~ 34(2)) axdy
B

and

L(n) =

[ (1@)25@) - 1(2) 2 (2)) dedy
B
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— 0 because d f, — df weakly in LllOC by the first part of the proof.

Note that I (n)
=I}(n)+ I} (n), where

Next, I;(n)

Bin) = | [ BESE) - 0s(2) drdy
B

and

B =| [(86) - 122 (2) drdy

B

Again, by the weak convergence df, — df in L. (D), we have that I}(n) — 0

loc

because it € L*(D). Moreover, given € > 0, by (2.6.2)

/I ofn(2) dm(z) <&, n=1,2,..., (2.6.3)
E

whenever E is every measurable set in B with |E| < & for small enough § > 0.

Further, by the Egoroff theorem (see, e.g., IIL.6.12 in [73]), u.(z) — u(z)
uniformly on some set S C B such that |[E| < §, where E = B\ S. Hence,
|tn(z) — 1(z)| < € on S and

B <& [ 10/ dn()+2 [19£)] dnc)
N E
1/2

<e /Q(z)dm(z) | FAB)|'/> 42
5

for some A > 1 and for all large enough n, i.e., I} (n) — 0, because € > 0 is arbitrary.
Thus, [ (z) dxdy = 0 for all disks B with B C D. Finally, by the Lebesgue theorem
on the differentiability of an indefinite integral (see, e.g., IV(6.3) in [224]), {(z) =0
a.e.in D. a

Remark 2.7. In fact, under the condition (2.6.1), f, belongs to W,""! (D) by Proposi-

loc

tion 2.4 and f in Wl(lj’c1 (D) by Lemma 2.11; see also (2.6.2). Moreover, if in addition
Qe Ll (D), then f, belongs to W,.*(D) where s = 2/(1 + 1/p) by Proposition 2.4.

loc

Similar to (2.4.12) and (2.6.2), we have that
19£1s < 19f1s < QI 1F(AB)["/ (2.6.4)

in every ball B such that B C D and some A > 1 and large enough n. Hence, in the
case by the known criterion of weak compactness in the spaces L, s € (1,0) (see,
e.g., Corollary IV.8.4 in [73]), d f, — df and d f, — d f weakly in L} (D). Finally,
note that f is a Q(z)-qc mapping (see, e.g., [212]), although we no longer need the
latter fact.



2.6 Convergence Theorems for Homeomorphisms 29

Proposition 2.6. Let D be a domainin C and f, : D — C, n=1,2,..., a sequence
of homeomorphisms such that f,, — f uniformly on compact sets in D with respect
to the spherical (chordal) metric. If the limit function f is discrete, then f is a
homeomorphism.

Proof. Indeed, suppose that f(z;) = f(z2) for some z; # zp in D. For small
t > 0, let D; be a disk of spherical radius ¢ centered at z; such that D, cD
and zo ¢ D,. Then for all n, f,(dD,) separates f,(z;) from f,(z2) and, hence,
s(fa(z1), fu(@Dy)) < 5(fu(z1),fn(z2)). Thus, for every such ¢, there is ,(¢) € dD;
such that s(f,(z1), fn(Ga(t)) < s(fu(21), fa(22)). Moreover, there is a subsequence
Cn (1) = Co(t) € dD; because the circle dD; is a compact set. However, the
locally uniform convergence f,, — f implies that f,, ({,, (1)) — f(Co(2)); see,
e.g., [74], p. 268. Consequently, s(f(z1),f(Co(t)) < s(f(z1),f(z2)). Then, since
f(z1) = f(z2), there is a point z; = {y(¢) on dD; such that f(z;) = f(z) for every
small ¢, contradicting the discreteness of f. a

Corollary 2.3. Let D be a domain in C and f, : D — C, n=1,2,..., a sequence of
quasiconformal mappings which satisfies (2.6.1). If f, — f locally uniformly, then
either f is constant or f is an ACL homeomorphism, and df, and df, converge
weakly in L}, (D\ {f~'()}) to df and df, respectively. If in addition L, — L

a.e.,thendf = uadf a.e.

Proof. Consider the case when f is not constant in D. Let us first show that then no
point in D has a neighborhood of the constancy for f. Indeed, assume that there is
at least one point zy € D such that f(z) = ¢ for some ¢ € C in a neighborhood of 7.
Note that the set £y of such points zq is open. The set E. = {z € D : 5(f(z),c) > 0},
where s is the spherical (chord) distance in C, is also open in view of continuity
of f and not empty in the considered case. Thus, there is a point zo € dQy N D
because D is connected. By continuity of f, we have that f(z9) = c¢. However, by the
construction, there is a pointz; € E, = D\Ho such that |z0 —z1| < rg = dist (z0,9D),
and thus, by the lower estimate of the distance s(f(z0),f(z)) in Lemma 2.12, we
obtain a contradiction for z € €2y. Then again, by Lemma 2.12, we obtain that the
mapping f is discrete and hence f is a homeomorphism by Proposition 2.6. All
other assertions follow from Theorem 2.1. O

The kernel of a sequence of open sets Q, C C,n=1,2,... is the open set

Int ( ﬂ .Qn> ,
1 n=m

where Int A denotes the set consisting of all inner points of A; in other words, Int A
is the union of all open disks in A with respect to the spherical distance.

Q) = Kern Q,, : =

ﬁcg
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Proposition 2.7. Let hy, : D — D), D), = h,(D), be a sequence of homeomorphisms
given in a domain D C C. If h,, converges as n — oo locally uniformly with respect
to the spherical (chordal) metric to a homeomorphism h: D — D' C C, then
D' = h(D) C KernD),

Proof. Indeed, set By(z0,p) = {z€ C:5(z,20) < p}, where z9 € D and p is less than
the spherical distance from zg to dD. Then

S = mi h(z0),h(z)) > O.
0 copin s(h(z0),h(z))

Since A, — h uniformly on the compact set dB;(zp,p) = {z € C : s(z,20) = p},
there is a large enough integer N such that, for all n > N, h,(z0) € Bs(h(zo),7r0/2)
and simultaneously

Bs(h(ZO)uVO/Z) N hn(aBs(Z07p)) = Bs(h(ZO)urO/z) n ahn(Bs(Zo7P)) = 0.
Hence, by the connectedness of the disk Bs(h(zp),70/2),
Bs(h(ZO)urO/z) - hn(Bs(Z07p)) VI’lZN

and, thus, h(z9) € Kern D), i.e. D’ C Kern D), by arbitrariness of §y = h(z) € D'.
O

Remark 2.8. In particular, Proposition 2.7 implies that #(D) C C if h,(D) C C for
alln=1,2,....

Lemma 2.16. Let D be a domain in C and let f, : D — C be a sequence of
homeomorphisms from D into C such that f, — f as n — e locally uniformly

with respect to the spherical metric to a homeomorphism f from D into C. Then
£t = f~Vlocally uniformly in f(D), too.

Proof. Set g, = f, ' and g = f~'. The locally uniform convergence g, — g is
equivalent to the so-called continuous convergence, meaning that g, (u,) — g(ug)
for every convergent sequence u, — ug in f(D); see [74], p. 268. So, let u, € f(D),
n=0,1,2,..., and u, — ug as n — . Let us show that z, := g(u,) — z0 := g(uo)
as n — oo. It is known that every metric space is .Z* space, i.e., a space with a
convergence (see, e.g., Theorem 2.1.1 in [142]), and the Uhryson axiom in the
compact spaces says that z, — zo as n — oo if and only if, for every convergent
subsequence z,, — z«, the equality z. = z¢ holds; see, e.g., the Definition 20.1.3 in
[142]. Hence, it suffices to prove that the equality z. = zo holds for every convergent
subsequence z,,, — z+ as k — oo. Let Dy be a subdomain of D such that zo € Dy and
Dy is a compact subset of D. Then by Proposition 2.7, f(Dy) C Kernf, (Dy) and
hence ug together with its neighborhood belongs to f,, (Do) for all k > K. Thus,
with no loss of generality, we may assume that u,, € fy, (Dy), i.e., Zn, € Dy for all
k=1,2,...,and consequently z, € D. Then, by the continuous convergence f,, — f,
we have that f,,, (zn,) = f(2+), i.e., fu, (n (Un,)) = tn, — f(z+). The latter implies
that up = f(z«), i.€., Zx = zo. The proof is complete. O
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Corollary 2.4. Let D be a domainin Cand f, : D — C, n=1,2,..., a sequence of
quasiconformal mappings which sansﬁes (2.6.1). If f, — f locally uniformly where
f is a homeomorphism, then f~! € w2

loc *

Proof By Lemma 2.16, it follows that g, = f, ' — f~! = g locally uniformly.

By Proposition 2.4, f, and g, € Wloc and hence a change of variables further is

permitted; see, e.g., Lemmas III.2.1 and III.3.2 and Theorems II1.3.1 and II1.6.1 in
[152]. Thus (see also formulas I.C(3) in [9]), we obtain that for large n

_ [ _dm(z) /
B/|8gn| dudv = / 1= |.Un TCIm@E = 0(z) dm(z , (2.6.5)
gn(

where B* and B are relatively compact domains in D and f(D), respectively, such
that g(B) C B*. This estlmate 1mp11es that the sequence g, is bounded in W'?2(B)

and, consequently, ! € W10C (f(D)) by Lemma 2.10. O

2.7 Ring Q-Homeomorphisms at Inner Points

Motivated by the ring definition of quasiconformality in [89], the following notion
was introduced in [214, 215]: Let D be a domain in C, zyo € D, and Q : D —
[0,0] a measurable function. A homeomorphism f : D — C is called a ring
Q-homeomorphism at the point z if

M(A(fCy,fCy,fD)) /Q (|2 —z0]) dm(z) (2.7.1)

for every ring
A=A(zo,r1,) ={z€C:r <l|z—z| <r}, 0<r <ry<dist(zo,dD),

and every measurable function 1 : (r1,72) — [0,0] such that
/n(r) dr = 1 (27.2)

andwhere C; = {z€C:|z—z|=r}and C; = {z€ C:|z—z)| = r2}.

Recall a criterion of ring Q-homeomorphisms obtained as Theorem 2.1 in [208];
see also Theorem 7.2 in [165]. Further, we use the standard conventions a/e = 0
fora # e and a/0 = if a > 0 and 0. = 0; see, e.g., [224], p. 6.

Lemma 2.17. Let D be a domain in C and Q : D — [0, 0| a measurable function.
A homeomorphism f : D — C is a ring Q-homeomorphism at a point 7o € D if and
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only if, for every 0 < r; < ry < dy = dist(z9,9D),

where Cy = {z€C:|z—z| =1}, Co={z€C:|z—z20| =12}, and

r

d
[ = I(r,rn) = / rq—r(r), (2.7.4)
20

where g, (r) is the mean value of Q(z) over the circle |z—zo| =r.
Note that the infimum from the right-hand side in (2.7.1) holds for the function

B 1
IquO(V)

no(r) . (2.7.5)

In what follows, we call a homeomorphism f : D — C of the class Wl(lj’c1 aregular
homeomorphism if J¢(z) > 0 a.e. Note that every regular homeomorphism satisfies
a Beltrami equation (B). Given a point z in D, the tangential dilatation of f as well
as the corresponding Beltrami equation (B) with respect to zg is the function

=N
=T
1= u(z))

see [214,2135], cf. the corresponding terms and notations in [13, 14, 18, 66,99, 147]
and [198]. For the geometrical sense of the dilatation, see Sect.6.1; here, note
only that

K} (z,20) = (2.7.6)

2
Kj(z,2) = |£’Jiz()z|) ,

The following theorem was proved in the paper [225]:

where 7 = 7o+ re'?. (2.7.7)

Theorem 2.2. Let f : D — C be a regular homeomorphism. Then f is a ring

Q-homeomorphisms at a point 7o € D with Q(z) = KZ (z,20), U = My

Proof. Without loss of generality, we may assume that zo = 0 € D. Consider the
ring R={z€ C: r; <|z| < ry}. Then there is a conformal map h mapping the ring
fRontoaring R* ={w: 1< |w|<L}.

Let I'* be the family of paths joining boundary components |w| =1 and |w| =L
of the ring R*. Then, in view of conformal invariants of modulus, M (I'*) = M(I"),
where I is the family of all paths joining the boundary components of the ring
fR. Thus,
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Denote by C,, r; < r < rp circles {z: |z| = r}. For g = ho f, we have that g €
Wl(l)’c1 (R), and hence g is a.e. differentiable and absolutely continuous on C, for a.e.
r € (r1,r2). The latter follows from the invariance of the class Wlé’cl under locally

quasi-isometric transformations of coordinates; see, e.g., 1.1.7 in [169]. Note that

dudv  (2m)?
rdrdf < = 2.7.
//|g rei® |2 : B_k/ w2 M)’ (2.7.8)

where w = u +1v, Jg is the Jacobian of g; see, e.g., Lemma III.3.3 in [152].
Now, we have

2r .
|dg(2)| |go(re'?)|
om < [laesl = [ L5 = [y 00
Cr 0

r

for a.e. r € (r, r2), and applying the Schwarz inequality (see, e.g., Theorem 1.4 in
[29]), we obtain that

|ge(Ve |ge
(2”)2 < g ele / /| T |2

i.e.,

(2.7.9)

B /
pL (27 [ge(re®)? lg( re‘6 |2

2z JO rZJ(re‘g

Setting (see (2.7.7)),

1 (27 [go(re'®)[? 1 T
k(r)=— [ B8F 49—~ [k d
(r) / an/ 4 (2,20) dz],

ol

2 Jo  r2J(rel?)

and integrating both sides of the inequality (2.7.9) over r € (ry, r2), we see that

o iy < o /W :

Combining the last inequality and (2.7.8), we have by the Fubini theorem that

rn

/ dr < 2
rk(r) — M(I")~
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Thus,
2
M(I') < &
f dr
b rk(r)
Finally, applying Lemma 2.1, we obtain the conclusion of the theorem. a

Corollary 2.5. Every regular homeomorphism f : D — C is a ring Q-homeomor-
phism with Q(z) = K, (z), U = Ly, at each point zo € D.

Thus, the theory of ring O-homeomorphisms can be applied to regular homeo-
morphisms of the Sobolev class Wl(l)c1 in the plane; see, e.g., Chap.7 in [165].

2.8 On Some Equivalent Integral Conditions

The main existence theorems for the Beltrami equation (B) are based on integral
restrictions on the dilatations K, (z) and Kﬁ (z,20). Here, we establish equivalence
of a series of the corresponding integral conditions.

For this goal, we use the following notions of the inverse function for monotone
functions: For every nondecreasing function @ : [0, 0] — [0, o], the inverse function
@' :[0,00] — [0,0] can be well defined by setting

o (1) = @g;fzr ‘. (2.8.1)

Here, inf is equal to oo if the set of 7 € [0, 0] such that @(¢) > 7 is empty. Note that
the function @~ is nondecreasing too.

Remark 2.9. 1t is evident immediately by the definition that
o NDd(1) <t Vie|0, (2.8.2)

with the equality in (2.8.2) except intervals of constancy of the function ¢(z).

Similarly, for every nonincreasing function @ : [0,e0] — [0, 0], we set

o (1) = inf 1. (2.8.3)
o)<t

Again, here inf is equal to oo if the set of 7 € [0, <] such that ¢(r) < 7 is empty. Note
that the function ¢! is also nonincreasing.

Lemma 2.18. Let y : [0,00] — [0,0] be a sense-reversing homeomorphism and
@ : [0,00] — [0, 0] a monotone function. Then
-1

[wool '(z) = ¢ loy (1) VTe[0, (2.8.4)
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and
[poy] (1) < ylop (1)  VTE(0,0] (2.8.5)

and, except for a countable collection of T € [0, ),

[poy] (1) = ylogp (7). (2.8.6)

The equality (2.8.6) holds for all T € [0,°0] if the function @ : [0,e0] — [0,00] is
strictly monotone.

Remark 2.10. If y is a sense-preserving homeomorphism, then (2.8.4) and (2.8.6)
are obvious for every monotone function ¢. Similar notations and statements
also hold for other segments [a,b]|, where a and b € [—oo, 40|, instead of the
segment [0, oo].

Proof of Lemma 2.18. Let us first prove (2.8.4). If ¢ is nonincreasing, then

o ' ()= inf t= inf =0 low (7).
ool (1) wien)=t o)<y (1) ¢ ov ()

Similarly, if ¢ is nondecreasing, then

-1

[wop] ' (t)= inf r= inf t=¢ oy (7).

v(e(t)<t o>y~ 1(1)

Now, let us prove (2.8.5) and (2.8.6). If ¢ is nonincreasing, then applying the
substitution 1 = y/(¢), we have

oyl '(r)= inf r= inf y M) =y | su
ool (@) o(y(r)=rt w(n)zrw ) =v (p(n)pzrn

N

< wl( inf n) =y lop (1),
[

n)<t

i.e., (2.8.5) holds for all T € [0,0|. It is evident that here strict inequality is possible
only for a countable collection of T € [0, ] because an interval of constancy of ¢
corresponds to every such 7. Hence, (2.8.6) holds for all 7 € [0, <] if and only if ¢
is decreasing.

Similarly, if ¢ is nondecreasing, then

oyl '(r)= inf r= inf y )=y | su
ool () p(y()<t w(n)érw ) =v (p(n)pgrn

<y! ((p(inf n) =y logp (1),

n)=t

i.e., (2.8.5) holds for all T € [0,0|, and again strict inequality is possible only for a
countable collection of T € [0,ee]. In that case, (2.8.6) holds for all T € [0, 0] if and
only if ¢ is increasing. O
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Corollary 2.6. In particular, if ¢ : [0,e0] — [0, 0] is a monotone function and y = j
where j(t) = 1/t, then j~' = j and

ogl (1) = ¢ 'oj(r)  VTE0,e], 2.8.7)
ie.,
o '(r) = o '(1/1)  Vre[0,0], (2.8.8)
where @ = 1/¢,
[poj]7!(7) < joo (1)  Vre[0,e], (2.8.9)

ie., the inverse function of @(1/t) is dominated by 1/¢~"', and except for a
countable collection of T € [0,00],

[pojl (1) = joo (7). (2.8.10)

1/~ is the inverse function of @(1/t) if and only if the function @ is strictly
monotone.

Further, the integral in (2.8.13) is understood as the Lebesgue—Stieltjes integral
and the integrals in (2.8.12) and (2.8.14)—(2.8.17) as the ordinary Lebesgue
integrals. In (2.8.12) and (2.8.13), we complete the definition of integrals by co if
D(t) = oo, respectively, H(t) = oo, forall 1 > T € [0,0).

Theorem 2.3. Let @ : [0,00] — [0, 0| be a nondecreasing function and set

H(r) = log®(z). (2.8.11)
Then the equality
[od
/H'(t)?t — o (2.8.12)
(e}
implies the equality
[ dH
/ t(t) = o (2.8.13)
o

and (2.8.13) is equivalent to

Td
/H(t)t—zt — (2.8.14)
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for some ¢ > 0, and (2.8.14) is equivalent to each of the equalities

0
/H <%) dt = oo (2.8.15)
0

for some 6 > 0,

dn
C (2.8.16)
/ H='(n)
O
for some o, > H(+0),
T dt
5/ % = (2.8.17)

Sfor some 6, > ®(+0).

Moreover, (2.8.12) is equivalent to (2.8.13) and hence (2.8.12)—(2.8.17) are
equivalent to each other if @ is in addition absolutely continuous. In particular, all
the conditions (2.8.12)—(2.8.17) are equivalent if @ is convex and nondecreasing.

Remark 2.11. Tt is necessary to give one more explanation. From the right-hand
sides in the conditions (2.8.12)—(2.8.17), we have in mind +ee. If @(r) = 0 for
t € [0,2.], then H(r) = —oo for 7 € [0,7,], and we complete the definition H'() = 0
forz € [0,1.]. Note, the conditions (2.8.13) and (2.8.14) exclude that 7, belongs to the
interval of integrability because in the contrary case, the left-hand sides in (2.8.13)
and (2.8.14) are either equal to —e or indeterminate. Hence, we may assume in
(2.8.12)~(2.8.15) that ¢ > tg where fo: = supg()—ot, to = 0 if @(0) > 0, and
8 < 1/1y, respectively.

Proof. The equality (2.8.12) implies (2.8.13) because, with the exception of the
mentioned special case,

T T
/dlp(t) > /'P’(t) dt  VTe(A, )

where

(see, e.g., Theorem 7.4 of Chap.IV in [224], p. 119), and hence,

T T
./dHt(t) > /H/(;)% VT e (4, =)
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The equality (2.8.13) is equivalent to (2.8.14) by integration by parts (see, e.g.,
Theorem III.14.1 in [224], p. 102). Indeed, again except for the mentioned special
case, through integration by parts, we have

T T
/dh;(t) B /H(t)% _ H(TT+O) _H(GG—O) VT € (o, )

and, if
H
imint 10 < o
t—yoo 1

then the equivalence of (2.8.13) and (2.8.14) is obvious. If

H
im 210 _
=0

then (2.8.14) obviously holds, 2 > 1 for r > 1, and

t

T T
dH (1) H(t) dH(?) H(T)
/ : _/ COHD S %% Hg) T8

fo fo

H(T) T

1 oo
T + log H) —

as T — oo, i.e., (2.8.13), holds too.

Now, (2.8.14) is equivalent to (2.8.15) by the change of variables t — 1/r.

Next, (2.8.15) is equivalent to (2.8.16) because by the geometric sense of
integrals as areas under graphs of the corresponding integrands,

=

)
/‘P(t) dr = / wl(n)dn + 8- ¥(5),
0 w(5)

where ¥ (¢t) = H(1/t), and because by Corollary 2.6 the inverse function for H (1/t)
coincides with 1/H~" at all points except a countable collection.

Further, set w(&) =log&. Then H = yo @ and by Lemma 2.18 and Remark 2.10
H'=@d oy ! ie, H'(n) = @ !(e"), and by the substitutions T = e,
n = log 7, we have the equivalence of (2.8.16) and (2.8.17).

Finally, (2.8.12) and (2.8.13) are equivalent if @ is absolutely continuous; see,
e.g., Theorem IV.7.4 in [224], p. 119. O

2.9 One More Integral Condition

In this section, we establish a useful connection of the integral conditions from the
last section with one more condition.
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Recall that a function v : [0, 0] — [0, 0] is called convex if w(At; + (1 —A)t) <
Ay(t)+ (1 —=A)y(r) forall 7 and #, € [0,0] and A € [0, 1].
In what follows, D denotes the unit disk in the plane C,

D={zeC: |zl <1} (2.9.1)

Lemma 2.19. Let QO : D — [0,0] be a measurable function and let @ : [0,00] —
[0,00] be a nondecreasing convex function. Then

1

/

0

7 dt
/ TQT—W’)’ (2.9.2)
N

where q(r) is the average of the function Q(z) over the circle |z| = r and

N =

dr -
rq(r) —

N = / ®(0(2)) dm(2). (2.9.3)
D

The more complicated version of the estimate (2.9.2) can be found in Lemma 6.2.

Proof. Note that the result is obvious if N = . Hence, we assume further that
N < eo. Consequently, we may also assume that @(¢) < o for all 7 € [0,0) because
in the contrary case, Q € L*(ID), and then the left-hand side in (2.9.2) is equal to co.
Moreover, we may assume that @(r) is not constant (because in the contrary case
P! (T) = oo for all T > 7y and hence the right-hand side in (2.9.2) is equal to 0),
@(t) is (strictly) increasing, convex, and continuous in a segment [t,, | for some
t, € [0,00) and

D(t) = 1 = D(0) Vit €]0,t]. (2.9.4)

Next, setting
H(r) : = log @(r), (2.9.5)

we see by Proposition 2.18 and Remark 2.10 that
H'(n) = o '("), & (1) = H '(log 7). (2.9.6)
Thus, we obtain that

qg(r)=H"" (1og@> =H! (210g%+log h(r)> Vr €R,, (29.7)

where i(r) : = r?®(q(r)) and R, = {re(0,1): g(r) > t.}. Then also
gle™®) = H ' (25 + log h(e ™)) Vs €S., (2.9.8)

where S, = {s€ (0,0): g(e™*) > t.}.
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Now, by the Jensen inequality,

oo 1 1
d
/h(e**) ds—/h(r) 7’ - /(P(q(r)) rdr
0 0 0
1 1 2n N
< / %/(D(Q(re“’)) do | rdr = T (2.9.9)
0 0
and then
1
IT| = T/ds <5 (2.9.10)

where 7 = {s€ (0,0): h(e™*) > N/rm}.Letus show that
N . N
qe™) < H <2s + log ;) Vs e (0,00)\ T, (2.9.11)

where T, = T NSy, (0,00)\ Ty = [(0,00) \ S.]U[(0,00) \ T] = [(0,00) \ S, ] U [Si \ T
The inequality (2.9.11) holds for s € S, \ T by (2.9.8) because H ! is a nondecreasing
function. Note also that by (2.9.4),

2N em}[ @(0(2)) dm(z) > @(0) =7y Vs € (0,00). (2.9.12)
n Jp

Hence, since the function @ ! is nondecreasing and ! (70 +0) =1, we have by
(2.9.6) that

N N
< @' (; ez"> =H"! (2s + log ;> Vs € (0,00). (2.9.13)

Consequently, (2.9.11) holds for s € (0,0) \ S, too. Thus, (2.9.11) is true.
Since H~! is nondecreasing, we have by (2.9.10) and (2.9.11) that

1 oo
O/ rqd<rr> ‘O/ q(jsw >/ m

(Ov‘x’)\T*

(2.9.14)
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where A = logN/m. Note that 1 + A =log N +1log ¢/ < log N. Thus,

1

d 17 d
/ (r) = / H*:z ) (2.9.15)
J rq(r
0 4 logN n
and, after the replacement 11 = log 7, we obtain (2.9.2). a
Theorem 2.4. Ler Q : D — [0,0] be a measurable function such that
/ ®(0(2)) dm(z) < o, (2.9.16)
D
where @ : [0,0] — [0, 0] is a nondecreasing convex function such that
rodr
- = 2.9.17
/ T®d (1) ’ ( )
%
forsome & > 1) : = ®(0). Then
/ d
/ T (2.9.18)
J rq(r)
0
where q(r) is the average of the function Q(z) over the circle |z| = r.
Remark 2.12. Note that (2.9.17) implies that
rodr
- = 2.9.19
/ T®- (1) ( )

o

forevery & € [0,0), but (2.9.19) for some & € [0,), generally speaking, does not
imply (2.9.17). Indeed, for & € [0, &), (2.9.17) evidently implies (2.9.19) and, for
6 € (8y,°), we have that

B
dt 1 o
0 < 5{ T < T log &= < = (2.9.20)

because @~ ! is nondecreasing and @' (&) > 0. Moreover, by the definition of the
inverse function @' (7) = 0 for all 7 € [0, %], Ty = @(0), and hence (2.9.19) for
0 €0, 1), generally speaking, does not imply (2.9.17). If 7y > 0, then

T

dr
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However, (2.9.21) gives no information on the function Q(z) itself and, conse-
quently, (2.9.19) for & < @(0) cannot imply (2.9.18) at all.

By (2.9.19), the proof of Theorem 2.4 is reduced to Lemma 2.19. Combining
Theorems 2.3 and 2.4, we also obtain the following conclusion:

Corollary 2.7. If @ : [0,00] — [0,00] is a nondecreasing convex function and Q
satisfies the condition (2.9.16), then each of the conditions (2.8.12)—(2.8.17) implies
(2.9.18).

2.10 On Weakly Flat and Strongly Accessible Boundaries

The notions of strong accessibility and weak flatness at boundary points of a domain
in C, defined first in [131] (see also [132]), are localizations and generalizations
of the corresponding notions introduced in [162-164]; cf. with the properties P,
and P, by Viisild in [258] and also with the quasiconformal accessibility and
the quasiconformal flatness by Nikki in [178]. The significance of such a type of
domain is that conformal and quasiconformal mappings as well as many of their
generalizations between them admit continuous and homeomorphic extensions to
the boundary, respectively. Lemma 2.20 further establishes the relation of weak
flatness formulated in terms of moduli of path families with the general topological
notion of local connectedness on the boundary; see, e.g., [131] and [207].

Recall that a domain D C C is said to be locally connected at a point zy € dD
if, for every neighborhood U of the point zp, there is a neighborhood V C U of z
such that V N D is connected (in other words, for every ball By = B(zo,r9), there
is a component of connectivity of By N D which includes BN D where B = B(zo,7)
for some r € (0,79)), see Fig.2. Note that every Jordan domain D in C is locally
connected at each point of dD; see, e.g., [268], p. 66.

The boundary dD is called weakly flat at a point zo € 9D if, for every
neighborhood U of the point zgp and every number P > 0, there is a neighborhood
V C U of zg such that

M(A(E,F;D)) > P (2.10.1)

for all continua E and F in D intersecting dU and dV. We say that the boundary d D
is weakly flat if it is weakly flat at every point in dD, see Fig. 3.

A point zg € dD is also called strongly accessible if, for every neighborhood U of
the point zp, there exists a compactum E, a neighborhood V C U of zp and a number
6 > 0 such that

M(A(E,F;D)) > § (2.10.2)

for all continua F' in D intersecting JU and dV. It is said that the boundary dD is
strongly accessible if every point zo € dD is strongly accessible.
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Fig. 2 Local connectedness

Fig. 3 Weak flatness (v
(&5

Note that in the definitions of strongly accessible and weakly flat boundaries,
one can take as neighborhoods U and V of a point zp only balls (closed or open)
centered at zp or only neighborhoods of zy in another fundamental system of its
neighborhoods. These conceptions can also in a natural way be extended to the case
of C and 7y = . Then we must use the corresponding neighborhoods of co.

oD

Proposition 2.8. [fa domain D in C is weakly flat at a point 7o € dD, then the point
20 is strongly accessible from D.

Proof. Indeed, let U = B(zo, o) where 0 < ry < do = sup,cp, |z—zo| and Py € (0,0).
Then by the condition, there is r € (0,rp) such that

M(A(E,F3D)) > Py (2.10.3)

for all continua E and F in D intersecting dB(zo,r9) and dB(zg,r). Choose an
arbitrary path connecting dB(zo,r0) and dB(zo,r) in D as a compactum E. Then,
for every continuum F in D intersecting dB(zg,70) and dB(zo,r), the inequality
(2.10.3) holds. 0

Corollary 2.8. Weakly flat boundaries of domains in C are strongly accessible.

Lemma 2.20. Ifa domain D in C is weakly flat at a point zg € dD, then D is locally
connected at 7.
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Proof. Indeed, let us assume that the domain D is not locally connected at the point
zo. Then there is a positive number ry < dp = sup,cp |z — zo| such that, for every
neighborhood V C U := B(z,79) of z9, one of the following two conditions holds:

a) VN D has at least two connected components K| and K> with zg € K NK,.

b) VN D has a sequence of connected components Kj, K, ..., Ky, ... such that
Zm — 20 as m — oo for some z,, € K;,. Note that K,, N9V # 0 forallm=1,2,...
in view of the connectivity of D.

In particular, this is true for the neighborhood V = U = B(z,r9). Let r, be an
arbitrary number in the interval (0, 7). Then, for all i # j,

- |DmB(ZO,}’0)|

M(A(K; ,K};D)) < My := 2o < (2.10.4)

where K = K; N B(zo,7:) and K} = K; N B(z,r+). Note that the following function

is admissible for the path family I; = A(K,K};D):

p(z) = {m for z € By \ B, B
0 for ze C\ (By\ B+),

where By = B(z9,79) and B, = B(zo,r) because K; and K ; as components of
connectivity for D N By cannot be connected by a path in By and hence every path
connecting K;" and K must go through the ring B \ B. at least twice.

However, in view of a) and b), we obtain a contradiction between (2.10.4) and the
condition of weak flatness of dD at zo. Indeed, by the condition, there is r € (0,r)
such that

M(A(E,F;D)) > 2M, (2.10.5)
for all continua E and F in D intersecting the spheres |z —zo| = r« and |z —z0| = 7.
By a) and b) there is a pair of components K;, and Kj, of DN By which intersect
both spheres. Let us choose points zg € Kj, NB and {, € K;, NB where B = B(z,r)

and connect them by a path C in D. Let C; and C; be the components of CN K and
CNK;, including the points zy and o, respectively. Then by (2.10.4),

M(A(Cy,Cy;D)) < My,
and by (2.10.5),
M(A(Cy,C2:D)) = 2My.
The contradiction disproves the assumption that D is not locally connected at zo. O

Corollary 2.9. A domain D in C with a weakly flat boundary is locally connected
at each of its boundary points.
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We show further that all theorems on a homeomorphic extension to the boundary
of quasiconformal mappings are valid for the so-called strong ring solutions of the
Beltrami equation (B) under the condition of weak flatness of boundaries (2.10.1);
see Chaps. 7 and 8. The condition of strong accessibility (2.10.2) plays a similar role
for a continuous extension of such solutions to the boundary.



Chapter 3
The Classical Beltrami Equation ||u||.<1

3.1 Quasiconformal Mappings

Consider the Beltrami equation (B) in Sect. 1.1 with ||| < 1, and let f: D — C
be its homeomorphic solution. Since |p| < 1 a.e., f is sense preserving, and since
[|tt|]e < 1, f is a quasiconformal mapping.

There are several equivalent definitions of quasiconformality and some of them
have been extended to mappings between metric spaces; see, e.g., [104] and [102].
For an extension to IR", see [89,90, 145, 258,259], and to Banach spaces, see [260,
261]. According to the analytic definition, a sense-preserving embedding /' : D — C
is quasiconformal if f is ACL and there exists k € [0, 1) such that a.e. in D:

0f(2)| <K[If(2)I. G.1.1)
At points z € D where f is differentiable,

max |f(z) = f(w)]

— _ 1+ |”(Z)| e wezl=r
KR e = e = 1

is the dilatation of f at z. Then the maximal dilatation of f in D which is defined by

Ky =esssupK(z) (3.1.3)
zeD
satisfies:
1+ [|u ]
Kp= — e (3.1.4)
Tl

The other two basic types of definitions of quasiconformality are geometric,
which use the quasi-invariance of certain conformal invariants like the modulus

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 47
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of path families (see, e.g., [5, 152, 188] and [258]), and a metric definition, which
is based, roughly speaking, on the extent of roundedness of the image of balls
(see, e.g., [104,258]). If f: D — C is a homeomorphic solution of (B) and & is
holomorphic in f(D), then g = ho f is a solution. Indeed, g is ACL, and dg and dg
satisfy dg = (z)dg a.e. in D. Note that since nonconstant holomorphic mappings
are open and discrete, so is g. By Stoilow’s factorization theorem [240], every open
and discrete mapping g : D — C can be written as a composition ko f, where f is
a homeomorphism and /4 is a nonconstant holomorphic mapping in f(D). In view
of Stoilow’s factorization theorem, it is not hard to see that if g is an elementary
solution (see Sect. 1.5), then g = ho f, where f is a homeomorphic solution of (B)
and A is holomorphic.

3.2 The Main Problems

The main problems in the classical case concerning solutions are:

» Existence

e Uniqueness

e Regularity

e Representation of the solution set

* Removability of isolated singularities
* Boundary behavior

e Mapping properties

3.3 Integrability

Let f: D — C be a homeomorphic solution of (B). Then by using the local
integrability of the Jacobian J of f in D and the dilatation inequality,

5 L+ |p(z)]
(107 @I+19£@D* < 7= 51 /@ (3.3.1)

which can be easily verified, one can conclude that f belongs to the Sobolev class
w2 (D) and that the partial derivatives df and df are a.e. the generalized Wl})‘f

loc
derivatives of f. In particular, every homeomorphic solution belongs to Wl(l)’c1 (D).

Bojarski [44] showed that in fact f € Wkl)’cp (D) for some p > 2 which depends on
k = ||it]| or equivalently on K. Settling a long-standing conjecture by Gehring and

Reich [93], Astala [22] proved that if f : D — Cis qc and E is a Borel set in D, then

[F(E)| < M|E|'/¥
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with a constant M = M(K) = 1+ O(K — 1). As a consequence, Astala settled a
long-standing conjecture by Gehring and Lehto, proving that f € Wl(l)’cp for every
p < po where

2K 1

and pg is best possible; see [23].

It should be noted that a WI(I)’C2 mapping which satisfies the Beltrami equation with
[|t]]e < kis a K-quasiregular mapping with K = (1 +k)/(1 — k), according to the
notation in [203], or a mapping of bounded distortion, according to the notation in
[202]. Note that such solutions are elementary in our notation; see the definition
in 1.5.

Astala [23] proved that every Wl(l)’cq solution of the Beltrami equation (B) with
g>qo=1+k 3.3.3)

belongs to Wl(l)’c2 and hence is elementary. Iwaniec and Martin [116] showed that
qo is the best lower bound, i.e., given k € [0,1), there is a measurable y : C — C
with ||ut]|e = k such that the (B) has a nonelementary solution f which belongs to

W,14(C) for every ¢ < go., and does not belong to Wl(l)’cz((C).

loc

3.4 The Classical Existence and Uniqueness Theorem

One of the main theorems in the theory of Beltrami equations in the classical
case, and hence in the theory of plane quasiconformal mappings, is the following
existence and uniqueness theorem:

Theorem 3.1. Let i(z) be a complex valued measurable function in a domain D in
the complex plane C with ||l|| < 1. Then:

(i) Equation (B) has a sense-preserving homeomorphic solution f : D — C.
(ii) f is unique up to a postcomposition by a conformal mapping.

The following corollary can be derived from Theorem 3.1 and Stoilow’s factor-
ization theorem. The corollary says that every homeomorphic solution of (B) in the
case ||U|| < 1 generates the set of all elementary solutions.

Corollary 3.1. Let h: D — C be a homeomorphic solution of (B) with ||tt]|. <
1 and f an elementary solution of (B). Then there exists a unique holomorphic
function g in h(D) such that f = goh.

In view of the corollary, the homeomorphic solutions may be viewed as prime
solutions.

Remark 3.1. Given p as in Theorem 3.1, the measurable metric ds = |dz + p dZ|
defines a complex structure in D and makes D a Riemann surface thus, every
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homeomorphic solution of (B) becomes a conformal mapping from D with this
conformal structure. For this reason, Theorem 2.11 is known as the measurable
Riemann mapping theorem; see [7].

3.5 Methods of Proof of Uniqueness and Existence

In this section, we survey some of the methods in the proofs of existence and
uniqueness of homeomorphic solutions.

3.5.1 Uniqueness

Let f and g be two homeomorphic solutions in D. Then f and g are in Wlé’cz, and

hence,h=go ' € Wl(l)‘cl, and since the partial derivatives of & satisfy the Cauchy—
Riemann equations, & is conformal by Weyl’s lemma (see [9]), and the uniqueness

follows.

3.5.2 Existence

3.5.2.1 Local Solutions

The standard approach in finding a local solution at a point zy € D goes as follows;
cf. [152]. One approximates U in a certain neighborhood U of 7y by a sequence of
“nice” functions U, like polynomials in z and z. For each p,,, one finds a normalized
homeomorphic solution f, : U, — C,U, C U, say by substituting a power series in
z and Z, where one has much freedom in choosing some of the coefficients. Then
one verifies that V = NU,, is a neighborhood of zg. Next, with the aid of suitable
distortion theorems for quasiconformal mappings, equicontinuity of the sequence
Jn 1s obtained, and one deduces that there is a subsequence which converges locally
uniformly to a homeomorphic solution f of (B) in V. A similar method can be
applied in the relaxed classical case.

3.5.2.2 Global Solutions via Local Solutions

In view of Theorem 3.1(ii) (see also Remark 3.1), it suffices to find a local solution
of (B) at every point z € D. Then the existence of a global homeomorphic solution
follows by the uniformization theorem. Indeed, since every homeomorphic ACL

solution is in Wlé’cz, it follows that if f and g are two local homeomorphic
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solutions of, say in subdomains U and V/, respectively, then g o f~! is conformal in
f(UNV). It thus follows that the set of all local homeomorphic solutions defines a
conformal structure in D, which makes D a planar Riemann surface. By the classical
uniformization theorem (cf. [80]), there is a conformal mapping F' of D (endowed
with the conformal structure which is defined by the local solutions of (B)) into
C, meaning if f: U — C,U C D, is a local homeomorphic solution of (B), then
h = Fo f~!is conformal in f(U), and F|U = ho f. Since a postcomposition of a
solution by a conformal mapping is again a solution, it follows that F is a global
solution of (B) in D.

3.5.2.3 Global Solutions Directly

There are two basic methods of finding global homeomorphic solutions directly.
One of them is based on PDE methods and the other one on singular integral
methods.

3.5.2.4 PDE Methods

Following [176], consider the system (B) first for smooth coefficients. Define a

boundary value problem for u(z) = Ref(z) and get the existence of u and then of

v. Finally, by using approximation, one gets a global homeomorphic solution in
1,2 ..

W,oe for the original u.

3.5.2.5 Singular Integral Methods

Here, we follow [9], [44], and [263]. Consider (B) with a measurable u in a domain
D in C with ||| = k < 1. Extend u on C by setting t =0 on C\ D. Then the
extended function, denoted again by u, is measurable in C and has the same L~
norm k. Obviously, the existence of a homeomorphic solution of (B) in C yields a
homeomorphic solution in D. Therefore, it suffices to consider (B) in C.

We first consider the case where u € Cé (D), i.e., u has continuous partial
derivatives and a compact support in C. A homeomorphic solution f: C — C
in this case is conformal outside of a certain compact and hence extends to a
homeomorphism of C onto itself with f(s) = 0. Since a composition of a solution
with a function of a form z — az+b,a,b € C is again a solution, we may look for a
solution f : C — C which has the Laurent expansion:

f@)=z+g(x)=z+ i anz " (3.5.1)
n=1

in a neighborhood of .
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Setting (3.5.1) in (B), we get

gz = ([l + gl (3.5.2)

Then g; = f; — 1 is in the class L”(C) for every p > 1. In each of these classes, the

inverse of the operator d = % is given by the Cauchy transform:

P:LP— L, (3.5.3)
which is defined by
1 h
Phs) =~ [ C<—_C)de(c) (3.5.4)

where the singular integral is defined over C as a principal value integral.
By applying P to (3.5.2), we obtain

g§=Pg:=Pu(l+g;) (3.5.5)
and hence
g =Tu(l+g), (3.5.6)
where
_d, 1 k(@)
TSP n/—(C—z)z am(C). (35.7)

Thus, h := g satisfies the equation:
h=Tu(l1+h). (3.5.8)
Since ||T||, — 1 as p — 2, it follows that there is pg such that for 2 < p < po,

T ull, =Tl |1l < 1,

and hence, by the fixed point theorem for contracting operators, (3.5.8) has a
solution / € L? which can be found by successive approximations. Thus,

f=z+Pu(l+h) (3.5.9)

is a solution of (B).

Next, one shows that f is a local homeomorphism in C and hence a homeomor-
phism of C onto itself; see [9] and [44]. One can normalize f so that it fixes the
points 0, 1, and eo. The normalized solution is denoted by f*.

The case where (1 is measurable with compact support is obtained by approxi-
mation; see [152].
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To obtain a solution in the general case, suppose first that y is measurable in C
and that 4 = 0 in D. Then

is measurable, ||t ]| = ||tt|| and gy = 0 in C\ D. Then (B) with u; instead of u
has a normalized solution g.

Finally, given a measurable function p in C with ||u||. < 1, we look for a
mapping & such that f = ho g where g is a homeomorphic solution of (B) with
U(z)x(z) instead of u, y being the characteristic function of C\ D. Then L, can
be computed, and since y; = 0 in C\ D, a homeomorphic solution of (B) with
instead of u exists. This completes the proof of existence.

3.5.3 Smoothness of the Solutions

Shabat [228] showed that forn > 0 and 0 < o < 1 if u € C"%(D), i.e., the partial
derivatives of order n of u are a-Holder continuous in D, and f is a solution of (B),
then f € C"*1%(D), and if o = 1, then for all € > 0, f € C"T27¢.

3.5.4 Analytic Dependence on Parameters

Ahlfors and Bers [7] examined the dependence of a normalized solution of (B) on
a parameter. They showed that if ¢ as an element of L™ depends analytically on
a complex parameter 7, then the normalized solution of (B) in C as an element of
Wl})"c” depends analytically on 7 (cf. [44]); see also a discussion of this subject in the
monograph [51].



Chapter 4
The Degenerate Case

Recall that in our notation, a (i-homeomorphism in a domain D,D C C is an ACL
homeomorphic solution of (B) in D; see Sect. 1.5. For some functions y with
|u(z)] <1lae.and ||it|| = 1, there are no y-homeomorphisms, i.e., homeomorphic
solutions of (B), as illustrated below in Sects.4.1.1 and 4.1.2. Even when a
u-homeomorphism exists, it is not known whether it is unique and generates the
set of all elementary solutions. As in the classical case, by an elementary solution,
we mean an open and discrete solution.

Contrary to the classical case where every ACL solution belongs to Wlé’cz, even to

Wkl)’cp with some p > 2, in the relaxed classical case, an ACL solution need not be in

Wl(l)’cz. Recall that the Wl(l)’c1 property implies the ACL property but not vice versa.
The main problems in the theory of t-homeomorphisms are as in the classical
case; see (3.1.1).
Approximation theorems like Theorem 2.1 and Corollary 2.3 in Chap.2 are
crucial in many existence proofs.

4.1 Examples

The following two examples show that the assumption K € L? for some p > 1, or
even that K belongs to L”, for all 1 < p < o, does not guarantee the existence of
u-homeomorphisms.

4.1.1 Example One

Let
2i0
i0 €
re = —
u(re®) 1+2r
V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 55
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inD = {|z] < 1}. Then
1
K=1+- eL'(D).

We shall show that (B) has no u-homeomorphic solution in D. Indeed, consider the
mapping
g(re®) = (14 r)el?.

It is easy to see that g is a g-homeomorphism of D\ {0} onto 1 < |w| < 2.

Suppose that (B) has a homeomorphic solution f : D — C. Then, since f and g
are locally quasiconformal in D\ {0}, it follows by the classical uniqueness theorem
that h = go f ! is conformalin f(ID)\ f(0) and thus can be extended to f(ID), which
is impossible.

4.1.2 Example Two

Let
1 1
i0) 2191 TG log? 1/r

= 1 [
I+ logT/r + log® 1/r

u(re
inD(1/e) ={z€C: |z] < 1/e}. Then

1 1
K:logz;—i-log;e ) LP(D(1/e)).

1<p<eo

We shall show that (B) has no p-homeomorphic solution in D(1/e).
Indeed, consider the mapping

. 1 .
g(rele) = <1 + 1—1> elf.
0g7

It is easy to see that g is a yu-homeomorphism of D(1/e) \ {0} onto 1 < |w| < 2.
Then the assertion follows as in the previous example.

Remark 4.1. Contrary to the classical case, in the relaxed classical case as well as in
the alternating case, the existence and nature of a solution may depend not only on
the behavior of |ut| but also on arg . For instance, let u be as in Sect.4.1.1. Then
(B) has no homeomorphic solutions in . However, if u is replaced by it = —u,
then (B) with fi instead of u has a solution f(re'®) = re!~1/7¢i® which maps D
homeomorphically onto itself.
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Furthermore, as a consequence of Proposition 3.25 in [99], Gutlyanskii, Martio,
Sugawa, and Vuorinen show that given p which is locally bounded in D\ {0},
there is an ACL homeomorphic solution of (B) in D where p is replaced by
f(z) = u(2)|z/z

The effect of arg u is noticed in [15,264,265] and [198] in the classical case, in
[28,148,149,234,237,238], and [99] in the relaxed classical case, and in [233, 236,
271] in the alternating case.

In the following sections, we present various conditions on 1 (z) or on K(z) which
yield the existence of homeomorphic solutions and some of their properties.

4.2 The Singular Set

Given a measurable function u in D with ||| < 1, the singular set E of p is the
set of all points z € D such that ||u|DNU||. = 1 for every neighborhood U = U (z)
of z. Note that

720 € E & lim esssup K(z) = oo.
€20 |2 _zpl<e

The study of pu-homeomorphisms in the relaxed classical case can be divided into
the following cases:

(1) E is specified and E C dD.
(2) E is specified and E C D.
(3) E is not specified.

4.3 Auxiliary Results

Throughout this chapter, for a pointa € R and r > 0, I = I(a, r) denotes the interval
(a—ra+r),S=S(a,r)={(x,y) : |[x—a| < r|y| <r} denotes the square centered
at a with side of length 2r, and ST = S* (a,r) = SNH.

Let r > 0 and p be measurable a.e. positive in (0,r). We say that p is locally
bounded away from 0 if p|A > po(A) > 0 a.e. for all relatively compact subsets A
of (0,r). We say that p(f) — O a.e.ast — 0", if p > 0ast — 07,7 € (0,r) \ A for
some set A of linear measure zero.

Let £ be an open set in R and U a neighborhood of E in C. We say that
|t(x,y)| = 1 a.e. uniformly in U as y — 07, x € E, if U has a subset A with
my(A) = 0 such that for all x € E,

lim [1(ry)| =1, (5,y) €U\A, 3.0
y—0+
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and there exists C > 1 such that for all (x1,y) and (x2,y) in U \ A

l < M <cC. 4.3.2)
C 1- |u(-x27y)|
Note that (4.3.2) is equivalent to the following condition:
1 K(.Xl 7y)
— < <2C. 433
2C ~ K(xa,y) — ( )

Let u be a locally bounded complex-valued measurable function in H, and let g
be an embedding of H into C, and suppose that g is locally quasiconformal. The
deformation g x | of 1 which is induced by g is defined in g(H) by

_Au-—B

—A_Buog”(wx w € g(H), (4.3.4)

gxp(w)

where A = dg and B = ég are the partial derivatives of g.
Lemma 4.1. Let U and g be as in Sect. 4.3. Then:

(i) g+ U is measurable and locally bounded in g(H).

(ii) If h is a locally quasiconformal embedding of g(H) into C with complex
dilatation p, = g+ U a.e. in g(H), then f = hog is locally quasiconformal
with complex dilatation [l =t a.e. in H.

Proof. (i) The functions A,A,B,B, and u are measurable in H and hence so
is (Au — B)/(A — Bu). Now, g is locally quasiconformal and thus preserves
measurable sets. Consequently, g * 1 is measurable in g(H). Furthermore, since
g is locally quasiconformal, and p is locally bounded, so is u, = B/A, and
hence, by a simple estimate, it follows that g x u is locally bounded in g(H).

(i) Since g and & are locally quasiconformal embeddings, so is f. Therefore, for
almost all z in H, g is differentiable at z and & at g(z), and at these points an
application of the chain rule yields

A(upog)—B
= (Unog)

= . 4.3.5
Bliog) T A 32

If we now set p;, = g * 1t and apply (4.3.5), we get iy =  a.e. in I, as asserted.
O

Lemma 4.2. Let a be a point in R, r > 0 and U (x,y) a locally bounded measurable
function in the rectangle St = S*(a,r). If |u(x,y)| = 1 a.e. uniformly in S* as
y— 0%, x € (a—r,a+r), then there are measurable functions p(y) : (0,r) — Ry
and M : St — R, such that p(y) is a.e. positive and locally bounded away from 0 in
(0,r), and p(y) — O a.e. in Ry as y — 0", and M satisfies

1

c <M(x,y) <C ae.in ST (4.3.6)
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for some C > 1, and such that for a.e. (x,y) € ST

1= |puCoy)|=p()M(x,y). 4.3.7)

Proof. Recall that by (4.3.1), there is a set A in ST with m(A) = 0 such that
|t(x,y)| — 1Lasy — 0", (x,y) € ST\ A. For x € E, let A(x) = ANI(x), where
I(x) is the vertical line, which contains the point (x,0). Then, by Fubini’s theorem,
mi(A(x)) =0forae.x€ (a—ra+r).

Let x| be a point in (a — r,a + r) such that |u(xy,y)| < 1 for a.e. (x1,y) € I(x1),
|t (x1,y)| — 1 as y — 0" and such that m;(A(x;)) = 0. Set p(y) = 1 — |t (x1,y)|.
Then p is a measurable function in an interval (0,r). Clearly, p(y) — 0 a.e. in (0,r)
asy — 0", and p is a.e. positive in (0,r). Then p has a measurable extension on R,
denoted again by p, which is positive a.e. in R ;. Furthermore, p is locally bounded
in (0,r), since y is locally bounded in H.

For (x,y) € S, set

1—|u(x,y)|
M(x,y) = ———F—5-.
U ]
Then the assertion of the Lemma follows by (4.3.2). O

Lemma 4.3. Let a be a point in R, U a neighborhood of a in C, and 0 be a
continuously differentiable function with bounded partial derivatives in U = U NH
such that |0(z)| < 6y < /2 forallz=x+1iy € U™. Then:

(i) There is a square S = S(a,r), r >0, S C U such that the equation

o€ . 9E
e sin@ — a—ycos@ =0 (4.3.8)

has a unique solution E(x,y) in ST, which has a continuous extension to
STUI, I =1I(a—r,a+r), satisfying the initial condition

E(x,0)=x, xel. (4.3.9)
(ii) The mapping
_ (é(-xvy)uy)a for (X,y) S S+
g1(x,y) = { (x.0). for (ey) € 1 (4.3.10)

is an embedding of St UI into C, which is a C'-diffeomorphism of S* into H
and the identity on I.

Proof. Consider the differential equation

dx

d—:—m(x,y) = —tan@, x+iyeU". (4.3.11)
Y
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In view of the assumptions on 0, m(x,y) is continuously differentiable with bounded
derivatives in U and hence has a continuous extension to U™, and the coefficient
function m(x,y) is Lipschitz in U™ with respect to y. Therefore, there exists dy > 0
such that for every & € (a — 8y,a+ &), (4.3.11) has a unique solution x = @(&,y),
0 <y < &, which satisfies the initial condition

¢(5,0)=¢. (4.3.12)

Since m(x,y) is bounded in U, there exists 6 € (0,8) such that the mapping z =
G(§),z=x+1iy,{ = & +in, which is given by

{xz(p(é,n), (4.3.13)
y=1,

is well defined in the closed rectangle
0={(n):|§—al<5,0<n<5}.

Clearly, G|[a— 6,a+ 0] = id, and by the classical existence and uniqueness theorem
for first-order ordinary differential equations, G is an embedding of Q into C. Since
m € C', it follows that ¢(&, 1) and hence also G is continuously differentiable in
0 = intQ; see [108, Theorem 3.1.2]. Furthermore (see [108, 3.1.16]),

n
=exp /8_m ),s)ds | >0,
0

and thus the Jacobian Jg; of G satisfies

a(x,y) ax
Jog=—20 _ 2 S 43.14
G=3@En) "9k (319

in Q. Therefore, G is a sense-preserving homeomorphism in Q, and G(Q)CH.
Then there exists > 0 such that S*(a,7) C G(Q).

Let g1 = G !|S*(a,r). Then g, is a sense-preserving homeomorphism which is a
diffeomorphism, and hence locally quasiconformalin S* (a,r), and g; maps S* (a,r)
into Q. Furthermore, by (4.3.12),

gil(a—ra+r) =id. (4.3.15)
Now, (4.3.13) and the fact that x = @(&,y) is a solution of (4.3.11) imply

8& sin @ — ﬁcose 0. (4.3.16)
ox dy
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(B)-(em) (3 - (5%).

Hence, §, /& = m = tan 6, which yields (4.3.16). O

Indeed,
—1

Lemmad4.4. Letry >0,y = (a—ri,a+r) and S1 = S(a,ry) and let p be an a.e.
positive measurable function in (0,r1), such that p is a.e. locally bounded away
from 0 in (0,r) and such that p(t) — 0 a.e. in (0,r1) ast — 0. Then the mapping
g2 Sfr Ul — H UlIy, which is defined by

82(‘§=n): (57R(77))7 4.3.17)

where

n
R(n) = / p(1)dr (4.3.18)
0

is an embedding, it is locally quasiconformal in Sfr and the identity on I,.

Proof. Since p is measurable and a.e. positive in (0,r]), g2 is injective and, hence,
an embedding in SfL. Clearly, g, is an ACL and, hence, g; is a.e. differentiable in
S} UJ. Since p is locally bounded away from O in (0, 71), and g, = (1—p)/(1+p)
a.e. in S, it follows that g, is locally quasiconformal in S| . Obviously, g»|/; = id.

O

Lemma 4.5. Let U,U C C be a neighborhood of a point a € R and let 1 (x,y) be a
complex-valued measurable function in Ut = U NH. If w is locally bounded in U™
and:

(a) |u(x,y)| — 1 a.e. uniformlyinUt asy — 0", xe UNR,
(b) argu is continuously differentiable with bounded partial derivatives in U™,
(c) |argp| <260 < win U™,

then there are a square Sy = S(a,ry) and an embedding go ong Uly, where Iy =
(a—ro,a+ry), into H, which is locally quasiconformal in S(J{ and is the identity on
Iy such that the deformation iy = go * L of W which is induced by go is bounded in
80(S )-

Proof. In view of condition (a) of the lemma, by Lemma 4.2, there are measurable
functions p : (0,r) — R4 and M : ST — R such that for a.e. (x,y) € ST,

1 (x,y) = e R — p(y) - M(x,y)], (4.3.19)

and such that (4.3.6) and (4.3.7) hold.

Set 6(z) = argu(z)/2. Then 6 satisfies the assumptions of Lemma 4.3. Let r > 0,
S =S(a,r), I =1I(a,r), and g; be as in Lemma 4.3. Then g; is the identity on
I and maps ST homeomorphically into H. Next, choose ¥ > 0 such that st c
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21(ST), where S = S(a,r’) and let I' = §'NR. Choose r; € (0,7) such that for
S1 =S(a,r1),Sl+ C gl(S’).
Now, let A = 8g1/8z,B1 = agl/af and

C,=Ae? —Be 9. (4.3.20)
Then
1 ) 1 .
Ay = E[&)C"' 1 _léy]v B = E[&x— 1 +1§y]7
3 Cy = &sinB —&ycos 6, (4.3.21)

and thus, in view of (4.3.8), C; is real.
By (4.3.20), |C| > |A1| — |Bi| > 0, and since |A;|* — |B)|* = J,, > 0, it follows
that C; # 0, and thus, by straightforward computations,

(A, B T
el [ ) = 5L —,
<C1 Cl) cc

Let u; = g1 = U be the deformation of the dilatation pt, which is induced by g;.
By setting in (4.3.4) the expression for u which is given in (4.3.19), one obtains that
a.e.in S

ci| 72 >o. (4.3.22)

CZie(l—pM)Al—Bl Cl—eiepMAl
= —= T — O = —= T — O
Al —e 20(1—pM)B, ' Ci+e®pMB,

My Gy, (4.3.23)

where G| = g;'. Since €} # 0 and real and p(1) — 0 a.e. as ) — 0,

C oA B
N e PN (el BT V4 . G 4.3.24
H [Cl ( ¢ (C1+C1) PP 0<p)>}o : ( )

holds a.e. for a smaller rectangle, which we denote again by ST, Sy =S8(a,r). Thus,

w(8) =1-pmM () ae in Sy, (4.3.25)

where, in view of (4.3.22),
My =My, |G|+ o(p)
is a real-valued measurable function, which satisfies

1
— < M| <Ry (4.3.26)
Ry

for some R > 0.
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Next, let g be as in Lemma 4.4 and let [, = g * 4; be the deformation of
1, which is induced by g»|S7". Since p; is locally bounded in S} and g is
locally quasiconformal, it follows, by Lemma 4.1, that u, is measurable and locally
bounded in g>(S7").

We now compute and estimate . Let Ay = (g2)¢ and By = (g2) I3 Then

(n) (n)

2

he

Ay =

| =

+ and Bz =

N —
N‘

a.e.in ;. To obtain 1, we plug iy = 1 — p(1n)M; () of (4.3.25) in (4.3.4) and get
_(+p)(I—pM)—1+p 2-M,
l+p—(1—p)(1—pM)) 2+M,

as p — 0. In view of (4.3.26) and the fact that p(n) — 0 a.e. as n — 0T, there is
ry € (0,r1) such that for S, = S(a,r,),S5 C g2(S; ), and such that

Uz 08> +o(p) ae.inS]

2]l <1 in S5 (4.3.27)

Let So = S(a,ro) and Iy = SoNH. Choose ry > 0 such that S§ C g; ' (S).

For (x,y) € SoUly, set go = g20g1. Then g is an embedding of Sj Uy into H.
Since g1 and g; are locally quasiconformalin S and S5, respectively, and g (S; ) C
S5, it follows that g is locally quasiconformal in S . Since g1 |Ip = id = g2|S2 NR =
id, it follows that go|ly = id.

Finally, by Lemma 4.1 (ii), go * 1t = (g2081) ¥ 1L = g2 * (g1 % 1) = g2 * Uy = M.
Then the assertion follows by (4.3.27). a

4.4 Case (i): The Singular Set E is Specified and E C dD

4.4.1 Existence and Uniqueness

Note that £ C dD means that u is locally bounded in D. Bers [33], 3.1 (see also [44]
and [30]), showed that in this case a yt-homeomorphism exists and is unique up to a
postcomposition by a conformal mapping. The proof follows by a normal families
argument or by application of the uniformization theorem.

4.4.2 Boundary Behavior

We consider the case that D =H :={z€ C:3 z>0} and ECRC JH = RU
{oo}. Let f be a pu-homeomorphism of the upper half plane H = {z€ C: 3 z > 0}
into C. Note that f can be viewed as a conformal embedding of H endowed with the
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measurable conformal structure ds = [dz + p(z)dz| into C. It is well known that if f
is conformal in H (endowed with the Euclidean metric), then f(H) is a proper subset
of C, and if, in addition, f(H) is a Jordan domain, f has a homeomorphic extension
to H, the closure of H in C = CU {0}. The same is true for a y-homeomorphism
in H when ||tt]]w < 1.

If u and f are as above, f(H) is either C (see Example 2 below) or a
proper subset of C. Thus, one may ask under what further conditions on u every
u-homeomorphism f satisfies:

(1) f(H) #C.
(2) If, in addition, f(H) is a Jordan domain, then f has a homeomorphic extension
to H.

If p is measurable and locally bounded in H, i.e., ||1|A]| < 1 for every relatively
compact subset A in H, a pg-homeomorphism of H exists, and its image may
be either C (see 4.2 below) or a proper subset of C. One may ask under what
conditions on p, with or without the assumption that u is locally bounded, every
u-homeomorphism f satisfies:

(1) f(H) #C.
(2) If, 13 addition, f(H) is a Jorgan domain, then f has a homeomorphic extension
on H = the closure of H in C.

The main results in this section are the following Theorems 4.1 and 4.2, which were
established in [233].

Theorem 4.1. Let f be an embedding of H into C and a € R. Suppose that a has
a neighborhood U in C such that f is ACL in U™ = U NH with a locally bounded
complex dilatation L = piy in U™ If:

(a) |u(x,y)| — 1 a.e. uniformlyinUt asy — 0", xe UNR,
(b) argu is continuously differentiable with bounded partial derivatives in U™,
(c) |argp| <260 < win U™,

then

(i) f(H) #C.
(ii) 1If; in addition, f(H) is a Jordan domain, then f has a homeomorphic extension
to HU (U NR).

Theorem 4.2. Let E be an open set in R, possibly E =R, p : H — C a locally
bounded measurable function, and f : H — C a pu-homeomorphism. Suppose that
every point a € E has a neighborhood U,U C C such that conditions (a)—(c) of
Theorem 4.1 hold with 6y depending on U.

If f(H) is a Jordan domain, and if f is quasiconformal in every domain D,D C H
whose closure in C is contained in I\ E, then f has a homeomorphic extension to H.

Suppose that u satisfies the assumptions of Theorem 4.2 with £ = R and that f is
a u-homeomorphism of H onto a Jordan domain. Then, by Theorem 4.2 and in view
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of the fact that f(H) is a Jordan domain in C, it follows that f has a homeomorphic
gtension to HUR; however, f need not have a homeomorphic extension to
H = HURU {co} as illustrated in (4.4.5).

4.4.3 Proof of Theorem 4.1

Let a, f, and u be as in the theorem. Then, by Lemma 4.4, there is an embedding
go of Sg Ul which is qc in Sg and the identity on Iy and such that the deformation
2 = go* U is bounded in go (S, ). Hence, a quasiconformal mapping ¢ : go(S; ) — C
with tty = [ a.e. in go(S7) exists.

By Lemma 4.1, fora.e. z € Sg,

1r(z) = p(z) = toogy-

Hence, there exists a conformal mapping /2 of (¢ 0g0)(S§) = @(g0(Sg ) onto f(Sy ).

The cluster set of f on I is the same as the cluster set of 40 ¢ on Iy. The latter
one meets C since ko ¢ is quasiconformal. It thus follows that the cluster set of f
on R meets C, and therefore, f(H) # C, and (i) follows.

Suppose now that f(H) is a Jordan domain. Then f(Sg ) is a Jordan domain, and
since h o ¢ is quasiconformal, it has a homeomorphic extension on Sg Uly. Now
gollo = id hence, f = (ho @) o gy has a homeomorphic extension on I.

The same argument can be applied to any other point in U N R, from which we
can conclude that if f(H) is a Jordan domain, then f has a homeomorphic extension
to HU (U NR), and thus (ii) follows.

4.4.4 Proof of Theorem 4.2

Let E,u, and f be as in the theorem. If E = 0, then f is quasiconformal in H, and
the assertion follows by the classical gc theory.

Suppose that E # 0. Then E is a countable union of disjoint open intervals I.
Fix one of these intervals, say I. Then, by Theorem 4.1, every point in / has an
interval, which is contained in / where f extends homeomorphically, and since f(H)
is a Jordan domain, f has a homeomorphic extension to HHU/ and consequently to
HUE.

We now show that f has a continuous extension to H\ E. Let b be a point in
the (RU {e}) \ E. Since C, and hence f(H), is compact, the cluster set of f at b
is not nonempty. It suffices to show that it is nondegenerate. Suppose that it is not
nondegenerate. Then there are sequences x,, and x/, in H which tend to b such that
f(xn) and f(x],) tend to different limits, say w and w', respectively. Let K and K’
be disjoint arcs in f(H), the first one containing all points f(x,) and the other one
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all f(x},), and such that each of these two arcs lies in f(H) except for its end point,
which is w and w’, respectively. Now choose a domain D with D C HU {b}, which
contains £~ (K)U f~!(K"), and such that the family I" of all paths in D which join
f 1K) and f~!(K’) has infinite modulus M(I") = co. The path family f(I") is a
subfamily of all paths joining K and K’ in C, and the latter one has finite modulus,
since K and K’ are disjoint continua. Therefore, the modulus M(f(I")) of f(I") is
finite, which is impossible since f is quasiconformal in D and M(I") = eo.

Suppose now that J is a nondegenerate component of R U {e} \ E. Choose a
domain D,D C H such that J C dDNR. Since f is quasiconformal in D, and f(J)
is a free boundary arc in f(D), it follows that f has a homeomorphic extension to
the union of H and the interior (in the R topology) of J and thus (in view of the
existence of a continuous extension at each boundary point) on HUJ.

Recalling that f(D) is a Jordan domain, we obtain that f has a homeomorphic
extension to L.

4.4.5 Examples

4.4.5.1 Example1

In the following example, f and u satisfy the conditions of Theorem 4.1 with £ = R.

Here, f maps H homeomorphically onto itself, and it has a homeomorphic extension

onto HHUR, as asserted in the theorem, but not onto H. More precisely, here

FHUR) =HUR, U{eo}, and the cluster set of f at o is the closed ray [—ee,0].
The mapping f in this example is defined by

f(x,y) _ ex+2ia.rctany27 y > 0.

Then the complex dilatation of f is given by

2
yo—4y+1
X,y) = —5—"—
f(x,y) Tiayrl
and
4y
l—|ul=1-p=———.
[l A

Therefore, 1 — | (x,y)| = p(y) - M(x,y), where

1

=4 and M(x,y) = 5———.
p(y) =4y (x,5) R

Then condition (a) holds at every point x € R with C =1 in (4.3.2). Also argu =0,
and thus conditions (b) and (c¢) hold too.
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4.4.5.2 Example 2

In the following example, f is a y-homeomorphism in H with u satisfying
conditions (a) and (b) in Theorem 4.1, but not condition (c). In this example, f maps
H onto C.

The mapping f in this example is defined by

fx,y) =x+ilogy, y>0.

Then the complex dilatation of f is given by

_y—1
‘Ll(x’y)_y_i_l’
and
=il = —2 = p(y)-M(x,y)
where
1

py) =2y, M(xy)= and  argp(x,y) »mas y—0".

y+1’
Thus (a) and (b) hold, and (c) fails.

4.4.5.3 Example 3

In the following example, f is a t-homeomorphism in H with a complex dilatation
u satisfying conditions (a) and (b) in Theorem 4.1, but not condition (c). Here, f
maps H onto itself, but f has no injective and hence no homeomorphic extension to
HUR.

The mapping f in this example is defined by

flx,y) =xy+iy, y>0.

Then
—1+y+ix
IJ(XJ):H))—_.LX,
1—[uf? 4y 1
I —jul = = : =pW)-Mxy
M= T3l = Gy T~ PO M)
where
4y 1
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Note that p satisfies conditions (a) and (b) in Theorem 4.1, and p(x,y) — —1 as
y — 07, and thus condition (c) fails. Here, for every x € R, f(x,y) — 0asy— 0".

4.4.5.4 Example 4

In the following example, f is a u-homeomorphism in H with u satisfying
conditions (b) and (c) in Theorem 4.1, but not condition (a). Here, f maps H
onto itself, but f has no limit at x = 0 and hence has no homeomorphic extension
to HUR.

The mapping f in this example is defined as follows: For y > 0, let f(x,y) =
u(x,y) +iy?, where forx >0

x/y ifx <y/2,
u(x,y) = )c/y—f—y*Tl(x/y—l/Z)2 ify/2 <x<3y/2,
1+x—y if x > 3y/2,

and fory > 0andx <0
u(x,y) = —u(=x,y).

By checking the values of u(x,y) and its partial derivatives at each of the five
sectors which are defined by |x| < y/2, y/2 < |x| < 3y/2 and |x| > 3y/2 and their
limits at points on the lines |x| = y/2 and |x| = 3y/2, y > 0, it is not hard to verify
that f is a C'-homeomorphism in H.

One can compute argii(z) and dargu(z)/dy in H (say with aid of a tool like
Maple) and verify that there is » > 0 such that conditions (b) and (c) hold in each of
the rectangles S*(x,r),x € R.

Obviously, for x € R, |(x,y)| — 1 as y — 0". Simple computations show that
near every point x > 0 in R, and therefore near every point x < 0 in R,

8y
2 _

Hence, near each of these points

1—|u(x,y)=0() asy—0".

By similar computations, one obtains that for points (x,y) in the middle sector

x| <v/2
8y*
1— . A —
and thus,
L= |u(xy)|=o0(y) asy—0"

in the middle sector. Therefore, condition (a) fails at the point 0. Note that condition
(a) holds near every other point in R.
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As noted above, f maps H onto itself. Clearly, the cluster set of f at 0 is the line
segment |x| < 1,y = 0. Hence, f has no homeomorphic extension to HUR.

4.5 Case (ii): The Singular Set E is Specified and E C D

Srebro and Yakubov [234] proved the following existence and uniqueness theorem,
in the case when D =C and E = RR:

Theorem 4.3. Let i be a complex valued measurable function such that [ is
locally bounded in C\IR. Suppose that for every point xo € R there are positive
numbers r = r(xg) and R = R(xq) such that for a.e. 7 = x+1y in the disk D(x,ry) =
{z:]z—x| < r}

u(z) =001 — p(y)M(2)], (4.5.1)

for some continuously differentiable function 6 : D(xo,r) — (—7/2,7/2), contin-
uous function p : (—r,r) — R, with p(0) =0 and p(y) > 0 for all y # 0, and
measurable function M : D(xo,r) — C such that the following condition (R) holds
a.e. in D(xo,r):

1

7S RM(z) <R and |3 M(z)| <R. 4.5.2)

Then

(i) A p-homeomorphism f: C — C exists.
(ii) f is unique up to a postcomposition of f by a conformal map.
(iii) f generates the set of all Wl(l)’c2 solutions.

In [238], the existence and uniqueness of a (i-homeomorphism are proved in the
case where E is a union of a finite number of smooth closed arcs or crosscuts in a
domain D under the following assumptions on D and E.

Let D be a domain in C, and let E be a relatively closed subset of D. Suppose
that each point z in E has a neighborhood U (zp) such that ENU(zp) is either a
C3 arc or a finitely star with a vertex at zo and end points in QU (z9), meaning that
ENU(zp) is a finite union of arcs, each connecting the point zg with dU (zg) and
which are disjoint except for their common end point zg.

In the latter case, we assume also that each of the arms is C3 and that the arms
meet at non-zero angles.

According to the assumptions, E is a countable union of arcs E, with end
points in the union of the boundary of D in C and the set of all star vertices
of E. Furthermore, since the arms are C, each E, excluding its end points has a
neighborhood U,,,U,, C D, such that the U,’s are disjoint, and for every inner point
z0 in E,, there are r = r(z9) > 0 and a C? path y : [-r,7] — E, with y(0) = zy and
[Y (s)] = 1,|s| < r such that the normals at points of y do not intersect in U,,.
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Theorem 4.4. Let D,E.E, and U, be as 3.19. Let 1u(z) be a complex valued
measurable function in D which is locally bounded in D \ E.
Suppose that for eachn = 1,2, ..., there are:

(a) AC! function 6, :U, — R

(b) A continuous function p, : R — [0,0) with p,(0) =0
(c) A measurable function M,, : U, — C

(d) A positive number R, such that for a.e. z € U,

1/Rn <R Mn(z) <R, and |S M, (Z)| <Ry, (4.5.3)
w(z) = O — p,(dist(z, E,) )M, (2)] 4.5.4)
and such that .
dz+ 1 (z)dz = dz+e*9@dz £ 0
when restricted to E,,.. Then

(i) A u-homeomorphism f : D — C exists.
(ii) f is unique up to a postcom{)osition of f by a conformal map.
(iii) f generates the set of all Wlo’c2 solutions.

Theorem 4.5. Let D,E E, U, be as in Theorem 4.4. Let U, and U, be the
connected components of U, \ E,,, and let U = U,. Let [1(z) be a complex-valued
measurable function in D which is locally bounded in D\ E. Suppose that | is
as in Theorem 4.4, except for some of the sets U, where either ||[t|Uy 1]l < 1 or
[|U|Up 2|l < 1. Then the assertions (i)—(iii) of Theorem 4.4 hold.

The main tool in proving these existence and uniqueness theorems is the method
of the deformation of the complex dilatation.

4.6 Case (iii): The Singular Set E Is Not Specified

In this case, the control on u which gives existence and uniqueness and allows
a study of properties may be expressed either by integral estimates like the
convergence or divergence of

/F(u)dm or /@(Kﬂ)dm, Uch
U U

for some functions F or @ or by measure estimates like

HzeD:ju(z)|>1—¢e}|<ep(e) or |{zeD:Ku(z) >t} <wy(r)
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for some functions ¢ or y. These two basic forms of control are related. Indeed,
suppose that
D:[l,0) = Ry

is a nondecreasing function such that for a Borel B C D,

/ ®(K(2)) dm < My < os.
B

Fort > 1, set
E=E ={z€B:K(z) >t}.

Then

@mm§/®M@Nm
E

- /@(K(z)) dm + / D(K(2)) dm = /(D(K(z)) dm < My,
E B\E B
Hence, "

E| < Wl;) = P(1).

We first survey results involving integral estimates and then results involving
measure estimates.

4.6.1 Pesin

Pesin [185] established the existence of a y-homeomorphism f in the unit disc D
when

/ame@<w
D

for some p > 1. He also proved that under this condition,

1, _ 1,2
fel wgd) and flew (D).
g<2

4.6.2 Miklyukov and Suvorov

Miklyukov and Suvorov [174] obtained the existence of a p-homeomorphism
f:D— C when
K(z) < Ko+ 0Q(z)
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for some positive constant Ky and a function Q(z) € Wol’z. They also showed that f is

unique and f~! € Wl(l)’c2 (f(D)). Recently, Martio and Miklyukov [158] generalized
this result to the case where K(z) is dominated by some function Q(z) which belongs
to Wl(l)’c2 (D); see Sects. A.3 and A.4 below.

4.6.3 Lehto

Lehto [148] and [149] considered the case, where ut is locally bounded in C\E for
some compact set E in D with my(E) = 0, and defined forz € C and r > 0

|1 e 20 Z—l—reie)|2
11 Z r / de
T et e

By using results of Andreian Cazacu [15] and Reich and Walczak [198], Lehto
showed in [148] that if forall zin D and 0 < r| < rp,

r
d
I(n’rz’r):/rw—(rzr)—wo asry — 0 orasrp — oo, (4.6.1)
ML

r

then there exists a homeomorphism f : C — C such that for every relatively compact
domain U in C\ E, f|U is a solution of (B).

Cima and Derrick [67] showed that (4.6.1) is not a necessary condition for
existence.

4.6.4 Brakalova and Jenkins

Brakalova and Jenkins [56] modified Pesin’s condition and proved that given a
measurable function y in C with ||| < 1, a g-homeomorphism f of C onto itself
with £(0) =0 and f(1) = 1 exists if the following two conditions hold:

/ / exp——HL ““ dA < @y (4.62)
1 +log( = \IJ\)

for every bounded measurable set B in D, where @ is a constant which depends on
B, and

// T 4= O0R), Ree. (4.6.3)

{lz|]<R}ND
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They also showed that f € ;<> Wl})"c” (C) and that f generates the set of all Wl(l)’c2
homeomorphic solutions. The proof is based on estimates by the Reich and Walczak
result on the change of the modulus of a ring under a quasiconformal mapping and
on an approximation theorem; see Sect. A.1 below.

4.6.5 Iwaniec and Martin

In [116], Iwaniec and Martin studied wider classes of u’s with K(z) satisfying
exponentially and subexponentially integrability conditions. They introduced the
term “principal solution.” A homeomorphism 4 : C — C is called a principal
solution if there is a discrete set E such that h € Wl(l)’c1 (C\E), h satisfies (B) a.e.,
and at e, / has the normalization

h(z) =z+o(1).
Theorem 4.6. [116]. There exists a number po > 1 such that if

K(z)—1

lu(z)| < K@) +1

D

and
ek e 17(D)

for p > po, then (B) has a unique principal solution h € 7+ w2 (C).

loc

Theorem 4.7. [116]. There exists a number p, > 1 such that if

K
# € L’ (D)
1+1logK(z)
for p > p., then (B) has a unique principal solution h € 7+ Wl})’CQ((C) with Orlicz
function Q(t) = t*log (e +1).

The proofs of these results are based on a monotonicity principle in the Orlicz—
Sobolev classes and deep results in harmonic anal%/sis.

For uniqueness of a principal solution in z+ WIO;Q((C), Iwaniec and Martin [116]
looked at f = h; — hy, where h; and h, are assumed to be principal solutions of (B)
in Wl(l)’cQ((C). Then f is of bounded distortion, satisfies (B), and its differential D f
is in L”. By a Liouville theorem, which they establish for this class of mappings,
f = const, and in view of the normalization of 4, and h;, f = 0.
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4.6.6 Gutlyanskii, Martio, Sugawa, and Vuorinen

By using [198], Gutlyanskii, Martio, Sugawa, and Vuorinen [99] provided condi-
tions for the existence of a Wkl)’c1 U-homeomorphism where both |u| and argy are
involved; see Sect. A.2 below.

They also studied the properties of g-homeomorphisms of C in terms of what
they call the angular dilatation Dy, ;, and a dominating factor, which are defined as
follows:

Given zg € D, the angular dilatation of | is defined by

- p(R) =2 .
Wz — W ifze C, and Dl.l,zo (Z) = Du,O(Z) if zg = oo.

A function H : [0,4) — R is called a dominating factor if the following
conditions are satisfied:

(1) H(x) is continuous and strictly increasing in [xg,+e°) and H(x) = H(xp), for
x € [0,xp] for some xo > 0.
(2) The function e is convex in x € [0, 4-o0).

A dominating factor H is said to be of divergence type if

¥

Theorem 4.8. [99]. Suppose that | is a measurable function in C with |u(z)| < 1
a.e. suchthat K € L, (C) for some p > 1 and for each point zo € C either Dy, ;, <M
a.e. in the disc B(z,ro) = {|z— 20| <ro} or

dx = oo,

/ e Puz@) qm(z) <M, ifzeC
B(z;)-,fo)

and

LRSIy

2 if zg = oo

|2[>ro

for some dominating factor H = H,, of divergence type and positive constants
M= M(Z()) and ro = V()(Z()). _ _

Then th?re exists a normalized homeomorphfc2 solution f : C — C of (B) such
that f € W,;1(C),q=2p/(1+p),and [~ € W7

The following theorem may be viewed as an extended version of the theorems of
[56] and [116]:
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Theorem 4.9. [99]. Let H be a dominating factor of divergence type. Suppose that
U is a measurable function in C with ||ft|| < 1 which satisfies

/ K@) 46 < foo,
C

where do = (1 + |z|?)2dA(z) denotes the spherical area element.
Then there exists a normalized solution f of (B) such that f € (<42 Wl(l)cq((C)
and that f~' € Wl(l)cz((C)

4.6.7 David

David [70] considered ACL embeddings f : D — C with a complex dilatation u
which satisfies the exponential condition

HzeD:|uz)| >1—g}| < Ce /¢ (4.6.4)

for all € € (0, &), for some & € (0,1], C > 0 and d > 0. Here, |{:-- }| denotes the
Lebesgue measure of {---}.

One of the main results in [70] (page 27) says that if y is measurable in
C, and satisfies the exponential condition (4.6.4), then the Beltrami equation
has a homeomorphic solution f* : C— C, which fixes the points 0, 1, and oo.
Furthermore, the mapping f* belongs to Wllo’z for all s < 2. He also proves that
if f is another homeomorphic solution and if f € Wlé’c1 (C), then f = ho f* for some
conformal mapping A. David’s proof of the existence follows the lines of Ahlfors
[9] and Bojarski [44] involving a very fine analysis of singular integrals.

4.6.8 Tukia

In Tukia [254], (4.6.4) is replaced by the spherical exponential condition
0{zeD:K(z) >t} <Ce™ ™ (4.6.5)

for all t > T, for some T >0, C >0 and @ > 0 and domains D in C. Here,
o{---} denotes the spherical area of {---}. Tukia proves the existence of a global
solution by using David’s local solutions and the uniformization theorem. The latter
is possible by David’s uniqueness theorem. Tukia studies also convergence and
compactness properties.
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4.6.9 Ryazanov, Srebro and Yakubov

Ryazanov, Srebro, and Yakubov also obtained a series of results on the existence,
uniqueness, and properties of ACL homeomorphic solutions for the degenerate
Beltrami equations that are presented in Chaps.5-8; see especially 8.5 for com-
parisons and also the works [210-219].

4.7 Modulus Inequalities

Our approach for deriving criteria for existence of solutions to the degenerate
Beltrami equations is based mainly on the modulus techniques; see the original
paper [12] and the recent book [165] which contain, in particular, the extended
bibliography on the topic.

The modulus inequality (2.5.6) was extended and aIpplied in [162] to orientation-
preserving homeomorphisms f: D —R",n > 2, in W, (D) with K € Li’ozl; see also
[164]. In [163], the modulus inequality was generalized to noninjective mappings.
This inequality corresponds to the K1 modulus inequality (see [203]), which plays an
important role in the quasiregular theory. A modulus inequality which corresponds
to the Kp modulus inequality (see [203]) is also presented in [163]. It is shown in
[163] that these two types of inequalities hold in the class of all mappings of finite
length distortion. This class contains as a subclass all quasiregular mappings [163].
Later these and similar inequalities were extended in [125] to mappings of bounded
distortion in R" with K satisfying certain integrability conditions. These inequalities
are used in [125] and in a series of papers in establishing the basic properties of
mappings with finite distortion in all dimensions, such as openness, discreteness,
Lusin’s condition (N), and more.



Chapter 5
BMO- and FMO-Quasiconformal Mappings

In this chapter, the BMO-quasiconformal and BMO-quasiregular mappings in the
plane are studied. This includes distortion, existence, uniqueness, representation, in-
tegrability, convergence and removability theorems, the reflection principle, bound-
ary behavior, and mapping properties. We also study here the FMO-quasiconformal
mappings. As shown by examples in Sect. 2.3.1, FMO is not a subclass of BMOjq,
and, furthermore, even not in Lfo . for any p > 1. Thus, no earlier theory can be
applied to the case.

5.1 Introduction

The plane BMO-quasiconformal and BMO-quasiregular mappings were first in-
troduced and studied in the papers [210-212]. These maps are considered also in
[17,19] and [226]. For similar classes of mappings in higher dimensions, see the
recent important papers [25, 115] and [116]. As in our works [99] and [210-223]
as well as in [56, 57], the proof of existence is based here on approximation and
extremal length methods, where the latter is mainly used for equicontinuity. BMO-
gc and BMOy.-qc mappings are closely related to mappings which were considered
by David [70] and Tukia [254].

Recently, Brakalova and Jenkins [56] proved that given a measurable function
U in a domain D with ||¢|]. < 1, a u-homeomorphism exists if the following two
conditions hold:

//exp1+lo ( )dA<<DB (5.1.1)

for every bounded measurable set B in D where @3 is a constant which depends on
B, and

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 77
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6_5,
© Springer Science+Business Media, LLC 2012
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// — — O(R?), R—so. (5.1.2)

{|lz|<R}nD

We show in Sect. 5.4 that if ||t (z)|| < 1 in a domain D, and a.e.

1+p@E)]
1—|u()| =

then a pt-homeomorphism f : D — C exists.

Locally, the conditions in (4.6.4) and (4.6.5) and (5.1.3) are equivalent and are
stronger than (5.1.1). Thus, the existence of local homeomorphic solutions in the
case where u satisfies (4.6.5) or (5.1.3) follows from David’s existence theorem,
and locally, the existence theorem of Brakalova and Jenkins is stronger. We do not
know if one can obtain a global homeomorphic solution if (5.1.1) holds only locally
in D. A global homeomorphic solution can be obtained in our case (5.1.3) as in
(1.4) in [254] by the uniformization theorem and David’s uniqueness theorem for
homeomorphic solutions [70], p. 55. We prefer, however, to give a direct proof of
the existence of a global (as well as a local) homeomorphic solution using geometric
methods which are also suitable for the study of BMO-qc mappings in higher
dimensions. As in [56], our proof uses distortion lemmas (different from those in
[56]) obtained from modulus estimates for ring domains. Our estimates are based
on properties of BMO functions and on classical inequalities for path families,
V(6.6) in [152] or [153], and 12.7 in [258], while those of [56] are based on a
result from [198] on the modulus of the image of a circular ring domain under a -
homeomorphism which is qc. Recently, Iwaniec and Martin [116] provided a proof
of existence based on singular integral theory and harmonic analysis generalizing
all previous cases mentioned above.

For a domain D in C, let D(D), T(D), BJ(D), and BMO-QC(D) denote the
classes of all ACL sense-preserving homeomorphisms f : D — C which satisfy
a.e. in D the exponential conditions (4.6.4), (4.6.5), (5.1.1)—(5.1.2), and (5.1.3),
respectively. Clearly, D(D) C T(D) with equality when D is bounded. By [56], p. 89,
D(D) C BJ(D) and obviously BJ(D)\ BMO-QC(D) # 0. We show in Sect. 5.2 that,
globally, D and T are proper subclasses of BMO-QC and that for some domains,
BMO-QC\ BJ # 0. In case that D is a quasidisk then Tu(D) = RSY(D), otherwise
Tu(D), and hence Da(D), are proper subclasses of RSY(D). Each of the classes
BJ(D) and RSY(D) contains functions which do not belong to the other class. It
should be noted that BMO-QC, D, and T are gc invariant, while BJ does not have
this property.

The BMO-QC setting has the advantage that it leads naturally to an extension of
the gc-theory. In Sect. 5.3, we prove distortion lemmas. These are then combined
with a known result about Q(z)-qc mappings for Q eLloC [204, 205], yielding
convergence lemmas, which lead in Sect. 5.4 to a short proof of the existence
theorem mentioned above. A good approximation theorem is presented in Sect. 5.5,
and various properties of BMO-qc and BMO-qr mappings are established in
Sect. 5.6.

Ku(z) = <0(), Q€BMOy, (5.1.3)
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The rest of this chapter, Sects. 5.7-5.9, is devoted to Beltrami equations whose
dilatations a.e. satisfy the condition (5.1.3) with Q € FMO.

Throughout the chapter, D will denote the unit disk |z| < 1. Fora € C,A > 1 and
r > 0,B(a,r) denotes the disk |z —a| < r, and AB(a,r) = B(a,Ar). For a,b € C and
A C C,k(a,b) is the chordal distance between a and b and k(A) is the chord diameter
of A. For A C C,|A| denotes the Lebesgue measure of A, and for A C C,5(A) is the
spherical area of A.

5.2 Inclusions, Integrability, and Group Properties

Proposition 5.1. (i) T(D) C BMO-QC(D).

(ii) If D is a quasidisk, then T(D) = BMO- QC(D).

(iii) For some domains D, T (D) is a proper subset of BMO-QC(D).
(iv) For some domains D,BMO-QC(D)\ BJ(D) # 0

Proof. (i) Given f in T(D), set K(z) = 1 in C\D. For t > T and 8 = 3o, let

(i)

T=Pt,n=e" and
={z€C:K(z) > t}.

ThenE, ={z€C: ePKE) > N}, and in view of (4.6.5), 6(E;) <Cn —4/3 Hence,

/eﬁ’“Z> do(z)<C / n~*3dn < 3ce BT,
E BT

Since ePX() is bounded in C\E,, it follows that ePX() ¢ L.
Let ¢(z) = e®K()/2 Then ¢(z) € Llo/C Let M¢(z) denote the maximal function
of g(z), i.e

Mq(z) = sup gg(2),
B

where the supremum is taken over all disks B = B(z) centered at z. Then
Mq(z) € L%, and hence log Mq(z) € BMO, by [69], p. 249. Now set Q(z) =

loc ’

%10qu( z). Since ePK@) <My(z), it follows that K(z) <Q(z). This means
that f € BMO-QC(D), which proves (i).

By the invariance of the given classes under quasiconformal mappings of the
plane, we may assume without loss of generality that D is a disk. Then, by
the known result of Jones [121], every 0O(z) in BMO(A) has an extension
Q(z) which is in BMO(C) with ||Q||. < C|[Ql]+, where C depends only on
D. Hence, by [191], p. 7, any extension of O on C is in BMO(C). Then by
John—Nirenberg’s lemma [122] translated to the spherical metric, it follows
that

c{zeD:K(z) >t} <ae P|D|

foreveryt > T,i.e. f € T(D).
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(iii) Consider the mapping f(z) = $x* +iy in the half-strip D={z = x +1iy :
x> 1,|y| < 1}. Then K(z) = x,z € D, belongs to BMO(D). So f is in BMO-
QC(D). On the other hand, for Dy = {z € D : K(z) > t},

o(Dy) :D/l/ (%W)zd’"(z) > gt/wj% = %f&

Hence, f ¢ T(D). This proves (iii).

(iv) Consider the mapping g(¢) = $&2|¢|~* —in|¢|2,¢ = & +in in the domain
D = B(1/2,1/2)\ [B(i/2,1/2) UB(—i/2,1/2)]. Then g({) = f(1/{), where
f is the function defined in the proof of (iii). Thus, K,({) = K¢(1/{) is in
BMO(D) by the Mdbius invariance of BMO, and hence, g € BMO-QC(D).
Using the change of variables z =1/, an easy computation shows that g does
not satisfy (5.1.1) in D, and (iv) follows. a

Proposition 5.2. (i) BMOo.-QC C W'* for ail s < 2.

loc

(ii) There are BMO-qc mappings f which are not in Wlloz

Proof. (1) Suppose that K = Ky < Q a.e., where O € BMOj,c and f is a sense-
preserving ACL homeomorphism. Since

|01 +19f] = K'2(2)-72(2) < 0'2(2)0' 2 (2) ace.,

the assertion follows by Holder’s inequality and the fact that BMOjo. C Ll’;c for
all finite p > 1 and the fact that J € Llloc; see Lemma 3.3 in [152], I113.4.
(i) Consider the following map (see [70], p. 68):

. . 1\ *
f(rel?) =Re'® WhereR_<log;> , s>0. (5.2.1)

Let D; and D; be the radial and tangential stretching, respectively. Then D, f =
R'(r) and Dy f = R/r and, for small values of r, K; = Dif /D, f = slog1/r. Hence,
f is BMO-qc in a small disk around the origin. On the other hand, for small p > 0,

p —2s
- 1/ 1
//|th|2rdrd6 :27:/; (log;) dr.

lz[<p 0

Thus, for 0 < s < 1/2, f ¢ W\:2. Note that f € W2 for any s > 1/2. O

loc* loc
Proposition 5.3. (i) There is a BMO-gc mapping f : D — C such that £~ is not in
BMO-qc in f(D).
(ii) There are BMO-gc mappings f: D — C and g : f(D) — C such that go f is
not BMO-qc.
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Proof. (i) The map f given by (5.2.1) is in BMO-QC in some neighborhood of 0.
Now, £~': (R,0) — (1,0) with r = e ® " and K1 = 1/(sR'/*). Since for
large ¢,

{w: Kyr > 1} = m(st) >,

it follows that K1 cannot be majorized by any BMO function, and hence,
' ¢ BMO-QC.

(i) Let f: (,0) = (R,0),R(r) = e 200¢"* and g : (R,0) = (p,0),p(R) =
(log 1/R)~!; see [70], p. 68. Since f and g belong to D in some disk B about
the origin, it follows by Proposition 5.1(i) that f and g are in BMO-QC(B). Set
F = go f. Then K = 8(log 1/r)* and, hence,

. B/
Kr(z) >t iff|z <e 2.

Therefore, Kr(z) cannot be majorized by any function Q(z) which belongs to BMO
and consequently F ¢ BMO-QC. O

The following proposition shows why, for p < e, LP-QC is not as good as
BMO-QC:

Proposition 5.4. For any p € [1,0), there exist:

(i) A measurable function |(2) in the unit disk D with |u(z)] < 1 a.e. in D and
K(z) € LP(D) such that the Beltrami equation (4.6.4) has no homeomorphic
solution in .

(ii) An LP-gc mapping in the punctured disk Dy = D\{0} with a non-removable
singularity at 0.

Proof. Let p € [1,e0). Fix any ot in (0,2/p) and let g : C\ {0} — C be given in polar

coordinates r and ¥ by g(r,®) = (1 +r%, ). Then g maps the punctured unit disk
Dy onto the annulus A = {z: 1 < |z| < 2} with dilatation:

or® 14r%

Kg(r, 19) = max {l—i——r“’ W}

which is bounded outside any neighborhood of z = 0. Near z = 0,
K, = (1+r%)/ar%, ie., p-integrable in the unit disk I due to the condition
p<2/a. _

Let u(z) = dg/dg at z € Dy and u(0) = 0. Then K = (1 + |u(2)])/(1 —|u(z)|)
is in LP(D). If (4.6.4) with this g had a homeomorphic solution f in D, then
fog ! would map A conformally onto the punctured domain f(ID)\ {f(0)}. That
is impossible. The conformality of fog~! follows by Weyl’s lemma from the fact
that d(fog ') =0 a.e. and that fog ! is ACL since g € C*; see [9], p. 33.

Note that g is in L”-QC in 0 < |z| < 1 but 0 is a nonremovable singularity. O
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5.3 Distortion Lemmas

In this section, we present distortion lemmas for qc mappings which are Q(z)-gc
for a given function Q(z). These lemmas will be needed in the proof of the
existence theorem, Theorem 5.1. All results in this section are valid without the
extra assumption that the mappings are qc, namely, that the dilatations are bounded,
as long as Q(z) € BMOjq. This follows from the good approximation theorem,
Theorem 5.3, which we prove in Sect. 5.5.

In the following lemma, we prove a property of a real-valued BMO function in
a disk, which is needed in the proof of the distortion lemma. Thus, this lemma, first
established in [210], plays a crucial role in proving equicontinuity.

Lemma 5.1. ForO<t<e 2 letA(t)={z:t <|z| <e '}. Let Q be a nonnegative
BMO function in D. Then

// 122( 10g|z| z < cloglog(1/1), (5.3.1)

1

where c is a constant which depends only on the average Q1 of Q over |z| <e™" and

on the BMO norm ||Q||. of Q in D.

Proof. Fix t € (0,e”?). For n=1,2,..., let A, = {z € C: 1,11 < 7| < t},
B, ={z€C: |z <ty},t, =e ", and Q, be the mean value of Q(z) in B,. Now
choose an integer N such that 7y <7 < fy. Then A(t) CA(ty+1) = U;Vill A,, and

//W log ) =S+ (53.2)

N+l

where

// |z|2( log |z| drn(2) (5.3.3)

ZQn// Ee 10g|z| (5.3.4)

Since A, C By, and for z € Ay, |z| > < we?/|B,| and log 1/|z| > n, it follows that

and

N e2 1
51 < nz / [ ant <3 5 il [ 106~ 0uldm(z)

n=1

Hence,
1S1] < 2me?(| Q] (5.3.5)
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Now, note that

|0k — Or 1| = |B | // — Qk—1)dm(z |B | //|Q — Ox—1ldm(z)

[
= mBk/|Q( — Qg—1]dm(z) |B - | //|Q — Qg—1]dm(z)

< e?|Q]l.

Thus, by the triangle inequality,
S 2
On < Q1+ |0k — Qri] < Q1 +ne?| |0, (5.3.6)
k=2

and since

// |z|? log|z| n2 // |z|2 - n2’

it follows by (5.3.4) that
N o, N o ) N
_2n21n—2§ 2—2+2ne ||Q||*;;. (5.3.7)
n= n=1

Finally, ¥ , 1/n? is bounded, and ¥, 1/n < 1 +1logN < 1 +loglog1/t, thus
(5.3.1) follows from (5.3.5) and (5.3.7). O

Lemma 5.2. Let f: D — C\{a,b},a,b € C,k(a,b) = 8 > 0 be a gc mapping which
is a Q(z)-gc for some Q € BMO(D) such that f(0) = 0. Then for |z| < e?,

[f(2)] < C(log1/[z])~,
where C and o are positive constants which depend only on D, on the BMO norm
||0||+ of Q in D, and on the average Q) of Q on |z] < e~ !
Proof. Fixt € (0,e 2) and let I; and A(¢) be as in Lemma 5.1. Then

1 .
Toglog 7o 7l 12 € AW)

0 ifze C\A(r)

p(z) =
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is admissible for I;; therefore, by (2.5.6) and Lemma 5.1, we get

c

M(fI;) < ——
(Ii) < loglog 1/t

where ¢ is the constant in Lemma 5.1. Next, let L, = L(z, f) = max{ |f(2)| : |z] =},
and let @’ = d’(8) > 0 be such that k(a’,) = §, and let I'" denote the family of
paths joining [—L;,0] and [@’,]. Then by a well-known property of the modulus of
a path family (see [258], Theorem 6.4) and by the extremality of Teichmiiller ring
domains and the well-known lower bound for their modulus [see (1.2) and (2.10) in
[152], IT], we obtain

/ L ~1/2
> > .
M) = () > mog |4 22
Thus, for |z| =1,
|f(2)| <L <C(log1/[z])~*

for some positive constants C and o which depend only on 8, on ||Q||« and Oy, as
asserted. ad

Corollary 5.1. Given a domain D in C, Q in BMO\.. (D), and distinct points a and
b in C, the family of all gc mappings from D into C\ {a,b} which are Q(z)-qc is
normal.

5.4 One Existence Theorem

Theorem 5.1. Let D be a domain in C and let L be a complex-valued measurable
Sunction in D with |u(z)| < 1 a.e. such that K(z) < Q(z) a.e. in D for some function
0 € BMOoc(D). Then the Beltrami equation (B) has a homeomorphic ACL solution
f*: D — C such that (f*)' e w2,

loc

Proof. For n € INI, define u, : D — C by letting u,(z) = u(z) if |u(z)| <1-1/n
and 0 otherwise. Then there is a homeomorphic solution f, : D — C of the Beltrami
equation (B) with u,, instead of u which fixes some points z; and z; in D; see,
e.g., [9,44] and [152]. Since all f, are qc and Q(z)-qc, it follows by Corollary 5.1
that the sequence (f,) has a subsequence f,,, which converges locally uniformly to
some mapping f in D. Thus, the conclusion follows by Corollaries 2.3 and 2.4 from
Sect. 2.6. O

Remark 5.1. By Propositions 2.1, 2.4 and 2.5 from Sect. 2.4, f* € Wl(l)’c” for all
p € [1,2) has the N~! property and f* is regular, i.e., differentiable with
Jpu(z) >0ae.
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5.5 Uniqueness and Approximation

It is not hard to see that by Stoilow’s factorization theorem for open discrete
mappings, one gets the following factorization property for BMO-qr mappings.
Here, D is a domain in C.

Proposition 5.5. If g is BMO-qr in a domain D, then g = ho ¢ where ¢ is BMO-qc
in D with Ly = U a.e. and h is holomorphic in ¢(D).

The following uniqueness theorem of David is used in the proof of some of the
properties of BMO-qc and BMO-qr mappings which are presented in the sequel;
see [70], p. 55.

Theorem 5.2. Let f;,i = 1,2 be u-homeomorphisms in a domain D where U
satisfies David’s condition (4.6.4). Then f> o f Uis conformal.

Based on Proposition 5.5, Theorem 5.2, and the John—Nirenberg lemma, one
obtains the following corollary:

Corollary 5.2. Let ¢ and g be respectively a BMO-qc and a BMO-qr mapping in
a domain D with Uy = g a.e. Then g = ho @ for some holomorphic function h in

o (D).

5.5.1 Good Approximation

Let f: D — C be a Q(z)-gr mapping. We say that a sequence (f;,) of Q(z)-
qr mappings in a domain D with complex dilatations u,,n = 1,2,..., is a good
approximation of f, if the following three conditions hold (cf. [152], IV, 5.4):

(i) ||tn|]e < 1 for all n.
(i1) fn — f locally uniformly in D.
(i) y, — ya.e.inD.

Theorem 5.3. Let D be a domain in C and f : D — C be a Q(z)-qr mapping with
complex dilatation [t where Q € BMOyo (D). Then f has a good approximation.

Proof. Fix two points z; and z in D. Forn € INI, let u,(z) = u(z) if |u,(z)| < 1—1/n
and O otherwise. Let g, be a homeomorphic solution of (4.6.4) with i, instead
of u, which fixes z; and z,. Since all g, are qc and Q(z)-gc and fix z; and zp, it
follows by Corollary 5.1 that the sequence (g,) has a subsequence, denoted again
by (gn), which converges locally uniformly in D to some mapping g in D. Then, by
Corollary 2.3, g is O(z)-gc and satisfies (4.6.4) a.e. By Corollary 5.2, f = ho g for
some holomorphic mapping & : g(D) — f(D). Then the sequence f, = hog, is a
good approximation of f.
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Based on Corollary 5.2 and Montel’s normality criterion for analytic functions,
one obtains by the good approximation theorem, Theorem 5.3, the following
extension of Corollary 5.1: O

Corollary 5.3. Given Q in BMOyoc(D) and two distinct points a and b in C, the
family of all Q(z)-qr mappings from D into C\ {a,b} is normal.

The following theorem can be considered as an extension of Corollary 2.3:

Theorem 5.4. Let D be a domain in C, Q(z) € BMO\oc(D), a and b two distinct
points in C, E a set in D which has a limit point in D and f, a sequence of Q(z)-qr
mappings from D into C\ {a,b}. If { f,} has a limit at every point e € E, then { f, }
converges locally uniformly in D to a BMO-qr mapping in D. Moreover, d f,, and
df, converge to df and df, respectively, weakly in Llloc' If, in addition, Uy, — U
a.e., then df = uof ae.

Proof. Tt suffices to prove the statement for D = D and nonconstant f,. By
Proposition 5.5, f, = hy o g, where h, is analytic and g, is Q(z)-qc. In view
of Picard’s theorem and the Riemann mapping theorem, we may assume that
gn(D) =D and g,(0) = 0,g,(1) = 1, for all n; see extension properties in Sect. 5.6.
Then {h,} is normal by Montel’s theorem and {g,} is normal by Corollary 5.3.
The result follows now by Vitali’s condensation principle for analytic functions and
Corollary 2.3; see also Corollary 5.2 and Theorem 5.3. O

5.6 Other Properties

Let D be a domain in C,E a free boundary arc in dD and f : D — C a (continuous)
mapping. Then the cluster set C(f,E) of f on E is a continuum, and if f is an
embedding, then C(f,E) C df(D); cf. [68].

Theorem 5.5 (The reflection principle for BMO-qc¢ mappings). Let D be a
domain in the upper halfplane H, = {z € C:Imz > 0}, E afree boundary arc in dD
and f : D — C a BMO-gc mapping. Suppose that E C R and let D* = {z € C:Z7 € D}
and Q =DUEUD*. IfC(f,E) C R andRe f(z) > 0forz € D, then f has a BMO-gc
extension to €.

Proof. Since f is BMO-qc in D, there is a function Q in BMO(D) such that K (z) <
Q(z) a.e. in D. Let Q be a symmetric extension of Q to . Then Q € BMO(£) and
[10]]« = ||Q|l+: see [191], p. 8. Let fi : 2 — C be a symmetric extension to £ of the
complex dilatation of £ in D, and let K denote the corresponding dilatation. Then
K(z) < Q(z) a.e. in Q. Therefore, by Theorem 5.1, there exists a fi-homeomorphism
f:9Q — C, and by Corollary 5.2, there is a conformal map & of f (D) such that
f(z) = h(f(z)) forall z € D. Since f(E) is a Jordan arc in () and C(h, f(E)) =
C(f,E) C R, it follows that /& has a homeomorphic extension to f(D)U f(E) =
Ff(DUE), which is denoted again by &, and f(z) = h(f(z)) for all z € DUE.
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This shows that f is homeomorphic in DU E and hence that f is homeomorphic
in Q. Now, f is ACL in DU D*, and since it is continuous on E, it is ACL in €.
Evidently, the dilatation of f is symmetric with respect to E; hence, it coincides a.e.
with K and it is thus dominated by Q. Consequently, f is BMO-qc. O

Corollary 5.4. Let Dy and D, be domains in C and f a BMO-gc map of D
onDy:

(i) (Carathéodory’s theorem) If D1 and D, are Jordan domains, then f extends to
a homeomorphism of Dy onto D». .
(ii) If, in addition, each dD; is a quasicircle, then | has a BMO-qc extension to C.

Proof. Let ¢; be a conformal mapping of D; onto D,i = 1,2. Then F = ¢ 0 fo (Pfl
is BMO-qc, and hence, by Theorem 5.5, has a homeomorphic extension to D. Now,
by Carathéodory’s theorem, for i = 1,2, ¢; has a homeomorphic extension to dD;,
and the assertion follows. a

Theorem 5.6. (i) Every BMO-qc mapping f in the punctured unit disk Dy =
{z:0 < |z| < 1} has a BMO-qc extension to D.

(ii) Every BMO-qc in C has a BMO-qc extension to C.

Proof. We prove (i). The proof of (ii) is similar. Let f be a BMO-qc map, and let u
denote its complex dilatation and K its dilatation. Then K(z) < Q(z) a.e. for some
function Q in BMO (IDy). Let [ be any extension of y on I), K the corresponding
dilatation and Q any extension of Q on . Then Q € BMO(D) with ||Q||+ = ||Q|l+;
see [191], p. 8. Clearly, K < Q a.e. inD. Hence, by Theorem 5.1, a BMO-gc mapping
f : D — C with dilatation I exists, and by Corollary 5.2, f = ho (f|Dy) for some
conformal mapping & of f(IDg) onto f(IDg). Since h is conformal in f(IDg) and
F(Do) = f(D)\ {£(0)}, it follows that & has a conformal extension H on f(ID). Let
F =Ho f. Then F is a continuous extension of f to ID, which belongs to BMO-qc.

O

Several mapping problems in quasiconformal mapping theory are based on the
fact that f~! is qc whenever f is. This argument cannot be used in the BMO-qc
theory. However, the following proposition holds:

Proposition 5.6. (i) There are no BMO-gc mappings of a proper subdomain D
of C onto C.

(ii) There are no BMO-qgc mappings of a nondegenerate doubly connected domain
D onto a punctured disk.

Proof. (i) The case where D is not simply connected is trivial since C is simply
connected. If D is simply connected, we may assume, by the conformal
invariance of BMO-QC, that D = ID. Suppose that a BMO-qc map f of D onto
C exists. Let 1 denote the dilatation of f and K its dilatation. Then K(z) < Q(z)
a.e. for some function Q in BMO(D). Let [I be a symmetric extension of ut to C.
Then the corresponding dilatation function K is dominated a.e. by a symmetric
extension Q of Q, Q S BMO(@), and hence, by Theorem 5.1, there exists
a BMO-qc map g of C onto C with the complex dilatation g = fi and with
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g(o0) = oo. Then g(ID) is a bounded domain in C. By Corollary 5.2, g|D = ho f
for some conformal mapping 4 of f(D) onto g(ID). Thus, f(D) is a proper
subset of C.

(i) As above, we may assume that D is an annulus and that f exists. Extend
Us(z) = fz/f symmetrically with respect to the boundary components of D.
A repeated extension yields a complex dilatation defined a.e. in C. Repeating
the corresponding arguments as in (i), we arrive at the contradiction. O

Theorem 5.7 (Picard’s theorems). (i) Let f be a BMO-gr map of the punctured

disk Dy into C. If f omits at least three values in C, then f has a BMO-qr
extension to D.

(ii) Let f be a BMO-qr map of C into C. If f omits at least three values in C, then
f is a constant.

Proof. As in the analytic case, it suffices to prove (i). Since f is a BMO-gr, it has the
representation f = ho g, where g is BMO-gc and / is holomorphic. By Theorem 5.6
(i), g has a BMO-gc extension G to A. Hence, G(0) is an isolated singularity of
h. Now, since f omits at least three values in C, so does h, and hence, by Picard’s
theorem, 4 has a holomorphic extension H on G(ID), and thus F = H o G is a BMO-
qr extension of f. a

Theorem 5.8 (The reflection principle for BMO-qr mappings). Ler D, D, E,
and Q be as in Theorem 5.5. If f : D — C is BMO-qr and C(f,E) C C, then f has
a continuous extension to DUE, denoted again by f, and

fz), ifzeDUE
%, if z € D*

is BMO-gr.

Proof. First, we prove the theorem when D is a simply connected domain. Since f
is BMO-qr, it has a representation f = ho g, where g is a BMO-qc map and 4 is
holomorphic in D' = g(D). By Proposition 5.6 (i), D’ # C. We thus may assume
that D' is the upper half plane H, . Otherwise, replace g by ¢ og and i by ho ¢!,
where ¢ is a conformal map of D' onto H., .

By Theorem 5.5, g has a continuous extension onto D U E, denoted again by
g, and the symmetric extension of g on 2 denoted by G is BMO-¢gc in €. Let
E' = g(E). Since g is a homeomorphism on DUE and h = fog™!, it follows
that C(h,E') = C(f,E) C RR. Hence, by the reflection principle for holomorphic
functions, we may conclude that 4 has a continuous extension on E’, which is
denoted again by /4 and that the symmetric extension

{h(z), ifze g(D)UE’
H(z) =
(z), ifzeg(D)*



5.7 The Main Lemma on FMO 89

is holomorphic in Q' = g(D) UE U g(D)*. Therefore, Go H is BMO-qr. Now, H
and G preserve symmetry, hence so does Go H, and f = ho g on DUE; it follows
that F coincides with G o H, and the proof is complete in the case when D is simply
connected.

If D is not simply connected, we first choose a simply connected domain U which
is symmetric with respect to IR, such that E C U and U NH C D. Then f|U NH,
has a BMO-qr symmetric extension on U, which is denoted again by f, and hence,
F is BMO-qr. O

Remark 5.2. Recently, Sastry in [226] provided necessary and sufficient conditions
for a BMO-qc extension from R to the half plane H. Her conditions are of a form
similar to Ahlfors—Beurling’s, where the upper and lower bounds depend on the
BMO norm and certain averages of a given BMO boundary function, respectively,
of a BMO majorant Q of a given BMO-qc map of H...

One can show that none of the results in this section are valid for BMOj,.-qc
mappings and BMOj,.-qr mappings.

5.7 The Main Lemma on FMO

Below we use the following notation:
Ale,g9) ={z€C:e< 7] < &}. (5.7.1)

Lemma 5.3. Let ¢ : D — R be a nonnegative function with finite mean oscillation
at 0 € D and integrable in B(e™') C D. Then, for € € (0,e°),

d 1
M < C-loglog —, (5.7.2)
log L €
aeen) (I2llog L)

where
C =2m(2¢y+3edy), (5.7.3)

Qo is the mean value of ¢ over the disk B(e’l) and dy is the maximal dispersion of
@ in the disk B(e™").

The lemma plays a central role in the proof of equicontinuity. Versions of
this lemma were first established for BMO functions in [210] and then for FMO
functions in [113]. An n-dimensional version of the lemma for BMO functions was
established in [162]. The proof here is similar to the one in [210] and is presented
for the sake of completeness.

Proof Let0<e<e ¢, g =e XA ={zcC": g, <|z| < &},and B, = B(g),
and let @ be the mean value of ¢(z) over B,k = 1,2.... Take a natural number N
such that & € [ey1,&v). Then A(g,e ') C A(e) = Y, Ax and
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A.(e)
where
o(t) = (tlog1/1) 2,
N
Si(e) =2, [(9(z) — ) a(|z])dm(z),
k=1
and

Since Ay C By, |z| =2 < me?/|By| for z € Ay and log 1/|z| > k in Ay, then

N
1
1S1] < me?dy Y, 7 < 2metd,
k=1

because .
S L e
= kz J tz
Now,
1
o(Jz)dm(z) < /
Ay Ay
Moreover,
1
ok — 1| = 1B /(‘P(Z)—(Pkfl)dm(z)

/ 19(2) — @r—1]dm(z) < edy,

|Bk 1
Bi—1

and by the triangle inequality, for k > 2,
k
=\l <o+ D o — 1| < oy + ke?dy = @y + ke*do.
=2
Hence,

N O N 1
Sy =8| <2ny & <4ngy+2me’dy Y, .
kzlk k:Ik
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But

1
k

M=

N
"dt
< [ — =logN
2 J t
1

2

and, for € < gy,

1 1
N =log— <log—.
OgEN Ogg

Consequently,
N
1 1
kg‘l P <1 —|—10g10gg,
and thus, for
e€(0,e79),n(e) <2m (ezdo +2- %{gp‘ﬁ)-loglog% < C-loglog?. O
€

Remark 5.3. The concept of finite mean oscillation can be extended to infinity in
the standard way. Namely, given a domain D in the extended complex plane C,
oo € D, and a function ¢ : D — R, we say that ¢ has finite mean oscillation at oo if
the function @*(z) = @(1/7) has finite mean oscillation at 0. Clearly, by the change
of variables z — 1/Z, the latter is equivalent to the condition

_dm(z) /1
/ |9(2) — Pl ER —0<R2), (5.7.4)
[z|>R
where
_ R dm(z)
Pr=" (P(Z)W' (5.7.5)
lz|>R

5.8 Estimate of Distortion

For points a,b € C and a set E C C, the chord distance and chord diameter will be
denoted by s(a,b) and 8(E); see (2.5.4) and (2.5.5), respectively. Given a domain
D C C, ameasurable function Q : D — [1,e0] and a number A > 0, let Sé denote the

class of quasiconformal mappings f : D — C such that
S(C\f(D))>A (5.8.1)

and such that
Kp(z) <Q(z) ae.inD. (5.8.2)



92 5 BMO- and FMO-Quasiconformal Mappings

This means, in particular, that f is a sense-preserving ACL homeomorphism and, in
addition to (5.8.2), Ky € L*(D).

Lemma 5.4. Let D be a domain in C with B(1/e) C D and f : D — C a gc mapping.
If fefe Sé Sor some A > 0 and some function Q : B(1/e) — [1,0] which is
integrable in B(1/e) and which is of finite mean oscillation at 0, then

1\ Po
s(f(2),£(0)) < g <log H) (5.8.3)
for every point z € B(e™ ), where
32
O = A (5.84)
Bo = (2q0 +3e%*do) ', (5.8.5)

qo is the mean value of Q(z) in B(1/e) and dy is the maximal dispersion of Q(z) in
B(1/e).

Proof. Let I; be a family of all paths joining the circles S = {z€ C: |z] = €} and
So={z€C:|zl=e"'}intheringAs = {z € C: & < |z] < e '}. Then the function:

1 de 1 Ll 1fz EAEa
pe(z) = ;logm (5.8.6)
O, le S C\Ag,
where
!
ag = <10glog E) , (5.8.7)
is admissible for I'¢, and hence, by (2.5.6),
MUT) < [ Q) p2()dm(z). (5.8.8)
D
Now, Q € FMO at 0, and thus, by Lemma 5.3, (5.8.6) and (5.8.7),
[ 0)-p2(eham(z) < C-ac (5.8.9)
D
and hence
C
M(fI) < ——, (5.8.10)
loglog ¢

where the constant C is as in Lemma 5.3.
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Note that C\ fA¢ has exactly two components because f is a homeomorphism
and A¢ is a doubly connected domain. Denote by I;* the family of all paths in C
joining the sets f'Se and fSo. Then

M(IY) = M(fT), (5.8.11)

Indeed, on one hand fT; C I';* and hence M(fTz) < M(I;*), and on the other hand
fTe <I7,ie., every pathin I;* contains a subpath which belongs to fI¢, and hence,
M(fT;) > M(I;"); see, e.g., Theorem 1(c) in [85]. Finally, by choosing € = |z| and
invoking Lemma 2.13, we obtain (5.8.3). O

Corollary 5.5. Let D be a domain in C, B(zo,r0) a disk in D,f : D — C a gc
mapping which belongs to Sé Sfor some A > 0 and some function Q : B(zo,ro) —
[1,00] which is integrable in B(zo,ro). If Q(2) is of finite mean oscillation at 7o, then

er ~Po
S(f(Z),f(ZO))Soco-(log 0) (5.8.12)

|z — 20

for every z € B(zo,e'~°ry), where o and By are as in (5.8.4) and (5.8.5), qo is
the mean value of the function Q(z) over the disk B(zo,ro), and dy is the maximal
dispersion of Q(z) in B(zo,ro)-

Indeed, the mean value and the dispersion of a function over disks are invariant
under linear transformations of the independent variable; thus, (5.8.12) follows from
Lemma 5.4 by applying the transformation z — (z — z9) /erp.

5.9 Further Existence Theorems

Based on the distortion estimates of Sect. 5.8, we obtain by a standard approxima-
tion process the following existence theorem:

Theorem 5.9. Let D be a domain in C and L : D — C a measurable function with

lu(z)| < 1ae If
Ku(z) <0(z) aeinD (5.9.1)

for some FMO function Q : D — [1,c0], then the Beltrami equation (B) has a
homeomorphic Wl(l)’c1 solution fy : D — C with n le Wl(l)’cz.
Proof. Fix points z; and zp in D. For n € N, define u, : D — C by letting
Un(z) = u(z) if |1(z)] < 1—1/n and 0 otherwise. Then ||i,|l~ < 1, and thus, by
the classical existence theorem, the Beltrami equation (B) with i, instead of u has
a homeomorphic ACL solution f,, : D — C which fixes prescribed z; and z in D;
see, e.g., [9,44] and [152]. By Corollary 5.5, the sequence f,, is equicontinuous,
and hence, by the Arzela—Ascoli theorem (see, e.g., [73], p. 382, and [74], p. 267),
it has a subsequence, denoted again by f;,, which converges locally uniformly to
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some nonconstant mapping f in D. Then f is a homeomorphic ACL solution of (B)
by Theorem 2.1 and Corollary 2.3 from Sect. 2.6. Since Q € FMO, Q € L], and

hence Ky, € L] . Therefore, f belongs to Wl(lj’c1 by Proposition 2.4. The inclusion
flte Wkl)c2 follows by Corollary 2.4 from Sect. 2.6. a

Remark 5.4. By Proposition 2.5 from Sect. 2.4, f;;, has the N ~! property and Suis
regular, i.e., differentiable with J4u (z) > 0 a.e.

Corollary 5.6. If K, (z) < Q(z) a.e. and every point z € D is a Lebesgue point for
0O(z), then the Beltrami equation (B) has a homeomorphic Wl(l)’c1 solution fy with
Lol ewy?

loc *

Corollary 5.7. If, for every point zo9 € D,

lim Ky (z)dm(z) < oo, (5.9.2)

€20 JB(z0.)

then the Beltrami equation (B) has a homeomorphic Wl(l)’c1 solution fy; with
J1, (z) >0a.e

Remark 5.5. (1) Note that if f: C — C is Q(z)-qc with Q € BMO, then f is
surjective and extends to a BMO-gc mapping of C onto itself because isolated
singularities are removable for BMO functions; see, e.g., [211]. However,
a Q(z)-qc mapping f need not be surjective if the condition Q € BMO is
replaced by the weaker condition Q € FMO. For instance, the dilatation of every
diffeomorphism of C onto the unit disk A is continuous and hence belongs to
FMO, but f : C — C is not surjective. Note that £~ ! is a diffeomorphism of A
onto C, and its dilatation is also in FMO.

(2) In view of Lemma 5.4, Theorem 5.9 extends to the case where eo € D C C if the
condition that Q(z) has finite mean oscillation at e is added; see Remark 5.3. In
this case, there exists a homeomorphic Wkl)’c1 solution f = f,; in D with f(e0) =
oo and fﬁjl € Wl(l)’cz. Here f € Vl/kl)’cl in D means that f € Vl/kl)’cl in D\ {e} and
that f*(z) = 1/f(1/Z) belongs to W!! in a neighborhood of 0. The statement
fte Wli)’cz has a similar meaning. Consequently, if the condition (5.9.2) holds
at every point zg € D\ {eo} and if

d !
/ Ku(2) ’IWT(“Z) —0 (ﬁ) as R — oo, (5.9.3)

lz|>R

then the Beltrami equation (B) has a homeomorphic Wkl)’c1 solution f;, with
fu' €Wl

oc *
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(3) Inview of the dilatation estimate in Lemma 5.4 and Corollary 5.5, the condition
(5.9.1) in Theorem 5.9 can be localized, yielding the following corollaries:

Corollary 5.8. Let D be a domain in C and u : D — C a measurable function
with |u(z)| < 1 a.e. If for every point zy € D, there exist a disk B(zo,r0) C D and
a function Q : B(zo,r9) — [1,00| which is of finite mean oscillation at zy such
that K, (z) < Q,(2) for a.e. z € B(zo,r0), then the Beltrami equation (B) has a
homeomorphic Wl(l)’c1 solution fy : D — C with n Lewl?

loc

Corollary 5.9. Let it : C — C be a measurable function with |1(z)| < 1 a.e. If

1
K/—l (Z) =0 <10g m) asz — 20 (594)

for every point zo € C and

Ku(z) =0(loglz]) asz—eo, (5.9.5)

then the Beltrami equation (B) has a homeomorphic W/kl)’cl solution fy, : C — C with
f(C) = C such that fﬁl € Wll"2

oc *



Chapter 6
Ring Q0-Homeomorphisms at Boundary Points

In this chapter, we introduce and study plane ring Q-homeomorphisms. This study is
then applied to deriving general principles on the existence of strong ring solutions
to the Beltrami equation extending and strengthening earlier results; see the next
chapter.

6.1 Introduction

Basically, there are three definitions of quasiconformality: analytic, geometric, and
metric. They are equivalent with the same parameter of quasiconformality K. By
the analytic definition, a homeomorphism f : D — C, D C C, is K-quasiconformal,
abbreviated as K-qc, if f is ACL and

esssup K (z) = K < oo, (6.1.1)
where (1 is the complex dilatation of f and

14 ju()
=16

is its dilatation; see Sects.2.4 and 3.1 for details. According to the equivalent
geometric definition (see, e.g., [258]), f is K-quasiconformal if

Ku(2) (6.1.2)

M(fT)
Pun

=K <o, (6.1.3)

where the supremum is taken over all path families I" in D with modulus M(I") # 0.
It was noted by Ahlfors and Gehring that the supremum in (6.1.3) can be taken over
special families yielding the same bound K. In particular, by [89], one may restrict
to families of paths connecting the boundary components of rings in D.

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 97
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6_6,
© Springer Science+Business Media, LLC 2012
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Given a measurable function Q : D — [1,o0], we say that a homeomorphism
f:D — Cis a Q-homeomorphism if

M(T) < / 0(2) - p*(z) dm(2) 6.1.4)

D

holds for every path family I in D and each p € admI". This term was introduced
in [162] (see also [164] and [163] and the monograph [165]), and the inequality was
used in [210] and [211] as a basic tool in studying BMO-qc mappings.

Probably, the inequality

MUT) < [ Kul2)-p*(@) a2 6.1.5)
D

for u = py was first obtained in [153], p. 221, (see also [152]) for quasiconformal
mappings. Note that K;; cannot be replaced by a smaller function in (6.1.5) unless
one restricts either to special families I" or to special p € admI . In Sect. 7.2, (6.1.5)
is improved for special I' and p and then used for deriving new criteria for the
existence of homeomorphic solutions of the Beltrami equation (B).

Motivated by the ring definition of quasiconformality in [89], we introduced the
following notion that localizes and extends the notion of a O-homeomorphism; see
[220]. Let D be a domain in C, zg € D\ {eo}, D(z9,70) = {z € D : |z— 20| < 10},
ro < sup.ep|z—2zol, and let Q : D(z9,79) — [0,°0] be a measurable function. We say
that a homeomorphism f of D into C is called a ring Q-homeomorphism at the point
70 if

M(A(fCo, fC1,£D)) < / 0(2)- (|2 —z0]) dm(2) 6.1.6)

AND

for every ring A = A(zo,r1,12) ={z€C:r <l|z—z2| <n}, 0<r <rn< n,
and for every continua Cy and Cj in D which belong to the different components of
the complement to the ring A in C, containing zq and oo, respectively, and for every
measurable function 11 : (r1,r2) — [0, 0] such that

/n(r) dr = 1. 6.1.7)

Note that the function Q in this definition can be always extended in a measurable
way to D or even to C say by zero.

The notion of ring @-homeomorphism can be extended to e in the standard
way. More precisely, given a domain D in C, oo € D, D(e0,1r9) = {z € D : |z] >
ro}, ro > infiep |z], @ measurable function Q : D(eo,ry) — [0,°0], we say that a
homeomorphism f of D into C is called a ring Q-homeomorphism at o, if the
homeomorphism f, = fo jis a Q.-homeomorphism at 0, where Q. = Qo j and
j(z) = z/|z|* is the inversion with respect to the unit circle |z = 1 in C, j(eo) = 0
and j(0) = oo.
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Given a measurable function Q : D — [0,ec], we also say that a homeomorphism
f of D into C is called a ring Q-homeomorphism if it is a ring Q-homeomorphism
at every point zg € D.

Note that every Q-homeomorphism f : D — C is a ring Q-homeomorphism at
each point zg € D. In the next section, we give other conditions on f which force it
to be a ring Q-homeomorphism.

A point z € C is called a regular point for a mapping f : D — C if f is
differentiable at z and Jy(z) # 0. Given @ € C, || = 1, the derivative in the
direction @ of the mapping f at the point z is

dof(e) = lim LETLO)ZIE)

t—+0 t

(6.1.8)

The radial direction at a point z € D with respect to the center zg € C, zg # z, is

Z—1Z
o = w(z,20) = |Z_Z2| . (6.1.9)
The radial dilatation of f at z with respect to zo is defined by
/5 (2)]
K'(z,20,f) = =~ 6.1.10
and the tangential dilatation by
%0 2
KT (0. f) = 10T EF 6.1.11)
V(@)

where J/° f(z) is the derivative of f at z in the direction @y and d;° f(z) in T = icy,
respectively.
Note that if z is a regular point of f and |u(z)| < 1, u(z) = fz/f, then

K'(z,20,f) = Ky(z,20) (6.1.12)
and
K" (z,20,.f) = K;(z,20), (6.1.13)
where
2
1-220(2)
Z—Z
K, (z,20) ‘ 1_“;(2”2‘ (6.1.14)
and
1— 2
K (z,20) = ﬂ(zﬂ 5 (6.1.15)
1+ 220
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cf. [99, 147] and [198]. Indeed, the equalities (6.1.12) and (6.1.13) follow directly
from the calculations

_df dz  df T z—x
(A PR P S i s

Z—20

— fz, (6.1.16)
|z — 20

where r = |z — 79|, and

_L(af 9z 9f B\ _, (=m0 . T
arf—r<az 90 oz 319)—1 (lz—zo| fem fz) (6.1.17)

where ¥ = arg (z — z9) because J7(z) = | £2|* — | f]*.

An ACL homeomorphism f: D — C is called a strong ring solution of the
Beltrami equation (B) with a complex coefficient y if f satisfies (B)a.e., f ! € Wkl)’c2
and f is a ring Q-homeomorphism at every point zo € D with Q(z) = Q;,(z) =
Klf (z,20); (see (6.1.6) and (6.1.14)). In the next chapter we show that strong ring
solutions exist for wide classes of the degenerate Beltrami equations.

Note that the existence theorems in the next chapter (see also Theorem 6.1 and
Corollary 6.1 in the next section) show that Q(z) for ring Q-homeomorphisms
can be less than 1 on a set of positive measure in a neighborhood of a point z
because Klf (z,z0) is so. This is the essential difference of ring Q-homeomorphisms
in comparison with Q-homeomorphisms; cf., e.g., [165].

6.2 Examples and Properties

The big radial dilatation of f at z with respect to zq is defined by

R _ |~’f(Z)|
K (Z’Zo’f)_—|8§°f(Z)|2’ (6.2.1)
where
l0g'f(z)] = min 19/ )| 6.2.2)

weC,lo|=1 |Re@@y|

Here Re way is the scalar product of vectors @ and @y. In the other words, Re @@y
is the projection of the vector @ onto the radial direction @y. Obviously, there is a
unit vector @, such that

z - |aw*f(z)|
10 f(2)| = Rew.ay] (6.2.3)
It is clear that
102f(2)] > 102f(=)] = min |df(z)], (6.2.4)

weC,|o|=1
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and hence,
K'(z,20,f) < K®(z,20,f) < Ku(2), (6.2.5)

and the equalities hold in (6.2.5) if and only if the minimum in the right-hand side
of (6.2.4) is realized for the radial direction ® = ay.

Note that 97° f(z) # 0, |dg’ f(z)| # 0 and 9;° f(z) # 0 at every regular point z #
79 of f; see, e.g., 1.2.1 in [202]. In view of (6.1.11), (6.1.13), and (6.1.14), the
following lemma shows that the big radial dilatation coincides with the tangential
dilatation at every regular point:

Lemma 6.1. Let z € D be a regular point of a mapping f : D — C with the complex
dilatation [(z) = fz/ f; such that |11(z)| < 1. Then

=,
’1 - HH(Z)’

R _
K (Z7Z07f) - 1—|[J(Z)|2

Yz € C. (6.2.6)

Proof. The derivative of f at the regular point z in the arbitrary direction @ = el® is
the quantity dp, f(z) = f, + f=-e 2%; see, e.g., [152], pp. 17 and 182. Consequently,

aZo 2 2io |2 __2ifB 2
PO 1 N 71 e N il
|f2| aclo.2r] cos?(o— V) Belo2n]  sin” B
— mi 1+ |v|> —2|v|cos(k —2)
~ Beloan] sin® 8
. L+ |vE=2[v] - [(1 =26 cos Kk £ 2¢(1 — 1)/ 2sin K]
= min ’
te[-1,1] 12

wherer =sin B, B=a+75 -0, v = u(z)e 2 and k = argv = argu — 29. Hence

X = min @i(7) where 7=1/sin’f, ¢(7)=b+at+c(t—1)"/?

T€([1,09]
a =1+ |v[> —2]|v|cosk, b= 4]|v|cosk, ¢ = 4|v|sink.

Since ¢/ (1) = a= (t—1)~"/2¢/2 the minimum is realized for T = 1+ ¢2 /44> under

(t— 1)1/ 2 = F¢/2a, correspondingly, where the signs are opposite. Thus,

c? B 1c2 (1—|v[*)?
a

2a  1+|v[2-2|v|[cosk’

1

X=5b -
+ (a—i— 1

that implies (6.2.6). a

Some prototypes of the following theorem can be found in [99, 147] and [198].
In these theorems, both || and arg . are incorporated in modulus estimations.
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Theorem 6.1. Let f D — C be a sense-preserving homeomorphism of the class
W2 such that fle W2, Then at every point zo € D, the mapping f is a ring

loc loc *

Q-homeomorphism with Q(z) = K} (z,20), where p(z) = us(z).

Proof. Fixzo € D, and ry and r such that 0 < r; < r, <rg <sup,cp |z—zo/, and let
={zeC:|z—z|=r}tand S, ={z€C:|z—z0| =r2}. Set I’ = A(S},S,,D) and
denote by T the family of all rectifiable paths ¥, € fI" for which f~! is absolutely
continuous on every closed subpath of ¥.. Then M(fI") = M(I..) by the Fuglede
theorem (see [85] and [258]) because f~! € ACL?; see, e.g., [171], p. 8.
Note that, for any continua Cj and C; in D contained in the different connected
components of the complement of the ring

A=A(zo,r1,n2) ={z€C:r <l|z—z20| <}

in C, the family A(Cy,C;,D) is minorized by the family A(S},S,,A), i.e., ev-
ery path in A(Cy,C;,D) contains a path in A(S;,S,,A) as its subpath. Hence,
M(A(Cy,Cy,D)) < M(A(S1,S2,A)), and thus, it is sufficient to prove the inequality

M(A(S),52,4) / 0(2) n2(|z— 20|) dm(z)

for every measurable function, 1 : (r1,r2) — [0,e0] with [[21(r)dr = 1.

Fix %, € I,. Set y= f~ ' o7 and denote by s and s, natural (length) parameters
of y and ¥, respectively. Note that the correspondence s.(s) between the natural
parameters of ¥, and ¥ is a strictly monotone function and we may assume that s (s)
is increasing. For ¥, € I, the inverse function s(s, ) has the (V) property and s (s) is
differentiable a.e. as a monotone function. Thus, (ds.)/(ds) # 0 a.e. on ¥ by [189].
Let s be such that z = y(s) is a regular point for f and suppose that y is differentiable
at s with (ds.)/(ds) # 0. Let r = |z — zo| and let ® be a unit tangential vector to the
path v at the point z = ¥(s). Then

dr
ds,

dr —
a |Re way] - 1

p— f— 3 6-2-7
& T Gr@] ) 2D

where |dg f(z)| is defined by (6.2.2).
Now, let 7 : (r1,r2) — [0,0] be an arbitrary measurable function such that

/ n(r)dr = 1. (6.2.8)

By the Lusin theorem, there is a Borel function 1, : (r1,r2) — [0,°0] such that
N« (r) =n(r) a.e. (see, e.g., 2.3.5 in [83] and [Sa], p. 69). Let

p(z) = n:(|z—z0l)
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intheringA={z€ C:r; <|z—z0| <r} and p(z) = 0 outside of A. Set

po(w) = {p /I f1} o 1~  (w)

if z = f~!(w) is a regular point of f, p.(w) = oo at the rest points of f(D) and
p«(w) =0 outside f(D). Then by (6.2.7) and (6.2.8), for ¥, € I,

/p*ds* /n ’ ds, > /n /n

because the function z = y(s(s.)) is absolutely continuous and hence so is r = |z —zo|
as a function of the parameter s... Consequently, p. is admissible for all ¥, € I.

By Proposition 2.5, f and f~! are regular a.e. and have the property (N). Thus, by
change of variables (see, e.g., Theorem 6.4 in [177]), we have in view of Lemma 6.1
that

/p* Vdudv = /p ZZ() )dm(z)

f(4)

/KT (z,20) |Z—Z0|) dm(z),

i.e., f is a ring Q-homeomorphism with Q(z) = K} (z,20)- 0

If f is a plane W, loc
Wkl)cz, see, e.g., [104]. Hence, we obtain the following consequence of Theorem 6.1

which will be quoted further:

2 homeomorphism with a locally integrable K +(z), then f~1 €

Corollary 6.1. Let f: D — C be a sense-preserving homeomorphism of the class
L2 and suppose that Ky(z ) € Ll . Then f is a ring Q-homeomorphism at every

loc loc*

point zo € D with Q(z) = Kl-l (z,20), where u(z) = ps(z).
Since Kﬁ (z,20) < Ky (z), we have also the following corollary:

Corollary 6.2. Let f: D — C be a sense-preserving homeomorphism of the class
w2 with Ky € LY . Then f is a ring Q-homeomorphism with Q(z) = K/(2).

loc loc*

6.3 The Completeness of Ring Homeomorphisms

The following convergence theorem is crucial. It will allow us to derive new
theorems on existence of strong ring solutions for the Beltrami equation.
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Theorem 6.2. Let f, : D — C, n = 1,2,..., be a sequence of ring
Q-homeomorphisms at a_point zo € D. If f, converges locally uniformly to a
homeomorphism f : D — C, then f is also a ring Q-homeomorphism at 7.

Proof. Note first that every point wy € D' = fD belongs to D), = f,D foralln > N
together with D(wyp, &), where D(wy,€) = {w € C : s(w,wp) < €} for some & > 0.
Indeed, set § = § s(z0,0D), where zo = f~'(wo) and &, = s(wo,d fD(20,8)).
Note that the sets f,D(z0,0) are open and &, > 0 is the radius of the maximal
closed disk centered at wy which is inside f,D(zo,8). Assume that g — 0 as
n — oo. Since dD(z9,0) and df,D(zp,0) = f,dD(z9,0) are compact, there exist
70 € dD(20,0), s(zn,20) = 0, such that &, = s(wy, f4(z,)), and we may assume that
Zn — 2« € dD(20,0) as n — oo, and then f,,(z,) — f(z«) as n — oo; see, e.g., [74],
p. 268. However, by the construction, s(wo, fu(z1)) = €& — 0 as n — oo and hence
f(z«) = f(z0), i.e., z= z«. This contradiction disproves the above assumption. Thus,
we obtain also that every compact set C C D’ belongs to D;, for all n > N for some N.

Now, we note that D' = J;;_; C,, where C,, = D}, and D}, is a connected
component of the open set 2, = {w € D' : s(w,dD') > 1/m}, m = 1,2,...,
including a fixed point wy € D'. Indeed, every point w € D’ can be joined with
wo by a path y in D'. Because |y| is compact, we have that s(|y|,0D’) > 0 and,
consequently, w € Dy, for large enoughm =1,2,....

Next, take an arbitrary pair of continua £ and F in D which belong to the
different connected components of the complement of a ring A = A(zo,r(,72) =
{zeC:r <l|z—z20| <r},20€D,0<r <ry<ry<sup,eplz—2zo|. Form > my,
continua fE and fF belong to Dj,. Fix one such m. Then the continua f,E and f,F
also belong to Dj;, for large enough n. It is well known that

M(A(fuE, fuF;D},)) — M(A(fE, fF;D},))

as n — oo; see Theorem 1 in [251]. However, Dj, C f,D for large enough n and
hence

M(A(fuE, fuF:Dy,)) < M(A(fuE, fuF; fuD))
and, thus, by definition of ring Q-homeomorphisms (see (6.1.6))

MAGEFFiD,) < [ 0@ 12 (- 2)) d(z)
AND

for every measurable function 1 : (ry,72) — [0,0] such that

Finally, since I'=Jj,_,,, [m where '=A(fE, fF;fD) and I,: =A(fE, fF;D;,)
isincreasinginm = 1,2, ..., we obtain that M(I") = limy,—,.. M(I},) (see [272]), and
thus
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MAGE.SFfD) < [ Q@) (2 z]) dm(2),

i.e., f is a ring Q-homeomorphism at 7. O

6.4 One Integral Inequality

The following statement is a partial case of Lemma 3.1 for n = 2 in [209]; cf. also a
simpler version in Lemma 2.19.

Lemma 6.2. Let Q: 1D — [0, 0] be a measurable function, and let @ : [0, 0] — [0, 0]
be a nondecreasing convex function. Then

dr 1 dt
> _ - 1 4.1
/rq(r) -2 @ 1(1) ve €(0,1), (6.4.1)
eM(€)

where q(r) is the average of the function Q over the circle |z| = r and M(€) is the
average of ®oQoverthe ring C(e)={z€C: e<|z] < 1}.

Proof. The result is obvious if M (&) = o because then the integral in the right-hand
side in (6.4.1) is equal to zero. Hence, we may assume M(€) < . Moreover, by the
same reasons, we may also assume that M(g) > 0. Denote

t, = sup f, Ty = Q)(O) (6.4.2)
‘D(l):‘r()
Setting
H(t) : = log @(1), (6.4.3)
we see that
H'(n) = @ '(e"), @ '(v) = H '(log 7). (6.4.4)

Thus, we obtain that
—1 h(r) —1 1
q(r)=H " (log—5~ | =H " | 2log— +log A(r) Vr €R., (645)
I r

where i(r): = r?®(q(r)) and R, = { r € (g,1): g(r) > t.}. Then also
gle™) = H ' (25 + log h(e™®)) Vs €S,, (6.4.6)

where S, = {s€ (0,logl): g(e™*) > &}
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Now, by the Jensen inequality and convexity of @, we have that

log
0

1
€

h(e™)ds = /lh(r)d—rr = /1d>(q(r)) rdr

< /1 (i(r)cb(Q(x)) d.;zf) rdr < %M(e), (6.4.7)

where we use the mean value of the function @ o Q over the circle C(r) =
{z € C: |z| = r}. Then arguing by contradiction, it is easy to see that

1
IT| = /ds <3 (6.4.8)
T
where T = {s¢€ (0,logé) : h(e™®) > M(e)}. Next, let us show that
1
qg(e™’) < H (25 + log M(g)) Vse <O,log E) \ T., (6.4.9)

where T, = T'NS.. Note that (0,log1)\ 7. = [(0,log 1)\ S.] U [(0,log 1)\ T]
= [(0,log £) \ S.] U[S, \ T]. The inequality (6.4.9) holds for s € S, \ T by (6.4.6)
because H ! is a nondecreasing function. Note also that by (6.4.2),
1
e*M(e) >d0)=1 Vsec <O, log E) ) (6.4.10)
and then by (6.4.4),

t.< @' (e¥M(e)) =H '(25 + log M(g))  Vse (0, 10gé> . (6.4.11)

Consequently, (6.4.9) holds for s € (0,log %) \ Sx, too. Thus, (6.4.9) is true.
Since H ! is non-decreasing, we have by (6.4.8) and (6.4.9) that
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where A = logM(€). Note that 1 + A = log eM(€). Thus,

o=

1

log
dr 1
- 6.4.13
/ (r) — 2 / ( )
€ logeM (e
and, after the substitution 1 = log 7, we obtain (6.4.1). O

6.5 Distortion Estimates

The following simple remark makes it possible to obtain a number of significant
conclusions on ring Q-homeomorphisms:

Proposition 6.1. If f is a ring Q-homeomorphism at a point zo € D for a
measurable function Q : B(zo,r9) — [0,e0] with ry = dist(z9,dD), Cy = {z € C:
lz—z20| =&}, Ce={z€C:|z—2|=¢€},0<e< g <ry,Ale,g) ={zeC:e<
|z—z0| < &}, then

M(A(fCe,fCp)) < o(e), 6.5.1)
where
1 2
o) = 7 [ O vEz-2) n() ©52)
A(e,g9)

for every one-parameter family of measurable functions We : [0,00] — [0,00],
0< e < g < ry, such that

&
0 < I(e) = / Ve(t)dr < o Ve € (0,e0). (6.5.3)

€

Indeed, (6.5.1) follows with choosing N (r) = we(r)/1(g), r € (g,&), in (6.1.6).

Using Proposition 6.1, we present now a sharp capacity estimate for ring
Q-homeomorphisms. This estimate depends only on Q, and it implies as a special
case a known inequality, which was proved for quasiconformal mappings by Reich
and Walczak in [198] and that has later on been applied by several authors.

Below, we use the standard conventions a/ec = 0 for a # ec and a/0 = oo if a > 0
and 0- o =0; see, e.g., [224], p. 6.

Lemma 6.3. Let D be a domain in C, 79 a point in D, ry < dist(z9,0D),
0 : B(zo,70) — [0,00] a measurable function and q(r) the mean of Q(z) over the
circle |z—zo| = r. For 0 <ry < rp < ro, set
r
dr
I = 1I(ri,n) = / — (6.5.4)
r1.r2) rq(r)

r
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andCj ={z€ C:|z—z| =rj}, j=1,2. Then
2r
MA(fC.fC)) < — (6.5.5)

whenever f is a ring Q-homeomorphism of Dy = D\ {zo} into C at z.

Proof. With no loss of generality, we may assume that / # 0, because otherwise
(6.5.5) is trivial, and that I # oo, because otherwise we can replace Q(z) by O(z) + 6
with arbitrarily small 6 > 0 and then take the limit as 6 — 0in (6.5.5). The condition
I # « implies, in particular, that ¢(r) # 0 a.e. in (ry,rp).

For I # 0,0, Lemma 6.3 follows from Proposition 6.1 by choosing

Velt) = w(n) : = {1/ vl e 0a), (6.5.6)

0, otherwise,

with € = r; and & = r, because

/Q(z) -y (|z—20]) dm(z) = 2nl, 6.5.7)
A

where A = A(zo,r1,1) = {z€C:r <|z—2z| <r}. O

Corollary 6.3. For every ring Q-homeomorphism f of Dy = D\ {zo} into C at
20€Dand0 < r; < ry<rg=dist(z,dD),

rn

dr
/ oy < (6.5.8)

1

where q(r) is the mean of Q(z) over the circle |z—zo| = 1.

Indeed, by (2.5.2), (2.5.3), and (2.5.15) with E = fC; and F = fC;,

M(A(fC fC)) > — D 6.5.9)

log 57¢)5070)

The right-hand side in (6.5.9) is positive because f is injective. Thus, Corollary 6.3
follows from (6.5.5) in Lemma 6.3.

Corollary 6.4. Let f: D — Cbea Wkl)’c2 homeomorphism in a domain D C C such
that

_ 14 uE)l

1
Kl-l(z) - 1_|u(z)| € Lloc(D)v (6.5.10)
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where [1(z) = Us(z). Set

|1 —2id Zo+rem)|2
dd. 6.5.11
qZO T on / 1—- |li z()—l—}’elﬁ)|2 ( )
Then .
2
dr
— < (6.5.12)
/ rql, (r)

Jorevery zo € D and 0 < ry < ry < dy where dy = dist(z9,dD).

Corollary 6.4 follows from Corollaries 6.1 and 6.3 and from the definition of the
tangential dilatation KZ (z,20)-

Corollary 6.5. Let f: D — Cbea Wlé’cz homeomorphism with Ky (z) € L}, ., where
U(z) = puyg(z). Then
-1
)
dr
M(A(fC1,fC)) < / - : (6.5.13)

T 120 (g 4rei®) 2
nr S St 99

Indeed, by Corollary 6.1, f is a ring Q-homeomorphism at zo with
0(z) = K} (z,20)- Thus, (6.5.13) follows from Lemma 6.3.

Remark 6.1. Equation (6.5.13) was first derived by Reich and Walczak [198] for
quasiconformal mappings, and then by Lehto [147] for certain t-homeomorphisms,
and was later applied in [56,57] and [98,99] to the study of degenerate Beltrami
equations.

The following lemma shows that the estimate (6.5.5), which implies (6.5.13),
cannot be improved in the class of all ring Q-homeomorphisms. Note that the addi-
tional condition (6.5.14) which appears in the following lemma holds automatically
for every ring Q-homeomorphism by Corollary 6.3:

Lemma 64. Fix0<r; <rn<r,A={z€C:r <|z—z| < rn}, and suppose
that Q : B(zo,70) — [0,°0| is a measurable function such that

dr

3
where q(r) is the average of Q(z) over the circle |z — zo| = r, and let

1
corq(r) '

No(r) = (6.5.15)
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Then
2~ [o@ néle—w) an@) < [0@) n(-al)dn)  ©5.16)
co A A

Sforanyn : (r1,r2) — [0,0] such that

/n(r) dr = 1. (6.5.17)

Proof. If ¢ =0, then g(r) = oo for a.e. r € (r1,r2) and both sides in (6.5.16) are
equal to «. Hence, we may assume below that 0 < ¢p < ee.

Now, by (6.5.14) and (6.5.17), ¢(r) # 0 and 1 (r) # o a.e. in (ry,r2). Set a(r) =
rq(r)n(r) and w(r) = 1/rq(r). Then by the standard conventions, n(r) = a(r)w(r
a.e.in (r,r;) and

r2
C: = /Q(z) (|2 —20]) dm(z) = 27r/a2(r) w(r) dr. (6.5.18)
A r
By Jensen’s inequality with weights (see, e.g., Theorem 2.6.2 in [196]), applied

to the convex function ¢(z) = > in the interval Q = (r{,r,) with the probability
measure

1
V(E) = — [ w(r)dr (6.5.19)
co
we obtain that
1/2 1
(][ o (r)w(r) dr) > %O{(r)w(r) dr = —, (6.5.20)
. )
where we also used the fact that 11(r) = a(r)w(r) satisfies (6.5.17). Thus,
2
c>Z (6.5.21)
€0
and the proof is complete. O

Given a number A € (0,1), a domain D C C, a point zp € D, a number ry <
dist(zg,dD), and a measurable function Q : B(zg,7r9) — [0,°], let 9{3 denote the

class of all ring Q-homeomorphisms f of Dy = D\ {zo} into C at z such that

8((C\ fDo) \ Eo) > A, (6.5.22)
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where Eq denotes the connected component of C\ fDy including the cluster set
C(z0,f). Next, we introduce the classes %é and Sé of certain quasiconformal

mappings. Let %é denote the class of all quasiconformal mappings f : D — C
satisfying (6.5.22) such that

=
z—20

KZ(Z,ZO) = W

< Q(z) ae.inB(z0,r0), (6.5.23)

where I = py. Similarly, let Sé denote the class of all quasiconformal mappings
f: D — C satisfying (6.5.22) such that

1+|u(2)]
1—[u(z)]

Remark 6.2. By Corollaries 6.1 and the relations (6.2.5) and (6.1.13),

Ku(z) = < Q(z) ae.in B(z9,r0)- (6.5.24)

5o C By C Ry (6.5.25)
Combining Lemma 2.13 and Proposition 6.1, we obtain the following general

distortion estimate in the class Eﬁé:

Corollary 6.6. Let f € N2, and let (&) be as in Proposition 6.1. Then

. 32 o
s(F(E). /(&) = & -exp (—m> (6.5.26)

forall § € B(zo,€) \ {z0} and §' € B(z0,|¢ — z0]) \ {z0}-

In particular, choosing Y, (1) = y(t), € € (0, &) in Proposition 6.1, we obtain the
following statement:

Theorem 6.3. Let f € M5, and let y : [0,00] — [0,c0] be a measurable function
such that

&
0 < /l[/(t) dt < e  Vee(0,&). (6.5.27)
€
Suppose that
&
/ 0(2) - v*(lz—z0|) dm(z) < C-/y/(t) dr (6.5.28)
e<|z—z0|<& £
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forall € € (0,&). Then

32 2r

s(f(),f() < ke e w(r) dr (6.5.29)

|&—z0l

whenever f € Sﬁé and § € B(z0,&0) \ {20} and §’ € B(z0,| — z0|) \ {20}

Next, choosing in Theorem 6.3 the special functional parameter y(¢) given by
(6.5.6), we obtain the following distortion theorem for ring Q-homeomorphisms:

Theorem 6.4. Let D be a domain in C, zo a point in D, ry < dist(z9,dD), O :
B(z0,r0) — [0,°0] a measurable function and let f € D%é. Then

SN < Zep|~ [ T (6.5.30)

rq(r
|&—z0l )

for all § € B(zo,r0) \ {z0} and &' € B(z0,|§ —z0|) \ {z0}, where q(r) is the mean
value of Q(z) over the circle |z— 79| = 1.

Combining Theorem 6.4 and Lemma 6.2, we obtain also the following:

Theorem 6.5. Let D be a domain in C, zo a point in D, ry < dist(z9,dD), O :
B(z0,70) = [0, 0] a measurable function and let f € 9{3. Then for every increasing
convex function @ : [0,00] — [0, 9],

\5?20\
, 32 1 dt
s(f(8),f(¢") < Z-eXp 3 5 m (6.5.31)

forall § € B(zo,r0) \ {z0} and §' € B(z0,|8 —z20|) \ {20} where M is the mean value
of ®oQoverthering R={z€ C:|{ —z| <|z—z0| <ro}.

Remark 6.3. Of course, the estimate (6.5.31) is effective if M is bounded, and either
the condition [3 dt/7® (1) = e, 8, > @(0), or one of the equivalent conditions
(2.8.12)—(2.8.16) holds.

In the following theorem, the estimate of distortion is expressed in terms of
maximal dispersion; see (2.3.5).

Theorem 6.6. Let f € i)‘{é for A > 0 and Q with finite mean oscillation at zo € D.
If Q is integrable over a disk B(zp, &) C D, then

—Po
O < 5 (loz 2 ) (6532
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forall § € B(zp,&/2) \ {20} and ' € B(z0,|{ —z0]) \ {z0} where
Bo = (2q0+3e%dy) ", (6.5.33)

qo is the mean and dy the maximal dispersion of Q(z) in B(z9,€)-

Proof. The mean and the dispersion of a function over disks are invariant under
linear transformations w = (z —zg)/2¢&y. Hence, (6.5.32) follows by Theorem 6.3
and Lemma 5.3. O

The following two corollaries, which are formulated in terms of the mean of
Q over disks and annuli, are obtained from Corollary 6.6 by setting v, (t) = 1 for
0 < € < g in (6.5.2), where we choose € = |{ — zo| and &y = 4| — z¢| in the case
of Corollary 6.7 and € = |{ — zo| and & = 3|{ — 2o/ in the case of Corollary 6.8:

Corollary 6.7. Let Q : B(zo,r9) — [0,°9], ro < dist(zg,dD), be a measurable
function, for r < ry/4, and let My (r) denote the mean of Q over the disk B(zo,4r),
andlet A > 0. If f € B2, then

s(f(8),£(¢") < % -e~ 1/Mellc—20D) (6.5.34)

forall § € B(zo,r0/4)\ {z0} and &' € B(z0,|{ — z0]) \ {z0}-

Corollary 6.8. Let Q : B(zp,r9) — [0,%9], ro < dist(zo,dD), be a measurable
function, for r < ry/3, let M2(r) denote the mean of Q over the ring A =
{zeC:r<|z—z0| <3r} andlet A>0.If f € RY, then

QAL < e el (6539

forall §{ € B(zo,70/3)\ {z0} and &' € B(z0,|{ — z0]) \ {z0}-

Another consequence of Lemma 2.13 and Proposition 6.1 (see Corollary 6.6
above) can be formulated in terms of the logarithmic mean of Q over the ring
A(e) =A(z0,€,8) = {z€ C: e < |z—z0| < &} which is defined by

&

=]
1 d
M2, (e) = ][ q(t) dlogt : = / an <, (6.5.36)

~ loggy/e . t
€

€

where ¢(t) denotes the mean value of Q over the circle |z —zg| = ¢. Choosing in the
expression (6.5.2) W (1) = 1/t for 0 < € < &, and setting € = |{ — z9|, we have the
following statement:

Corollary 6.9. Let Q : B(zo,r0) — [0,00], ro < dist(zo,0D), be a measurable
function, €y € (0,r9) and A > 0. If f € RS, then
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/M2, (15—20))
@@y < 2 (B2 (6537

forall § € B(zo,€) \ {z0} and {' € B(z0,|¢ — z0]) \ {z0}-

Note that, for Q = K € [1,e0), (6.5.37) implies the following known distortion
estimate for quasiconformal mappings:

1/K
SO f) < 2 = ('C&)ZO') . (6.5.38)

The corollaries and theorems presented above show that Lemma 2.13 and
Proposition 6.1 are useful tools in deriving various distortion estimates for ring
Q-homeomorphisms. These, in turn, are useful in the study of properties of ring
Q-homeomorphisms and, in particular, of strong ring solutions of the Beltrami
equation (B), where Q(z) can be either the maximal dilatation K, (z) or the
tangential dilatation KZ (z,z0) that are defined in (6.1.1) and (6.1.11), respectively.

6.6 On Removability of Isolated Singularities

It is well known that isolated singularities are removable for conformal as well as
for quasiconformal mappings. The following statement shows that any power of
integrability of Q(z) cannot guarantee the removability of isolated singularities of
ring @-homeomorphisms. This is a new phenomenon.

Proposition 6.2. For any p € [1,0), there is a ring Q-homeomorphism f of D\{0}
into C at 0 with Q € LP(D) which has no continuous extension to . Furthermore,
a locally quasiconformal mapping in D\{0} can be chosen as f.

Here, D = {z € C: |z] < 1} denotes the unit disk in C.
Proof. The desired homeomorphism f can be given in the explicit form

= (14 7%),
|z|

where o € (0,2/p). Note that f € C* and maps the punctured unit disk D\ {0} onto
the ring 1 < |{] < 2 in C and f has no continuous extension onto D.
On the circle |z| = r, the tangent and radial distortion are

o
SR KLY ) (Y
|2 r d|z|

¢ =fz) =

6‘[:
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respectively. Without loss of generality, we may assume that p is great enough so
that oo < 1. Thus, 8; > §,, and by the circle symmetry, the maximal dilatation of the
mapping f at every point z € D\ {0} is

or 1+r% - C ¥
= —_— = V7.

or e = pe K ’

where C =2/o. Note that Ky € L? (D) because o p < 2 by the choice of o. It remains

to note that the mapping f is locally quasiconformal in D\{0} and hence f is a

Q-homeomorphism with Q(z) = K¢(z); see Theorem 6.1 and Corollary 6.2. |

However, it suffices for removability of isolated singularities of ring Q-homeo-
morphisms to require the integrability of Q(z) with suitable weights; see the next
general lemma, which follows immediately by Theorem 6.3.

Lemma 6.5. Let f: D\{0} — C be a ring Q-homeomorphism at 0. If

0(2)- v ([zl) dmf(z) = o(1(e)?) (6.6.1)

e<|z]<1

as € — 0, where y(t) is a nonnegative measurable function on (0,c0) such that
0<Ie /w ydi<e  Vee(0,1), (6.6.2)

then f has a continuous extension to D.

Remark 6.4. Note that the conditions (6.6.1)—(6.6.2) imply /(€) — o as € — 0. This
follows immediately with arguments by contradiction. Note also that (6.6.1) holds,
in particular, if

/ 0(2)- ¥ ([2]) dm(z) < oo 6.6.3)

and /(€) — oo as € — 0. In other words, for the removability of a singularity of the
ring Q-homeomorphism f at z = 0, it is sufficient that the integral (6.6.3) converges
for some nonnegative function y(z) which is locally integrable over (0,1) but
has a nonintegrable singularity at 0. The functions Q(z) = log*(¢/|z|), A € (0,1),
z€ D\ {0}, and y(r) = 1/(tlog(e/t)), t € (0,1), show that (6.6.3) is compatible
with the condition /(€) — o as € — 0.

In particular, choosing y(t) = 1/(tlogl/t) in Lemma 6.5, we obtain by
Lemma 5.3 the following theorem:

Theorem 6.7. Let D be a domain in C, zg € D, and let f: D\{zo} — C be a ring
Q-homeomorphism at zo where Q_(z) has finite mean oscillation at zo. Then f can
be extended to D by continuity in C.
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In other words, an isolated singularity of a ring Q-homeomorphism is removable
if Q(z) has finite mean oscillation at the point. In particular, this is the case if
O(z) is continuous at zy. As consequences of Theorem 6.7, Proposition 2.2, and
Corollary 2.1, we also obtain the following statements:

Corollary 6.10. A Lebesgue point of Q is a removable isolated singularity for ring
Q-homeomorphisms.

Corollary 6.11. If f : D\{z0} — C is a ring Q-homeomorphism at zy € D with

Tim 0(z) dm(z) < oo, (6.6.4)

€=0 JB(z0.€)

then f can be extended to D by continuity in C.

Similarly, choosing in Lemma 6.5 the function y(¢) = 1/t as a weight, we come
to the following statement:

Theorem 6.8. Let D be a domain in C, zo € D, and let f : D\{zo} — C be a ring
Q-homeomorphism at zy. If

o(r) M 0<[log%r> (6.6.5)

i—z2>
e<|z—z0|<&

as € — 0, then f can be extended to D by continuity in C.

Corollary 6.12. In particular, the condition (6.6.5) and the assertion of
Theorem 6.8 hold if

1

as z — z9. More generally, the same holds if

q(r)=o (log %) (6.6.7)

as r — 0, where q(r) is the average of the function Q(z) over the circle |z —zo| = 1.

Remark 6.5. Choosing in Lemma 6.5 the function y(r) = 1/(rlog1/r) instead of
y(r) = 1/t, we are able to replace (6.6.5) by

2
M —0 <|:loglog é] ) , (6.6.8)
e<[z<1 (|Z|10g%)
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and (6.6.7) by
q(r)=o0 (log 1 loglog l) . (6.6.9)
r r

Thus, it is sufficient to require instead of (6.6.7) the condition

q(r)=0 <log%> : (6.6.10)

In general, we could give here the whole scale of the corresponding conditions
in log using functions y(¢) of the form 1/(¢ log...log1/t). However, we prefer to
give here a condition of another type which is often met in mapping theory (see,
e.g., [147] and [174]) and which can be obtained directly from Lemma 6.5.

Theorem 6.9. Let D be a domain in C, zo € D, and let f : D\{zo} — C be a ring

Q-homeomorphism at zy. If
&

dr
. 6.6.11
0/ - 6.6.11)

then f can be extended to D by continuity in C.

Proof. Indeed, for the function

_ [ 1/[tq(r)], t€(0,8),
y(t) = {07 P (6.6.12)
we have that
=]
0(2)- V(12— 2]) dm(z) = / 6.6.13)
e<|z—z0|<& €

Thus, the assertion follows immediately from Lemma 6.5 by the condition (6.6.11).
O

Remark 6.6. Thus, by Theorems 2.3 and 2.4, if

[ @) dnz) < = (66.14)
D

for a convex nondecreasing function @ : [0,0) — [0, 0] such that at least one of the
conditions (2.8.12)—(2.8.17) holds, then the isolated singular point z of every ring
Q-homeomorphism f : D\{zp} — C is removable.

In particular, if f: D\{zo} — C is a strong ring solution of the Beltrami equation
(B), and either
1+ |u(2)]

Q(Z) = KIJ(Z) = 1—|‘U(Z)|

(6.6.15)
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or, more generally,
z—20 2
1= Z2u()|

0(z) = KZ(Z,ZO) = TSP

(6.6.16)

satisfies (6.6.14) with the given conditions on @, then the isolated singular point zg

for f is removable under K, € Llloc.

Thus, Lemma 6.5 is a rich source of various conditions for the removability of
isolated singularities of ring @-homeomorphisms and, in particular, of strong ring
solutions of the Beltrami equation (B).

6.7 On Extending Inverse Mappings to the Boundary

We start with the extension to the boundary of the inverse mappings of ring
Q-homeomorphisms and strong ring solutions of the Beltrami equation because this
problem has a simpler answer than for their direct mappings.

Lemma 6.6. Let f : D — D' be a ring Q-homeomorphism at a point zo € dD with
Q € L' (D). If the domain D is locally connected at zy and z. € dD, z. # 2o, and D’
has a weakly flat boundary, then C(zq, f) NC(z«, f) = 0.

Here, C(z0, f) denotes the cluster set of the mapping f at a pointzg € dD :
Clz0,f) ={¢ €T+ { = lim f(z), % = 20, & €D} (6.7.1)
— oo

Proof. Set Ey = C(zo,f), Ex = C(z+,f) and & = d(z0,z.). Let us assume that
EoNE, 75 0.

Since the domain D is locally path connected at the points zo and z,, there exist
neighborhoods Uy and Ui of the points zp and z., respectively, such that Wy = DN Uj
and W, = DN U, are domains and Uy C By = B(z9,6/3) and U, C B, = B(z«,6/3).
Then, for r; = 8/3, r, =206/3, any paths  and ¥. in Wy and W,, respectively,
n(r)=3/6,re (r,rn),and I': = A(,%,D), we obtain

. 2
Mur) < [ e@n@ane < 5 [o@ant) < -
D

AND

because Q € L' (D). Here, A = A(zg,71,12) = {z€C:r < |z—2z1| < 1 }.

The last estimate contradicts, however, the condition of the weak flatness of 0D’
if there is a point { € Ey N E, . Indeed, then {y € fWy N fW, and there exist paths
op and o, in the domains fWy and fW,, respectively, intersecting any prescribed
circles dB(&y,p1) and dB({y,p2) with small enough radii p; and p,. Hence, the
assumption that Eg N E.. # @ was not true. a
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By Lemma 6.6, we obtain, in particular, the following conclusion:

Proposition 6.3. Let a domain D C C be locally connected at dD, a domain D/
have a weakly flat boundary, and let f : D — D' be a ring Q-homeomorphism at
every point z € D with Q € L'(D). Then the inverse mapping g = f~' : D' — D
admits a continuous extensiong : D' — D in C.

Theorem 6.10. Let f: D — D' be a strong ring solution of the Beltrami equation
with K, € L'(D), where D is locally connected at D and dD' is weakly flat. Then
the inverse mapping g = f~'': D' = D admits a continuous extension g : D' — D
in C.

By Lemma 2.20, we also have the following consequence of this theorem:

Corollary 6.13. If domains D and D' in C have weakly flat boundaries, then the
inverse mapping g = f~! of every strong ring solution f : D — D' of (B) with K, €
L' (D) admits a continuous extensiong : D' — D in C.

Remark 6.7. Clearly, it is sufficient in Lemma 6.6, Proposition 6.3, Theorem 6.10,
and Corollary 6.13 as well as in all successive theorems to request, instead of the
conditions Q € L'(D) and K, € L'(D), only the integrability of Q and K, in a
neighborhood of dD assuming Q and K, to be extended by zero outside of D.
Moreover, it is easy to see that these results can be localized in terms of Q. (z)
and Ky (z,20), respectively.

Note that, as follows from Proposition 6.2, similar statements are not valid for
direct mappings, even for isolated boundary points, if Q and K}, are integrable with
any degree.

6.8 On Extending Direct Mappings to the Boundary

Lemma 6.7. Let a domain D C C be locally connected at a point zy € dD, and let
f:D — D' be a ring Q-homeomorphism at zo such that dD' is strongly accessible
at least at one point of the cluster set

C(z0,f)={¢e€C: ¢ = lim f(z), 2= 20, % € D}, (6.8.1)

Q0 : D — [0,00] is a measurable function satisfying the condition
[ 0@ ¥ cllz =20 am(z) = ol (e)) (6.82)
D(z0,€,€p)

as € — 0 where
D(z0,€,8) ={z€D:e<|z—z0| <&}
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for some & € (0,0), do = 6(20) = sup.eplz— 20|, and Y ¢(t) is a family of
nonnegative measurable (by Lebesgue) functions on (0,e0) such that

0<1Iy(e /wm, Hdi <o Vee (0,8). (6.8.3)

Then f can be extended to the point zg by continuity in C.

Proof. Let us show that the cluster set E = C (zo, f) is a singleton. Note that E # 0 in
view of the compactness of D’ as a subspace of C; see, e.g., Remark 3 of Sect. 41 in
[142]. By the condition of the lemma, dD’ is strongly accessible at a point {, € E.
Assume that there is one more point {* € E. Let U = B({y,r9) where 0 < ryp <
180 — &

In view of the local connectedness of the domain D at the point zg, there is a
sequence of neighborhoods V,, of the point zy such that D,, = DNV, are domains
and d(V;,) — 0 as m — . Then there exist points §, and { € F,, = fD,, which
are close enough to § and {*, respectively, with |y — & | < ro and |5y — §%| > ro.
These points §, and § can be joined by paths C,, in the domains F,. Note that by
the construction,

CnN aB(C(), V()) 75 0

in view of the connectedness of C,,,.
Thus, by the condition of the strong accessibility, there is a compact set C C D’
and a number § > 0 such that

M(A(C,Cp:D')) > &

for large m because dist(y,C,y) — 0 as m — . Without loss of generality, we may
assume that C is also a continuum. Indeed, as a compact set C, can be covered by a
finite number of closed disks in D’ each of which can be joined with a point in D’
by paths in D'.

The set K = f~!(C) is compact as a continuous image of a compact set and,
consequently, dist(zp,K) > 0. Let us choose positive numbers & < dist(zg, K) and
€€ (0,&) in (6.8.2) and (6.8.3) and set

Ne(t) = wzo,e(t)/IZ() (g).

Note that by the construction, for large m, D,, C B(z9,€) and hence K,: =
f~1(Cw) C B(20,¢€), and thus,

M(A(C,Cp;D')) / 0(2) - n (|2 —z0) dm(2).
D(z0.€,&)
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However, the right-hand side converges to 0 as € — 0 by the condition (6.8.2). The
obtained contradiction disproves the above assumption that the cluster set E is not a
singleton. O

Corollary 6.14. In particular, if a domain D C C is locally connected at a point
20 € OD, D' is strongly accessible and

Tim / 0(z) - ¥ (|2 —z0]) dm(z) < oo, (6.8.4)

£—0
e<|z—z0|<&

where y(t) is a measurable function on (0,0) such that

&
0<I(e &) ::/w(t)dt < oo Vee(0,8&),

€
and I(€,€&)) — o as € — 0, then every ring Q-homeomorphism f : D — D' at z can
be extended to the point zo by continuity in C.
Here, we assume that the function Q is extended to be zero outside of D.

Remark 6.8. In other words, the conclusion of Corollary 6.14 holds if the singular
integral in (6.8.4) is convergent at the point zp in the sense of the principal value
at least for one kernel y with a nonintegrable singularity at zero. Furthermore,
as Lemma 6.7 shows, the conclusion of Corollary 6.14 is still valid if the integral
diverges but with the controlled speed

/ 0(2) - v (lz—z0|)dm(z) = o(I*(g,&)) as € — 0. (6.8.5)
e<|z—z0|<&o
Choosing, in Lemma 6.7, y(¢) = 1/t, we obtain the following theorem:

Theorem 6.11. Let D and D' be domains in C such that D is locally connected
at zo € oD and dD' is strongly accessible, and let f : D — D' be a ring Q-
homeomorphism at zo with a measurable function Q : D — [0, 0] such that

dm(z) 1]
/ 0(2) el 0 ([logg} ) (6.8.6)
D(z0.€,&)

as € — 0 for some & € (0, ), where & = 6(20) = Sup,¢p |z — 20| and D(z0, €, &) =
{zeD:e<|z—z| < &}. Then f can be extended to zy by continuity in C.
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Corollary 6.15. In particular, conclusion of Theorem 6.11 is valid if the singular
integral
dm(z)
) —— 6.8.7
/Q()|Z_ZO|2 6.8.7)
is convergent at the point 7 in the sense of the principal value.
Here, as in Corollary 6.14, we assume that Q is extended to be zero outside of D.

Corollary 6.16. In particular, condition (6.8.6) and the assertion of Theorem 6.11
hold if

1
0(z) =0 (10g—|Z_ZO|) (6.8.8)

as 7 — zo. More generally, the same holds if

q(r)=o (log %) (6.8.9)

as r — 0, where q(r) is the average of the function Q(z) over the circle |z —zo| = 1.
As above, we assume here that Q is extended to be zero outside of D.

Remark 6.9. Arguing as in Remark 6.5, we can show that it is sufficient to require
the condition

1
q(r) =0 (log —> (6.8.10)
r
instead of (6.8.9). We are able also to derive a scale of criteria in terms of log using
functions y(z) of the form 1/(z log...log1/t) in Lemma 6.7.

Theorem 6.12. Let D and D' be domains in C such that D is locally connected
at zo € dD and 9D’ is strongly accessible, and let f : D — D' be a ring Q-
homeomorphism at zo with a measurable function Q : D — [0, 0| such that

€

dr
/% oo, (6.8.11)

0

where q(r) is the average of Q(z) over the circle |z —zo| = r. Then f can be extended
to zo by continuity in C.

Indeed, as in the proof of Theorem 6.9, it is sufficient to use the function

w(t) = {(1)’/[”(”]’ ; i Eg’)i’j) (6.8.12)

in Lemma 6.7.
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Further, choosing g(r) = tlogl, t € (0,8) in Lemma 6.7, we obtain by
Lemma 5.3 the following theorem:

Theorem 6.13. Let D and D' be domains in C such that D is locally connected at
a point 7o € dD and oD’ is strongly accessible, and let f : D — D' be a ring Q-
homeomorphism at zg where Q : C — [0, 0] has finite mean oscillation at the point
20. Then f can be extended to z by continuity in C.

Finally, combining Theorem 6.13 and Corollary 2.1, we obtain the following
statement:

Corollary 6.17. In particular, if Q : C — [0,0| is such that

Tim 0(z) dm(z) < oo, (6.8.13)

e=0 JB(z,€)
then any ring Q-homeomorphism f : D — D' can be extended to the point zo by
continuity in C.
Here, the extension to a point zo by continuity in C means that f(z() admits co.

Remark 6.10. Combining results of Sects. 6.5-6.7, we obtain the corresponding
theorems on a homeomorphic extension of ring Q-homeomorphisms to the bound-
ary. The conditions on Q are the same as in Sect. 6.7 plus integrability of Q as in
Sect. 6.6 and D is locally connected at all points of dD (say if dD is weakly flat,
see Sect. 6.5) and 0D’ is weakly flat. The similar remarks are true under the integral
condition (6.6.14) from Remark 6.6 in Sect. 6.5 assuming that Q, K, and Kﬁ is zero
outside D.

6.9 Consequences for Quasiextremal Distance Domains

A domain D C C is called a quasiextremal distance domain, abbreviated as a QED
domain, if _
M(A(E,F;C) < K-M(A(E,F;D)) (6.9.1)

for some K € [1,0) and for all continua E and F in D; see [92].

Remark 6.11. As is well known (see, e.g., 10.12 in [258]),
R
M(A(E,F;C)) > ¢ 10g7 (6.9.2)

for all sets E and F in C intersecting each circle C(zg,p), p € (r,R).
Corollary 6.18. A QED domain D in C has a weakly flat boundary.

Corollary 6.19. A QED domain D in C is locally connected at each boundary point
and dD is strongly accessible.
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Every QED domain is quasiconvex, i.e., each pair of points z; and zo € D can be
joined by a rectifiable arc y in D such that

s(y) < a-la—2zl; (6.9.3)

see Lemma 2.7 in [92], p. 184. A domain D C C is said to be uniform if the
inequalities (6.9.3) and

min 5(y(zi,2)) < b-d(z,9D) (6.9.4)

hold for some y and for all z € y where ¥(z;,z) is the part of y between z; and z; see
[167]. Every uniform domain is a QED domain, but there exist QED domains which
are not uniform; see Lemma 2.18 and Remark 2.24 in [92], cf. also [121]. Bounded
convex domains provide simple examples of uniform domains.

By Sects. 6.2 and 6.6—6.8 we obtain the following theorems:

Lemma 6.8. Let f be a ring Q-homeomorphism between QED domains D and D’
in C at a point z9 € dD. If the condition (6.8.2) holds, then there is a limit f(z) as
z— 70 in C.

Corollary 6.20. Ifthe conditions of Lemma 6.8 hold at every point 7o € dD and,
in addition, Q € L'(D N U) where U is a neighborhood of dD, then [ admits a
homeomorphic extension f : D — D'.

In particular, taking y(z) = 1/t and y(r) = 1/t10g% in (6.8.2), we have, as a
consequence of Lemma 6.8, the following theorem (cf. Remark 6.5):

Theorem 6.14. Let f be a ring Q-homeomorphism between QED domains D and
D' in C. If at every point z € dD

1
q(r)=0 (log ;> (6.9.5)
as r — 0, where q(r) is a mean value of Q(§) over the intersection of the circle
| — z| = r with the domain D, then f extends to a homeomorphism f : D — D'

Corollary 6.21. In particular, the assertion holds if for every z € dD

0(¢) = (log I |> (6.9.6)

as§ —z

Similarly, choosing y(r) = 1/t4q(t) in (6.8.2), we have the next consequence of
Lemma 6.8; cf. the calculations in the proof of Theorem 6.9:

Corollary 6.22. The assertion of Theorem 6.14 remains valid if the condition
(6.9.5) is replaced by

&

dr
— =0, 6.9.7
0/ 40 @27
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Remark 6.12. Theorem 6.14 and Corollary 6.22 are valid if we take as g(r) the
mean of Q(§) over the whole sphere | — z| = r formally extending Q({) by zero
outside of the domain D.

Choosing y(t) = 1/(tlog1/t) in (6.8.2), we obtain by Lemma 6.8 the following
theorem.

Theorem 6.15. Let f be a ring Q-homeomorphism between QED domains D and
D' inC.IfQ(z) € L'(D) has finite mean oscillation at every point zo € dD, then f
has a homeomorphic extension f : D — D,

Remark 6.13. In particular, this is true for ring Q-homeomorphisms between
bounded smooth and convex domains in C.

Corollary 6.23. If f is a ring Q-homeomorphism of the unit disk D in C onto itself
where Q € L' (D), and

Tim Q(z)dm(z) < o Vzo €D (6.9.8)

€=0 JD(z,€)

where D(zo,€) = DN B(z0,€), then f admits a homeomorphic extension f : D — D.

By Theorem 2.22 in [92], the QED domains coincide with the uniform domains
in the class of the so-called finitely connected plane domains. The following
example shows that, even among simply connected plane domains, the class of
domains with weakly flat boundaries is wider than the class of QED domains.The
example is based on Lemma 2.13 in [92] showing, in particular, that QED domains
satisfy the condition on doubling measure at every boundary point zo:

. |DNB(z9,2r)|
limsup ————~
r—0 |DQB(20,}’)|

The example below just shows that this property on doubling measure is, generally
speaking, not valid for domains with weakly flat boundaries.

Example. Consider a simply connected plane domain D of the form
D = |J Ry,
k=1
where

Ry = {(x,y) eR*: 0 <x<wy, 0<y</y}

is a sequence of rectangles with quickly decreasing widths wy, = 2792 5 0ask—oo
with & > 1/log2 > 1 and monotonically increasing heights 7 =271 ... +27% —
1 as k — oo,
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It is easy to see that D has a weakly flat boundary. This fact is not obvious only
for its boundary point zo = (0,1). Take as a fundamental system of neighborhoods
of the point zj the rectangles centered at zq of the following form:

P = {(xy) €R®: |g| <wp, [ =1 <1 =Ry =2 D),

k=1,2,.... Note that
pND =5
I=k
for all k > 1, where

S = {(x,y) eR?: 0<x<wy, hy_y <y<h}.

Let E and F be an arbitrary pair of continua in D intersecting dS;, i.e., intersecting
the horizontal lines y = h;_; and y = h;. Denote by S? the interior of §;. Then
A(E,F,SY) C A(E,F,D) and A(E,F,S?) minorizes the family I of all paths joining
the vertical sides of S? in S?. Hence,

M(A(E,F,D)) > 27 jw; > 2@ D1 5 o

Thus, the domain D really has a weakly flat boundary.
Now, set rp = 1 =l =27 %(1+27"+...) =2-&=D and B, = B(zo,11).
Then
. |DﬁPk| .
k—e |[DOB|

(a=1)

because wy/ry <27 k5 0. However,

=

IDNP| = Y 1S =X wi-(hi—hy) = Y, w27
=k I=k

I=k
and hence
DN P % w2 Wk27k+z % 1 w2
k I=k . —k+
|DmPk+1| 3 le—l by le—l
I=k+1 I=k+1
1
:1+m >1+wk+1:1+Wk :1+2a2k—>°°
2 Witm 2-m Wi Wik+1
Wk
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Consequently,
. |DNBy
lim ————— = o
ke [D O By |

Thus, the domain D does not have the property on doubling measure at the point
70 € dD, and then D is not a QED domain by Lemma 2.13 in [92]; see also Lemma
3.51in [165].

6.10 On Singular Null Sets for Extremal Distances

Recall that a closed set Z C C is called a null set for extremal distances, abbreviated
as a NED set, if
M(A(E,F;C)) =M(A(E,F;C\Z)) (6.10.1)

for every pair of disjoint continua E and F C C\Z.

Here, A(Z) will denote the length, i.e., the one-dimensional Hausdorff measure
of Z. As above, we also use here the notion of the cluster set of a mapping f : D — C
forasetZ C D,

CZ.f): ={§eC:{=limf(z), 2%~z €Z}. (6.10.2)

Remark 6.14. Ttis known that if Z C C is a NED set, then
|Z| =0 (6.10.3)
and Z does not disconnect C locally, i.e.,
dimZ = 0. (6.10.4)
Conversely, if Z C C is closed and
A(Z) =0, (6.10.5)

then X is a NED set; see [262].

Note that the complements of NED sets in C are a very particular case of QED
domains considered in the previous section. Thus, arguing locally, we obtain, as
above, the following statement:

Lemma 6.9. Let D be a domain in C and Z C D, and let f be a ring Q-homeomor-
phism of D\Z into C. Suppose that Z and C(Z, f) are NED sets and Q is integrable
in a neighborhood of the set Z. If the condition (6.8.2) holds at every point 7o € Z,
then f has a homeomorphic extension to D in C.
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Choosing y(z) = 1/(tlog1/t) in (6.8.2), we have, as a consequence of Lemma
6.9, the following theorem:

Theorem 6.16. If Q € L\ (D) has finite mean oscillation at each point of a NED
set Z C D, then every ring Q-homeomorphism [ of D\Z into C with a NED set
C(Z,f) has a homeomorphic extension to D in C.

In view of Remark 6.14, we obtain the following consequence of Theorem 6.16:

Corollary 6.24. In particular, the assertion of Theorem 6.16 holds if Z is a closed
subset of D with
A(Z) =A(C(Z,f)) =0 (6.10.6)

and Q € L} (D) has finite mean oscillation at every point 7 € Z.

loc

In particular, by Corollary 2.1, we come to the next consequence.

Corollary 6.25. If all points of a closed set Z C D with the condition (6.10.6) are
points of Lebesgue for the function Q € LllOC (D), then the ring Q-homeomorphism f
of D\Z into C admits a homeomorphic extension to D in C.

By Lemma 6.9 under y/(r) = 1/¢, we have also the next statement.

Corollary 6.26. If the singular integral

[/ Q—(é )—_leZ(Z) dm(2) (6.10.7)

is convergent for each { in a closed set Z C D over a neighborhood U of the set A
then under the condition (6.10.6), every ring Q-homeomorphism f of D\Z into C
has homeomorphic extension to D in C.

In the same way, analogies of all other theorems in Sects. 6.5 and 6.7-6.9 can be
obtained by Lemma 6.9, too.

Remark 6.15. 1t is easy to show that all results of the previous sections in this
chapter are applicable to the strong ring solutions of the Beltrami equation (B) in
the next chapter, either with

_ 14u()

= 6.10.8
=T 00) (0.105)

(6.10.9)



Chapter 7
Strong Ring Solutions of Beltrami Equations

In this chapter we give a series of criteria for the existence of strong ring solutions,
in particular, in terms of finite mean oscillation majorants for tangential dilatations.
Moreover, we derive an extension of the well-known Lehto existence theorem
and show that the latter implies the main known and many advanced results on
the existence of ACL homeomorphic solutions for the Beltrami equations with
degeneration.

7.1 Introduction

Recall that an ACL homeomorphism f: D — C is called a strong ring solution
of the Beltrami equation (B) with a complex coefficient p if f satisfies (B)
ae, fle Wl(l)’c2 , and f is a ring Q-homeomorphism at every point zg € D
with Q(z) = KZ (z,20); see (6.1.6) and (6.1.14). Thus, the whole theory of ring
Q-homeomorphisms developed in the previous chapter can be applied to the study
of the boundary behavior as well as the removability of singularities of the strong
ring solutions.

We show that the strong ring solutions exist for wide classes of degenerate
Beltrami equations. The difference between the notion of a ring solution and the
notion of a strong ring solution is that, while the centers z are assumed to belong to
the domain D in the notion of a ring solution, in the case of a strong ring solution,
Zo is assumed to be in the closure of D relative to C.

The notion of a strong ring solution for the Beltrami equation is closely related
to the concept of moduli with weights essentially due to Andreian Cazacu; see, e.g.,
[15] and [16], cf. also [179,180] and [250]. The work [215] was devoted to existence
of ACL homeomorphic solutions satisfying additional moduli conditions at inner
points of a domain. In the papers [220] and [221], a base of the theory for the strong
ring solutions with moduli conditions at boundary points was given. As in [99], we
formulate existence criteria not only in terms of the maximal dilatation but also in

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 129
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6_7,
© Springer Science+Business Media, LLC 2012
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terms of the so-called tangential dilatation also due to Andreian Cazacu; see, e.g.,
[14,16, 18], cf. the corresponding terms and notations in [13, 66,99, 147, 198,214]
and [215].

The classical case of the uniformly elliptic Beltrami equations was investigated
long ago; see, e.g., [9, 30,44] and [152]. The existence problem for degenerate
Beltrami equations is currently an active area of research. It has been studied
extensively, and many contributions have been made; and see, e.g., [48,54-57, 66,
70,99,117,133,147,159,160, 174, 185,210-223,254], and [271], and see also the
survey [238]. The goal here is to obtain a general principle on the existence of strong
ring solutions for the degenerate Beltrami equations (B) (see Lemma 7.1) and to
show that our extension of the Lehto existence theorem (see Theorem 7.5) has as
corollaries the main known existence theorems as well as a series of more advanced
theorems for the Beltrami equations with integral constraints; see further historical
comments in Sect. 7.7.

Note that the condition K, € L}, (D) below is necessary for a homeomorphic
ACL solution f of (B) to have the property g = ! € Wl(l)’cz( f(D)) because this
property implies that

/K”(z) dm(z) §4/$(2)|2 =4 / |0g|? dudy < co
C c

f(©)

for every compact set C C D. The change of variables is correct here, say by Lemmas
II1.2.1 and II1.3.2 and Theorems II1.3.1 and II1.6.1 in [152]; cf. also .C(3) in [9].
In the classical case when ||u|| < 1, equivalently, when K, € L*(D), every
ACL homeomorphic solution f of the Beltrami equation (B) is in the class Wl(l)’c2 (D)
together with its inverse mapping f~!, and hence, f is a strong ring solution of
(B) by Theorem 6.1. In the case ||it]l = 1 with K, < Q € BMO, again ! €

W 2(£(D)) and f belongs to W'*(D) for all 1 < s < 2, but not necessarily to

loc loc
W."2(D); see Chap. 5.

loc

7.2 General Existence Lemma and Corollaries

The following lemma and corollary serve as the main tool in obtaining many criteria
of existence of strong ring solutions for the Beltrami equations:

Lemma 7.1. Let u : D — C be a measurable function with |1(z)| < 1 a.e. and
K, € LL (D). Suppose that for every zo € D there exist & < dist(z9,dD) and a one-
parameter family of measurable functions Y, ¢ : (0,00) — (0,0), € € (0, &), such

that

£
0 < ILye): = / Yap e (1) dt < oo, (7.2.1)
€
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and such that

K} (z,20) - Wi (12— 20]) dm(z) = o(I (€)) (7.2.2)

e<\zf.zo\<£0
as € — 0. Then the Beltrami equation (B) has a strong ring solution.

Proof. Fix z; and 75 in D. For n € N, define g, : D — C by letting u,(z) = u(z) if
|u(z)] <1—1/nand 0 otherwise. Let f, : D — C be a homeomorphic ACL solution
of the Beltrami equation (B), with u,, instead of u, which fixes z; and z. Such f,
exists by the well-known existence theorem in the nondegenerate case; see, e.g.,
[9, 30, 44] and [152]. By Lemma 2.13 and Theorem 6.1, in view of (7.2.2), the
sequence f; is equicontinuous, and hence, by the Arzela—Ascoli theorem (see, e.g.,
[73], p. 382, and [74], p. 267), it has a subsequence, denoted again by f,, which
converges locally uniformly to some nonconstant mapping f in D. Then by
Corollary 2.3 from Sect. 2.6, f is a homeomorphic ACL solution of (B). Moreover,
by Theorems 6.1 and 6.2, f is a ring Q-homeomorphism with Q(z) = KE (z,20)

at every point zg € D. The inclusion f~! € Wli)’cz follows by Corollary 2.4 from
Sect.2.4. ad

Remark 7.1. By Propositions 2.4 and 2.5 from Sect. 2.4, f; € Wl(l)’c1 and has the N!
property and f}, is regular, i.e., differentiable with J¢u (z) > 0 a.e.

Corollary 7.1. Let pu : D — C be a measurable function with |U(z)| < 1 a.e.,
K, € L} (D), and let y : (0,%0) — (0,0) be a measurable function such that for

loc
all0 <t <th <eo

15 15
0 < /y/(t) df < oo, /l[/(t) dr = oo, (7.2.3)
1 0

Suppose that for every zo € D there is & < dist(z9,dD) such that

&

| K@ ve—ah an) < o [ i (72.4)

e<|z—z0|<& £
as € — 0. Then the Beltrami equation (B) has a strong ring solution.
Lemma 7.1 yields the following theorem by choosing:

1

—_—; 7.2.5
tlog% ¢ )

WZ(),E (t) =

see also Lemma 5.3.

Theorem 7.1. Let i : D — C be a measurable function with |11(z)| < 1 a.e. and
K, € LllOC (D). Suppose that every point zo € D has a neighborhood U, such that

Kl (z,20) < 0(2) ae (1.2.6)
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for some function Q(z) of finite mean oscillation at the point zq in the variable z.
Then the Beltrami equation (B) has a strong ring solution.

The following theorem is a consequence of Theorem 7.1 and Corollary 2.1:

Theorem 7.2. Let i : D — C be a measurable function with |11(z)| < 1 a.e. and
Ky € L. (D). Suppose that at every zo € D

— 2

Tim h_%%Md‘d() (7.2.7)
im ————5— dm(z) < oo. 2.

e=0 Jpe) 1[0

Then the Beltrami equation (B) has a strong ring solution f;.

The following theorem is an important particular case of Theorem 7.1.

Theorem 7.3. Let 1 : D — C be a measurable function with |1(z)| < 1 a.e. such
that

_ 1+u@)
1—[u(z)]

Then the Beltrami equation (B) has a strong ring solution.

Ky (2) < Q(z) € FEMO. (7.2.8)

Since every strong ring solution is a homeomorphic ACL solution and since every
BMO function is in FMO, the theorem strengthens earlier results about the existence
of ACL homeomorphic solutions of the Beltrami equation when the conditions
involve majorants of the classes BMO and FMO in the previous sections.

Corollary 7.2. If

— 1+ |u(2)]
I f S Lk S2A R < o 7.2.9
e WMH_W@|m@ 729

at every 7o € D, then the Beltrami equation (B) has a strong ring solution.

Applying Lemma 7.1 with y(z) = 1/t, we have also the following statement
which is formulated in terms of the logarithmic mean (see (6.5.36)) of KZ (z,z0) over
the annuliA(e) = {z€ C: e < |z— 20| < &} for a fixed &y = &(z0) < dist(zp,dD):

Theorem 7.4. Let i : D — C be a measurable function with |U(z)| < 1 a.e. and
K, € Llloc. If at every point 7o € D the logarithmic mean ofKE over A(€) does not

converge to « as € — 0, i.e.,

T
ngyM@@)<m, (7.2.10)
then the Beltrami equation (B) has a strong ring solution.

Corollary 7.3. Let pt : D — C be a measurable function with |u(z)| < 1 a.e. and

Ky € Li. Denote by q! (1) the mean of Kﬁ(z,z()) over the circle C = {z € C:

|z—z0| =t} If
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6(z0)

O/ q’, oo (7.2.11)

at every point zo € D for some 6(zo) > 0, then (B) has a strong ring solution.

7.3 Extension of Lehto’s Existence Theorem

Lehto considers in [147] degenerate Beltrami equations in the special case where
the singular set S,

Sp = {Z €C: lim [[Kyll=(5(ze)) = °°}, (7.3.1)

of the complex coefficient i in the Beltrami equation (B) is of measure zero and
shows that if for every zg € C and every r| and r; € (0,c0) the integral

rn

dr

r(1+—q£)(r)) , I >r (732)

1

is positive and tends to o as either r; — 0 or 7, — e where

r 11 —e 2P u(zo +rel?)|?
2n 1 —|p(zo +rei?)[?
0

gl (r) = o, (71.3.3)

then there exists a homeomorphism f : C — C which is ACL in C\ S, and satisfies
(B) a.e. Note that the integrand in (7.3.3) is the tangential dilatation KZ (z,20)-

We present now a generalization and strengthening of Lehto’s existence theorem
which enables us to derive a series of other existence theorems, some of which
are known and some are new. In this extension, we prove the existence of a strong
ring solution in a domain D C C which, by the definition, is ACL in D and not
only in D\ S;. Note that the situation where S, = D is possible here and that the
condition (7.3.4) is a little weaker than the Lehto condition (7.3.2) because q?o(r)
can be arbitrarily close to 0. See Remark 7.2 below for the case where « € D, too.

Theorem 7.5. Let D be a domain in C and let u : D — C be a measurable function
with |u(z)| < 1 a.e. and K, € L} (D). Suppose that at every point zg € D

6(z0)

dr
_— 7.3.4
O/ rql () 734

where 8(z0) < dist(z0,0D) and g (r) is the mean of Kﬁ(z,z()) over |z—zo| =r.
Then the Beltrami equation (B) has a strong ring solution f;.
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A version of this theorem for the ring solutions was first published in the preprint
[214], and then in [215], see also [165]. The advanced version for the strong ring
solutions was published in [220].

Note that already in the work [174], the existence of homeomorphic solutions to
the Beltrami equation (B) in the class f; € WS, s = 2p/(1+ p) was established,

loc?

under the condition (7.3.4) with K, € Ll’;c, p > 1, instead of KZ (z,z0) (the case
p =1 is covered thanks to a new convergence theorem in Sect. 2.6, Theorem 2.1).
The Miklyukov—Suvorov result was newly discovered in the paper [66] whose
author thanks Professor EW. Gehring but does not mention [174]; see the English
translation of this paper in our appendixes. Perhaps the work [174] remains
unknown even to the leading experts in the West because we have found no reference
to this work in the latest monograph on the Beltrami equations under the discussion
of the Lehto condition; see Theorem 20.9.4 in [26].

Theorem 7.5, together with lemmas in Sects.2.8 and 2.9, is the main tool for
deriving all theorems on existence of strong ring solutions for Beltrami equations
with various integral conditions in the next section.

Proof. Theorem 7.5 follows from Lemma 7.1 by specially choosing the functional
parameter

1 T 9 07 b
Vopet) = (1) 0 = {0/ [raz,(1)] gtie(rwi)g (1.3.5)

where &y = 0(z0)- O
Corollary 7.4. IfK, € L\ .(D), and at every point zy € D

1
qZTO(r) = 0(10g—) as r—0, (7.3.6)
r

then the Beltrami equation (B) has a strong ring solution.

Since Kﬁ (z,20) < Ku(z), we obtain, as a consequence of Theorem 7.5, the
following result which is due to Miklyukov and Suvorov [174] for the case
K,eLll (D),p>1:

loc

Corollary 7.5. If K, € LI, (D) for p > 1 and (7.3.4) holds for K, (z) instead of

KZ (z,20) for every point zo € D, then the Beltrami equation (B) has a Wkl)’CS(D)

homeomorphic solution, where s =2p/(p+1).

Remark 7.2. By Proposition 2.4, a strong ring solution of the Beltrami equation (B)
belongs just to the class W, (D), where s = 2p/(p+1) if K, € L, (D) for p > 1.
All the above theorems can be extended to the case where « € D C C in the

standard way, if one replaces (7.3.4) by the following condition at co:

oo

dr
. — 7.3.7
5/ rq(r) 73D
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where § > 0 and

|1 2119 )|2

do. 7.3.8
Y / 1—|/.1 re”9)|2 ( )

In this case, there exists a homeomorphic W ! solution f = fuinD with f(e) =

and f“’1 € Wli)’cz(f(D)). Here, f € Wli)’cl( ) in D means that f € WlOC (D\{oo})

and that f*(z) = 1/f(1/z) belongs to W'! in a neighborhood of 0. The statement

flte Wkl)c2 (f(D)) has a similar meaning. The FMO conditions can be also extended
in the natural way to oo; see, e.g., [217].

7.4 Sufficient Integral Conditions for Solvability

The following existence theorem is obtained immediately from Theorems 2.4
and 7.5:

Theorem 7.6. Let 1 : D — C be a measurable function with |U(z)| < 1 a.e. and
K, € L. .. Suppose that every point zg € D has a neighborhood U,, where

loc*

/ T(2.20)) dm(z) < oo (7.4.1)

for a nondecreasing convex function @, : [0,00) — [0, 0] such that

=3

' dt
/ T " (7.4.2)

A(z0)

for some A(zg) > @,,(0). Then the Beltrami equation (B) has a strong ring solution.

Proof. Let the closure of a disk B(z,p) belong to the neighborhood U,,. Then we
obtain by Theorem 2.4 applied to Q(§) = Kj(z0 + pC,20), ¢ € D,
and @(r) = P, (r) that

p
d
/ A (7423)
0 quO(V)

where ¢! (r) is the mean value of K (z,20) over the circle |z — zo| = . Thus, we
have the desired conclusion by Theorem 7.5. O

Remark 7.3. Note that the additional condition A(zg) > @, (0) is essential; see also
Remark 2.12. In fact, only the degree of convergence @ (1) 2 o0 as T — oo is
important since it has the same degree of convergence @, (1) — o as t — oo.
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Corollary 7.6. Let i : D — C be a measurable function with |(z)| < 1 a.e. and
K, € Llloc. Suppose that

/ D(Ky(2)) dm(z) < o (7.4.4)
D

for a nondecreasing convex function @ : [0,0] — [0, 0] such that

=

© o dr
! T = (7.4.5)

Jor some A > ®@(0). Then the Beltrami equation (B) has a strong ring solution.

Remark 7.4. Applying transformations o - @ + 3 with @ > 0 and 8 € Re, we may
assume without loss of generality that @(r) = @(1) = 1 for all 7 € [0, 1], and thus
@(0) = @(1) = 1 in Theorem 7.6 and its corollaries below.

Many other criteria for the existence of strong ring solutions for the Beltrami
equation (B) formulated below follow from Theorems 2.3 and 7.6.

Corollary 7.7. Let i : D — C be a measurable function with |11(z)| < | a.e. and
K, € L. . If the condition (7.4.1) holds at every point zy € D with a nondecreasing

loc*
convex function @ : [0,00) — [0,00) such that

7 dr
/ log @, (1) 7= (7.4.6)
A(z9)

for some A(zy) > 0, then the Beltrami equation (B) has a strong ring solution.

Corollary 7.8. Let i : D — C be a measurable function with |l(z)| < 1 a.e. and
K, € Llloc' If the condition (7.4.1) holds at every point zo € D for a continuous
nondecreasing convex function @ : [0,00) — [0,00) such that

=

g , d
/ (log @, (1)) Tt = oo (7.4.7)
Alz)

for some A(zo) > 0, then (B) has a strong ring solution.

Corollary 7.9. Let i : D — C be a measurable function with |l(z)| < 1 a.e. and
K, € Llloc. If the condition (7.4.1) holds at every point zo € D for @, = expH,,
where Hy is nonconstant, nondecreasing, and convex, then (B) has a strong ring

solution.
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Corollary 7.10. Let it : D — C be a measurable function with |u(z)| < 1 a.e. and
K, e Llloc' If the condition (7.4.1) holds at every point zo € D for @, = expH,, with
a twice continuously differentiable increasing function Hy, such that

H (1) >0 Vi > t(z9) € [0,00), (7.4.8)

then (B) has a strong ring solution.

Theorem 7.7. Let it : D — C be a measurable function with |l(z)| < 1 a.e. and
K, € Ll such that

loc

/ ®(Ky(2)) dm(z) < oo, (7.4.9)
D

where @ : [0,0) — [0, 0| is nondecreasing and convex such that
r dr
/log 1) 5 = = (7.4.10)
A

for some A > 0. Then the Beltrami equation (B) has a strong ring solution.

Corollary 7.11. Let it : D — C be a measurable function with |u(z)| < 1 a.e. and
K, e Llloc. If the condition (7.4.9) holds with a nondecreasing convex function @ :
[0,00) — [0,0) such that

oo

/(logCP(t)Y % = oo (7.4.11)

fo
for some to > 0, then (B) has a strong ring solution.

Corollary 7.12. Let i : D — C be a measurable function with | (z)| < 1 a.e. If
the condition (7.4.9) holds for @ = el where H is nonconstant, nondecreasing, and
convex, then (B) has a strong ring solution.

Corollary 7.13. Let p : D — C be a measurable function with |L(z)| < 1 a.e. If
the condition (7.4.9) holds for @ = e/ where H is twice continuously differentiable,
increasing and

H'(t) >0 VYt >1 € [l,), (7.4.12)

then (B) has a strong ring solution.

Note that among twice continuously differentiable functions, the condition
(7.4.12) is equivalent to the convexity of H(t), t > to; cf. Corollary 7.12. Of course,
the convexity of H(r) implies the convexity of ®@(r) = e!(), 1 > 1o, because the
function expx is convex. However, in general, the convexity of @ does not imply
the convexity of H(t) = log®(¢), and it is known that the convexity of @(r) in
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(7.4.9) is not sufficient for the existence of ACL homeomorphic solutions of the
Beltrami equation. There exist examples of the complex coefficients (t such that
K, € L? with an arbitrarily large p > 1 for which the Beltrami equation (B) has no
ACL homeomorphic solutions; see, e.g., [212].

Remark 7.5. Theorem 7.5 is extended by us to the case where e € D C C in the
standard way by replacing (7.3.4) by the following condition at co

/ dr _ (7.4.13)
rq(r)
1)
where § > 0 and
/ 1= 2“9 )|2 d¢ (7.4.14)
T 2n 1—|[.L re“9)|2 ' o

In this case, there exists a homeomorphic Wkl)c1 solution f of (B) in D with f(eo) = o0
and f~! € Wkl)’cz. Here, f € Wl(l)’c1 in D means that f € Wl(l)’c1 in D\ {e} and that
f*(z) = 1/f(1/Z) belongs to W' ! in a neighborhood of 0. The statement /' € W;?
has a similar meaning.

Similarly, the integral condition (7.4.1) is replaced at oo by the following
condition:
dm(z)

J2*

@..(Kj; (z,%0)) < oo, (7.4.15)

lz|>6

where 6 > 0, @, satisfies the conditions of either Theorem 7.6 or equivalent
conditions from Theorem 2.3 and

- Zu@)|*

Ko=) = Touwp

(7.4.16)

We may assume in all the above theorems that the functions @, (¢) and @(r)
are not convex on the whole segments [0,c0] and [1,e], respectively, but only on
a segment [T,e] for some 7 € (1,e0). Indeed, every nondecreasing function @ :
[1,00] = [0, ] which is convex on a segment [T, |, T € (0,0), can be replaced by
a nondecreasing convex function @ : [0,e0] — [0,0] in the following way: We set
@p(t) =0 forall t € [0,T], @(t) = o(¢t), t € [T,T.], and @y = D(¢), t € [T,
where T = @(¢) is the line passing through the point (0,7) and touching the graph
of the function T = @(t) at a point (T;, ®(T)), T > T. For such a function, we
have by the construction that @ (¢) < @(¢) for all 7 € [1,e0] and @ (1) = D(¢) for
allt > T..
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7.5 Necessary Integral Conditions for Solvability

The main idea for the proof of the following statement under smooth increasing
functions @ with the additional condition that 7(log @)’ > 1 is due to Iwaniec and
Martin; see Theorem 3.1 in [117], cf. also Theorem 11.2.1 in [116] and Theorem
20.3.11in [26]. We obtain the same conclusion in Lemma 7.2 and Theorem 7.8 below
without these smooth conditions. Moreover, by Theorem 2.3, the same conclusion
concerns all conditions (2.8.13)—(2.8.17).

Theorem 7.8. Let @ : [0,00] — [0,00] be such a nondecreasing convex function that,
for every measurable function | : D — D satisfying the condition

/ ®(Ky(2)) dm(z) < oo, (7.5.1)
D

the Beltrami equation (B) has a homeomorphic ACL solution. Then there is § > 0
such that

7 d
/ log (1) t—zt — oo, (15.2)
5

It is evident that the function @(z) in Theorem 7.8 is not constant on [0,eo)
because in the contrary case we would have no real restrictions for K, from (7.5.1)
except @(t) = e when the class of such p is empty. Moreover, by the well-known
criterion of convexity (see, e.g., Proposition 5 in 1.4.3 of [53]) the inclination ®(t) /¢
is nondecreasing. Hence, the proof of Theorem 7.8 is reduced to the following
statement:

Lemma 7.2. Let a function @ : [0,0] — [0, 0| be nondecreasing and
o) >Ct Vi >T (1.5.3)

for some C > 0 and T € (1,). If the Beltrami equations (B) have ACL homeo-
morphic solutions for all measurable functions | : D — D satisfying the condition
(7.5.1), then (7.5.2) holds for some 6 > 0.

Remark 7.6. Note that the Iwaniec—Martin condition ¢(log®)’ > 1 implies the
condition (7.5.3) with C = @(T)/T. Note also that if we take in the construction
of Lemma 7.4 below B, 1 = & — 0 as n — oo, 0,1 = b’ —g,7, and
Vi = bue? [€,, then ®(¥;, )/, < 2€,, and we obtain examples of absolutely
continuous increasing functions @ with @ (1) — oo as r — oo satisfying the condition
(7.5.2) and simultaneously
D(t
liminf —() = 0. (7.5.4)
1ot
Thus, conditions of the type (7.5.3) are independent of the conditions (2.8.12)—
(2.8.17).
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Proof of Lemma 7.2. Let us assume that the condition (7.5.2) does not hold for any
8 > 0. Set fg = supg,(;)—ot, 1o = 0 if @(t) > 0 forall # € [0,0]. Then for all § > 1o,

r dr
/logtb(t) 5l < oo, (7.5.5)
d
With no loss of generality, applying the linear transformation oc@® + 8 with
o =1/Cand § =T, we may assume by (7.5.3) that

D(t) >t Ve [0,00). (7.5.6)

Of course, we may also assume that @(z) =t for all t € [0, 1) because the values of
® in [0,1) give no information on Ky, in (7.5.1). Finally, by (7.5.5), we have that
D(t) < oo forevery t € [0,0).

Now, note that the function ¥(¢): =t®(¢) is strictly increasing, ¥(1) = @(1)
and W(r) — o as t — oo, (1) < oo for every ¢t € [0,e0). Hence, the functional
equation

W(K(r) = (7-/)2 Vre (0,1], (15.7)

,
where y= ®'/2(1) > 1, is well solvable with K (1) = 1 and a continuous nonincreas-

ing function K : (0,1] — [1,00) such that K(r) — oo as r — 0. Taking the logarithm
in (7.5.7), we have that

2log r + log K(r) + log ®(K(r)) = 2 log v,
and by (7.5.6) we obtain that
log r + log K(r) < log v,
i.e.,
(7.5.8)

Then by (7.5.7),

and hence, by (2.8.2),
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where v/t > y>1> @(+0) = 0. Hence, by the condition (7.5.5) and Proposition 2.3

1
(1) < I(1) = / ﬂ?(rr) < . (7.5.9)
0

Next, consider the mapping

Z

f(@) = = p(z),
|2

where p(t) =e!("). Note that f € C'(D\ {0}), and hence, f is locally quasiconformal
in the punctured unit disk D\ {0} by the continuity of the function K(r), r € (0,1);
see also (7.5.8). Let us calculate its complex dilatation. Set z = re'’ . Then

o 05 9z 3 3 _ 0 df |

dr 9z ar ' 9z or dz Jz
and
of _Of dz [ Of 9T _ . iy Of . iy Of
99 9z 90 T oz oo M o TV as
In other words,
af e W /af 1 9f
g (E T (7.5.10)
and
af v /af 1 df
o 7(5 oY (7.5.11)

Thus, we have that

of _ 1(p() . p0)Y _ pl) 1+K()
_:z( + ): .

Jz rK(r) r 2r K(r)
and
8_{ _ ﬁ(l’(r) B P(V)> _ ezm,M ,1—K(r),
0z 2 \rK(r) r 2r K(r)
i.e.,
40 = Tk = 5 kT
Consequently

Ku(z) = K(|z]), (7.5.12)
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and by (7.5.7)
1
/ @ (Ky(z)) dm(z) = 2n/ O(K(r)) rdr < 27y*I(1) < o
D 0

However,
lim [f(z)] = lim p(t) = &/© =1,
z—0

t—0
i.e., f maps the punctured disk D\ {0} onto the ring 1 < || < R =¢!(!),

Let us assume that there is a homeomorphic ACL solution g of the Beltrami
equation (B) with the given . By the Riemann theorem, without loss of generality,
we may assume that g(0) = 0 and g(D) = D. Since both f and g are locally
quasiconformal in the punctured disk D\ {0}, then by the uniqueness theorem for
the quasiconformal mappings, f = hog in D\ {0} where £ is a conformal mapping
in D\ {0}. However, isolated singularities are removable for conformal mappings.
Hence, h can be extended by continuity to O and, consequently, f should be so.
Thus, the obtained contradiction disproves the assumption (7.5.5). a

Remark 7.7. Theorems 2.3 and 7.8 show that each of the conditions (2.8.12)—
(2.8.17) in the existence theorems for the Beltrami equations (B) with the integral
constraints (7.5.1) for nondecreasing convex functions @ is not only sufficient, but
also necessary.

7.6 Representation, Factorization, and Uniqueness Theorems

The following proposition is easily obtained by Stoilow’s factorization theorem; see,
e.g., [240], and also Proposition 2.4.

Proposition 7.1. Let it : D — C be a measurable function with |1 (z)| < 1 a.e. such

that

1)
1—|u(z)]

Then every (continuous) discrete and open ACL solution g of the Beltrami equation
(B) has the representation

Ku(z) € L. (7.6.1)

g=hof, (7.6.2)

where f is a homeomorphic Wlé’cl solution of (B) and h is a holomorphic function in

f(D).

Iwaniec and Sverdk [118] showed that, if K, € Llloc, then every Wlloz solution g
of (B) has the representation g = ko f for some holomorphic function 4 and some
homeomorphism f. Iwaniec and Martin have constructed ACL solutions for the
Beltrami equation which are not in Wlé’cz and not open and discrete and, thus, have

no such representation (7.6.2); see, e.g., [116].
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1
loc>

then either the Beltrami equation (B) has a homeomorphic Wlé’c1 solution or has
no continuous, discrete, and open ACL solution. Note that, for every p € [1,00),
there are examples of measurable functions i : C — C such that |u(z)| < 1 a.e. and
Ku(z) € Lﬁ)c, and for which the Beltrami equation (B) has no homeomorphic ACL
solution; see Proposition 5.4.

Remark 7.8. As a consequence of Proposition 7.1, we obtain that if K, € L,

Another type of condition for the uniqueness of a homeomorphic ACL solution
can be obtained by imposing some conditions on the “size” of the singular set of u.
This will be done in Lemma 7.3 and Theorem 7.9 below.

Recall that the singular set Sy, of pt : D — C is defined by

Sy = {z €D:lim [[Kylli-s(ce)) = °°}- (7.6.3)

Obviously, the set S, is closed relatively to the domain D.
Now, let (X,d) be a metric space and H = {h.(r)}xecx a family of functions
hy: (0,px) — (0,00), py > 0, such that i,(r) — 0 as r — 0. Set

L(X) = inf X hy (1), (7.6.4)

where the infimum is taken over all finite collections of x; € X and r; € (0,p) such
that the balls

B(xg,ri) ={x e X :d(x,x) <ry} (7.6.5)
cover X. The limit
Ly(X) : = lim Lf(X) (7.6.6)
p—0

exists. We call Ly (X) the H-length of X. In the particular case where h,(r) = r for
all x € X and r > 0, the H-length is the usual (Hausdorff) length of X.

Lemma 7.3. Let i : D — C be a measurable function with |(z)] < 1 a.e. and
Ky € Ll .. Suppose that for every zo € D there exist € = 8(z0) < dist(z9,dD) and
a one-parameter family of measurable functions Y, ¢ : (0,00) = (0,00), € € (0,8),
such that

&
0 < Ly(e): = /1;/10780) dr < oo, €€(0,8), (7.6.7)
€
and such that
KL (e20) V2 (o0l dm(@) = o (B () (768)

e<|z—z0|<&

as € — 0. Let fy, be a strong ring solution of (B).
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If the singular set S, is of H-length zero for H = {hy(r) }yes, with

2
hy,(r) =exp (_a)—7(rr)> . 20€Su, re(0,6(z0)), (7.6.9)
20
where
1
@) = 75 [ ki) v2 el al) d(a), (7.6.10)

Ae)

then every homeomorphic ACL solution g of (B) has the representation g = ho f;
for some conformal mapping h in f, (D).

Proof. If Ly(Sy) = 0, then Sj, = fu(Sy) is of length zero by Corollary 6.6.
Consequently, SL does not locally disconnect f (D) (see, e.g., [259]), and hence,
G =D\ Sy is a domain. The homeomorphisms g and f,, are locally quasiconformal
in the domain G and hence h =go f;/ !'is conformal in the domain f, (D) \SL Since
S/ﬂ is of length zero, it is removable for 4, i.e., & can be extended to a conformal
mapping in fy (D) by the Painleve theorem; see, e.g., [40] or [68]. O

Theorem 7.9. Let 1 : D — C be a measurable function with |1L(z)| < 1 a.e. and
K, € L} .. Suppose that every point zo € D has a neighborhood U, = B(z,,6(z0))
for some 0 < 8(z9) < dist(z9,dD) and a measurable function Qv,(z) : Uz, — [0, 0]
such that

Kl (z,20) < Qz(z) aeinU; (7.6.11)
and
3(z0) 0
= oo, (7.6.12)
t‘Zzo(t)

where q(t) is the mean value of Q. (z) over the circle |z —zo| =1t. Let f, be a
strong ring solution of (B).
If the singular set Sy, has H-length zero for H = {hy(r)}; es, where
d(z0) dt
hy(r) = exp | — / —— |, 20€8u, re(0,6(z0)), (7.6.13)
) 14z (1)

then every homeomorphic ACL solution g of (B) has the representation g = ho f
for some conformal mapping h in f (D).

Proof. Theorem 7.9 follows from Lemma 7.3 with

1 2 Y 07 9
Vape(t) = y(t) 0 = { 0/ [1g2,(1)] i, tiérw‘f;’g (7.6.14)
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where gy = 0(zo) because

)
0(z)- l//zzo(lz—zo|) dm(z) = ZR/WZO(t) dr. (7.6.15)
£<\zf.zo\<£0 £
O
Remark 7.9. Let the functions O, (z) satisfies the condition
M, = ]{] ®(0y(2)) dm(z) < oo (7.6.16)
20
and the singular set Sy, be of H-length zero for H = {hy,(r) };,es, with
(z)
1 [ dr
hy(r) : =exp| —= / —— | 20€Su, r€(0,6(20))- (7.6.17)
2 g Ty (1)
e,

<0

Here, @, (7) stands for convex increasing functions satisfying one of the conditions
(2.8.12)—(2.8.17). Then by Lemma 6.2, every homeomorphic ACL solution g of the
Beltrami equation (B) has the Stoilov representation g = ho f;, with a conformal

mapping & in fy, (D).

Corollary 7.14. Let it : D — C be a measurable function with |11(z)| < 1 a.e. and
K, € Llloc. Suppose that every point zo € D has a neighborhood U, where (7.6.11)
holds with a function Q,(z) of finite mean oscillation at zg in the variable z. Suppose

also that the singular set of Sy is of H-length zero for H = {hy,(r) }zyes,,

—B(z0)
hyy(r) = <10g@> ., 20 €Sy, re(0,8(z0)), (7.6.18)

where 8(z0) < dist (z0,9D) and 2B(z0) = (q(z0) +6d(z0)) ', q(z0) is the mean
value of Q,(z) over D(z9,0(z0)/2) and d(zo) is the maximal dispersion of Q(2)
in D(z0,0(z0)/2). Let f, be a strong ring solution of (B).

Then every homeomorphic ACL solution g of (B) has the representation g =
ho fy for some conformal mapping h in fy (D).

Corollary 7.14 follows immediately from Lemmas 5.3 and 7.3.

Remark 7.10. In view of Remark 2.2, if the condition

0" (z0) : = Tm 4 Q) am3) < = (7.6.19)

€20 JD(z9,6

holds for all zy € D, then one may take f(z) = y/Q*(z) in (7.6.18) for any y < 1/26.
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On the basis of Lemma 7.3, for every existence theorem in the previous
sections, one can formulate the corresponding uniqueness theorem in the spirit of
Theorem 7.9.

7.7 Historical Comments and Final Remarks

To compare our results with earlier results of other authors, we give a short survey.

The first investigation of the existence problem for degenerate Beltrami equations
with integral constraints (7.4.9) as in Theorem 7.7 was conducted by Pesin
[185], who studied the special case where @(t) = e — 1 with o > 1. Basically,
Corollary 7.13 is due to Kruglikov [133]. David [70] considered the existence
problem with measure constraints

{zeD: Kyz) > t}| < o(t) Vie[l,») (7.7.1)

with special @(t) of the form a-e ” and Tukia [254] with the corresponding

constraints in terms of the spherical area. Note that under the integral constraints
(7.4.9) of the exponential type @(r) = oeP’, o > 0, the conditions of David and
Tukia hold. Thus, the latter results strengthen the Pesin result.

By the well-known John—Nirenberg lemma for functions of the class BMO,
the David conditions are equivalent to the corresponding integral conditions of
exponential type; see, e.g., [212]. More advanced results in terms of FMO can be
found in [217] and [220].

The next step was made by Brakalova and Jenkins [56], who proved the existence
of ACL homeomorphic solutions for the case of the integral constraints (7.4.1), as
in Theorem 7.6 with K, (z) instead of K (z,20) and with

t+1
D, (t) = () = exp (m) (7.7.2)
2

Note that, for the case in [56], the condition (2.8.12) in Theorem 2.3 (see also
Corollary 7.8) can be easily verified by the calculations

1 logtd 11
logd(r) = -——2— ~ —— 1 — oo, 7.7.3
(log®(1)) 2 (1 +log 57~ 2logr ast — (7.1.3)

Moreover, it is easy to verify that @”(r) > 0 for all 1 > T under large enough T €
(1,0), and thus, @ is convex on the segment [T, <]; see, e.g., [53] and Remark 7.5.

Later on, Iwaniec and Martin proved the existence of solutions in the Orlicz—
Sobolev classes for the case where

@, (1) = O(t) = exp (HPItOgt) (1.7.4)
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for some p > 0 (see, e.g., [116, 117]) for which

log ¢t P
log®(r)) = L2222 P oo 7.7,
(log ®(1)) (1+1logr)>  logt wr= e (7.7.5)

cf. Corollary 7.11. Note that in both cases (7.7.2) and (7.7.4)
D) >+t V> e [l). (7.7.6)
It is splendid that in the case of
D, (1) = (1) = exp pt, (7.7.7)

uniqueness and factorization theorems for solutions of the Beltrami equations of the
Stoilow type were established; see, e.g., [26] and [70].

Corollary 7.7 is due to Gutlyanskii, Martio, Sugawa, and Vuorinen in [98] and
[99], where they have established the existence of ACL homeomorphic solutions of
the Beltrami equation (B) in W\, s = 2p/(1 4 p), under K, € L”_ with p > 1 for

D, (t) = D(t) : = expH(1), (7.7.8)

with H(t) being a continuous nondecreasing function such that @(r) is convex and
[ dr
| / H(D) 5 = = (7.7.9)
1

It was one of the most outstanding results in the field of criteria for the solvability
of the degenerate Beltrami equations, as it is clear from Theorem 7.8; see also
Remark 7.7.

Subsequently, the fine theorems on the existence and uniqueness of solutions in
the Orlich—Sobolev classes were established under condition (7.7.9) with smooth
H and the condition tH’ (t) > 5; see Theorem 20.5.2 in the monograph [26],
cf. Lemma 7.2, see also Remark 7.6 above. However, we have not found [99] in
the reference list of this monograph. The theorems on the existence and uniqueness
of solutions in the class Wkl)f were also established earlier for K, (z) < Q(z) € Wkl)f
in [158].

Recently, Brakalova and Jenkins have proved the existence of ACL homeomor-
phic solutions under (7.4.1), again with K, (z) instead of K| (z,20), and with

@, (1) = D(1) = h(#) (7.7.10)
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where they assumed that 7 is increasing and convex and k(x) > C;x' for any [ > 1
with some C; > 0 and

dt
1/ i) oo; (7.7.11)
see [57]. Note that the conditions A(x) > C; Xl for any / > 1, in particular, under
the above subexponential integral constraints (see (7.7.6)) imply that K}, is locally
integrable with any degree p € [1,0); see Proposition 2.4.

Some of the given conditions are not necessary, as is clear from the results in
Sect. 7.4 and from the following lemma and remarks:

Lemma 7.4. There exist continuous increasing convex functions @ : [1,00) — [1,00)
such that

dr
/10g<1>(t) 5= (7.7.12)
1
log @ (¢t
limint 2220 _ (7.7.13)
1—o0 logt?
and, moreover,
D(t)>t Vie]l,eo). (7.7.14)

Note that the examples from the proof of Lemma 7.4 below can be extended to
[0,00] by @ () =1 for ¢ € [0,1] retaining all the given properties.

Remark 7.11. The condition (7.7.13) implies, in particular, that there exist no
A >1,C; >0and T; € [1,0) such that

@) >C -1 Ni>T. (7.7.15)

Thus, in view of Lemma 7.4 and Theorem 7.7, none of the conditions (7.7.15)
is necessary in the existence theorems for the Beltrami equations with integral
constraints of the type (7.4.9).

In addition, for the examples of @ given in the proof of Lemma 7.4,

limsup log @(t) _ (7.7.16)

{300 logt

cf. Proposition 7.2 below. Finally, all the conditions (2.8.12)—(2.8.17) from
Theorem 2.3 hold simultaneously with (7.7.12) because the increasing convex
function @ is absolutely continuous.

Proof. We use a known criterion which says that a function @ is convex on an open
interval / if and only if @ is continuous and its derivative @’ exists and is nonde-
creasing in I except for a countable set of points in /; see, e.g., Proposition 1.4.8
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in [53]. We construct @ by induction, sewing together pairs of functions of the two
types @(¢) = o+ Bt and y(t) = ae” with suitable positive parameters a, b, and f3
and possibly negative o.

More precisely, set @(r) = @;(r) for t € [1,7] and @(r) = y;(t) for t €
[vf,71], where @1(t) =1, 7f = e, y(t) = e (¢ Ve', 9 = e+ 1. Let us assume
that we have already constructed @(¢) on the segment [1,%,] and hence that
@(t) = a,e”" on the last subsegment [y, 7] of the segment [y, 1,7,]. Then we
set ©u+1(¢) = Qi1 + Bur1t, where the parameters o, and f3,,; are found from
the conditions @, (%) = @ (%) and @), (%) > D' (% —0), i.e., Opy1 + Brr1Vn =
ane” % and B,y > ayb.e?’. Let Bui1 = anbne®, o1 = ane® % (1 —byy),
choose a large enough ¥, | > ¥, from the condition

1
10g (01 + Bu1%s1) < <1+;>10g Vi (7.7.17)

and, finally, set @(t) = @,1(t) on Y, ¥y ]-
Next, we set ¥, 1(f) = a,,Heb"“t, where parameters a,. and b, are found

'fromtheconditionsthat Vi1 (Y1) = @ar1(y,,) and 1//,’l+1(7f;+1) > (pr’lﬂ(jfnkﬂ),
ie.,

1 og Opy1 + ﬁnJrl')c:Jrl

by = 1 (7.7.18)
" ﬁ+1 an+1
and, taking into account (7.7.18),
byt > B (7.7.19)

Opy1 + ﬁnJrl')C:Jrl .

Note that (7.7.19) holds if we take small enough a,, 1 > 0 in (7.7.18). In addition,
we may choose here b, | > 1.

Now, let us choose a large enough ¥, withe ™'y, | > Yp41 from the condition
that

log i1 (6 %s1) = e g, (7.7.20)
ie.,
log ans1 + bayie Yur1 > € g (7.7.21)

Note that (7.7.21) holds for all large enough 7,4 because b,; > 1, although
loga,+1 can be negative.
Setting @ (1) = Y, 1(¢) on the segment [y, |, ¥,11], we have that

log®@(r) >t Vrele Wi, Yo, (7.7.22)

where the subsegment [e ™' ,1.1, %+1] C [, Y1) has logarithmic length 1.
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Thus, (7.7.14) holds because by construction, @(z) is absolutely continuous,
®(1) =1 and @'(z) > 1 for all 7 € [1,e0); the equality (7.7.12) holds by (7.7.22);
(7.7.13) by (7.7.14) and (7.7.17); (7.7.16) by (7.7.22). O

Remark 7.12. Tf we take B, = 1 for all n = 1,2,..., 01 = b,e”% —y, and
arbitrary ¥, | > %.+1 in the above construction in Lemma 7.4, we obtain examples
of absolutely continuous increasing functions @ which are not convex but satisfy
(7.7.12), as well as all the conditions (2.8.12)—(2.8.17) from Proposition 2.3, and
(7.7.14).

The corresponding examples of nondecreasing functions @ which are neither
continuous, nor strictly monotone, nor convex in any neighborhood of oo, but
satisfy (7.7.12), as well as (2.8.12)—(2.8.17), and (7.7.14), are obtained in the above
construction if we take P,y = 0 and 04,41 > ¥, such that 0,41 > @(y,) and

q)(t) = 0y, forallz € (Ynaﬁ+1]u Vnk+1 = Olpy1-

Proposition 7.2. Let @ : [1,00) — [1,00) be a locally integrable function such that

T d
/ logCD(t)t—zt — o, (7.7.23)
1
Then
(0]
lim sup gf) = VAeR (7.7.24)
f—soo t

Remark 7.13. In particular, (7.7.24) itself implies the relation (7.7.16). Indeed, we
have from (7.7.24) that there exists a monotone sequence f,, — oo as n — oo such that

O(ty,) >t n=1.2,..., (7.7.25)
ie.,

log @ (1,

02 (1) >n n=12,.... (7.7.26)

logt,

Proof. 1t is sufficient to consider the case A > 0. Set H(t) = log®(¢), i.e., @(t) =
ef1) Note that e* > x"/n!forall x >0and n=1,2... because e* = Y~ (x"/n!.
Fix A >0andn > A. Theng: = A/nbelongs to (0,1) and

1) < (20) g

14 tl

Let us assume that

C: = limsup % < oo, (7.7.27)

f—>o0 A
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Then

=3

dr — 1 dr 2 YCnl _
A AN

1—q ti-4

2 y/Cn! -
1—q N4

for large enough A > 1 > 0. The latter contradicts (7.7.23). Hence, the assumption
(7.7.27) was not true, and thus, (7.7.24) holds forall A € R. O

Remark 7.14. Lemma 7.4 shows that, generally speaking, limsup in (7.7.24) cannot
be replaced by lim for an arbitrary A > 1 under the condition (7.7.23) even if @ is
continuous, increasing and convex.



Chapter 8
On the Dirichlet Problem for Beltrami
Equations

8.1 Introduction

Boundary problems for the Beltrami equation (B) are due to the famous dissertation
of Riemann who considered a particular case of analytic functions when 1 (z) =0
and to the works of Hilbert (1904, 1924) who studied the corresponding system of
Cauchy-Riemann for the real and imaginary parts of analytic functions f = u +1iv,
as well as to the work of Poincaré (1910) on rising tides.

For further commentary on the history of the question, see Chap.4 of the mo-
nograph [263] where the Dirichlet problem was studied for the uniformly elliptic
Beltrami systems; see also the work [71]. Recent results on the existence of regular
homeomorphic solutions for degenerate Beltrami equations (see, e.g.,in [49,99,105,
117,159, 165, 215, 219, 220]) and the development of the theory of the boundary
behavior of regular homeomorphisms make it possible to proceed further in the
domain of the existence of regular solutions of the Dirichlet problem; see the two
previous chapters of the present monograph. Here, we mainly follow the original
papers [76] and [77].

The concept of a ring Q-homeomorphism at inner points was first introduced and
used to study degenerate Beltrami equations (B), in [215], and at boundary points in
[222]. The papers [215] and [219] contained a series of theorems on the existence of
solutions of (B) which are ring Q-homeomorphisms at every point zg € D possibly
which Q(z) < 1 on a set of a positive measure.

The problem of the local and boundary behavior of Q-homeomorphisms has been
studied in R", first in the case Q € BMO (bounded mean oscillation) in the papers
[163-165], and then for the case Q € FMO (finite mean oscillation) and other cases
in the papers [113, 114, 207]; see also the monograph [165]. In the paper [225],
ACL and differentiability a.e. for Q-homeomorphisms in R”, n > 2, was established

whenever Q € Llloc. Moreover, it was shown there that such Q-homeomorphisms f

belong to the Sobolev class Wl(l)‘c1 and J¢(z) # 0 a.e.

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 153
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6_8,
© Springer Science+Business Media, LLC 2012
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8.2 Characterization of Ring Q-Homeomorphisms
at the Boundary

Below, we use the standard conventions: a/ee = 0 for @ # e and a/0 = e if a > 0
and 0o = 0; see, e.g., [224]. SetD = {z € C : |z| < 1}.

Lemma 8.1. Let O : D — [0,e] be a measurable function. A homeomorphism
f:D — Dis a ring Q-homeomorphism at a point 7o € dD if and only if

M (A (fC},[C5,f(AND))) < / 0(2)-1%(j2— 20|) dm(2) 8.2.1)
AND

forevery ring A=A(zo,r1,12) ={z€C:rn <l|z—2|<n}0<rn<r<rn<2,
where C; = S(z0,r1) ND and C; = S(zo,r2) ND are boundaries of the ring A =
A(zo,r1,1r2) in D, and for every measurable function 1 : (ry,r2) — [0, 0] such that

r2
/ n(r)dr > 1. (8.2.2)

r

Proof. Indeed, the family of paths A(fCj, fCy, f(AND)) minorizes every family
A(fCy, fC1, D), where Ciand C, are arbitrary continua in D belonging to the
different components of the complement of the ring A, and thus

M(A(fCy, fC, D)) <M(A(fCT, fCy, F(AND)));
see, e.g., 6.4 in [258]. Consequently, (8.2.1) implies that
M (A(fCy, fCr, fG)) < / 0(2) - n*(]z—z0|) dm(z) . (8.2.3)
AND

Let us show that (8.2.1) holds for every ring Q-homeomorphism f : D — D at
the point zo. For this goal, take in (8.2.3) expanding sequences C; = C] and
C, = (5 of closed arcs which exhaust the open arcs C} and C3, respectively. Then
A(fCY, fC5,D) =U,—1 A(fCY, fC, D) and, consequently (see, e.g., [272]),

M(A(fCY, fG3, D)) = lim M(A(fCY, fC3, D).
Thus, (8.2.3) also implies (8.2.1) because

A(fCT, fG, f(AND)) CA(fCY, G5, D). O

Lemma 8.2. Let Q: D — [0,00] be a measurable function and let f: D — D be a
ring Q-homeomorphism at a point zy € dID. Then
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r2 d
M (A (fC},fC3,f(ANDY))) < / m 8.2.4)

Jor every 0 <'ri < ry <2, where ||Q1(r) = [,, Q(2)|dz] is the norm in L' of the
function Q over the arcs Y, = DN S(z0,r), r € (r1,r2), Cf = S(z0,71) NID and
C; =8(z0,2)ND,A={z€C:r <l|z—2z0| <12}

Proof. Set
/rz dr
b Q11 (r)

Without loss of generality, we may assume that I # 0 because otherwise (8.2.4) is
trivial and that I # oo because otherwise in (8.2.4) we can replace Qs(z) by Q(z) + 6
with an arbitrarily small 6 > 0 and then take the limit as 6 — 0 in (8.2.4).

Let [ # oo. Then ||Q]|i(r) # 0 a.e.on (r;,r2). Set

. te(rn,n),
f Q( )ldz]
yit) = )
0, t ¢ (rl,rz).

Then, by the Fubini theorem applied to the polar coordinates centered at the point
Z0, we have

0(z) - v (lz—z0]) dm(z / (8.2.5)

SR eIz
AND

Ty
Let I" be the family of all paths joining the circles C} and C; in AND. Let also
y* be a Borel function such that y*(z) = y(¢) for a.e. t € [0,0]. Such a function

v exists by the Lusin theorem (see, e.g., 2.3.5 in [83] and [224], p. 72). Then the
function

p(z) =y (lz—2l)/1

is admissible for the family I" and, according to relation (8.2.5), for every ring
Q-homeomorphism at the point zo, we have that

—1
MUT) < [ 06)-pHc) dm(s) = <f W) -0

The following lemma shows that inequality (8.2.4), generally speaking, cannot
be improved for ring Q-homeomorphisms:

Lemma 8.3. Let O : D — [0,0| be a measurable function and let zo € dD. Set

1
Mo(r) = —————

F o
111 (r) | Tol®
r
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where ||0||1(r) = [ Q(z)|dz] and v, = DN S(z9,7). Then
Yr

Fig) = J ot amr = ] oce-ai o

AND
(8.2.6)
Sor every function 1 : (ry,r2) — [0,°0| such that

/ n(r)dr =1. (8.2.7)

Proof. Set

_]2 _dr
J el

If I = oo, then the left-hand side in (8.2.6) is equal to zero and the inequality is
obvious. If I = 0, then ||Q||(r) = = for a.e. r € (r;,r2), and both sides in (8.2.6)
are equal to eo. Hence, we may assume further that 0 < I < . Then it follows from
(8.2.6) that ||Q||1(r) # 0 a.e. in (r1,r2). By (8.2.7), n(r) # e a.e. in (ry,r2). Setting

1

o(r) = ([l (r)n(r), w(r)zm,

we have that

a.e.in (r,ry). Set

/ 0(2) n*(|z—z0|)dm(z) = /(XZ(V)-W(V) dr.

AND r

By Jensen’s inequality with weights w(r) (see, e.g., Theorem 2.6.2 in [196])
applied to the convex function ¢(¢) = ¢ and to the probability measure

1
E) = T/W(r)dr, ECQ,
E

we obtain that
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where we have also used the fact that n(r) = a(r) w(r) satisfies relation (8.2.7) and

:]2 _dr
J Tel()

Thus,

]2 dr
J Tel®)

and the proof is complete. O

Theorem 8.1. Let Q : D — [0,00] be a measurable function. A homeomorphism
f:D — Dis a ring Q-homeomorphism at a point 7o € dD if and only if

M (A(fCT, fC5, f(DNA)) / ||Q||1 (8.2.8)

for every 0 < ri < ry <2, where ||Q|1(r) = [, Q(2)|dz| is the norm in L' of the
function Q over the arcs ¥, =D NS(zo,7), r € (r1,r2), Cf = S(z0,r1) "D and
C; =58(z0,r2) D, A={z€C:r <|z—2z20| <r}.

Remark 8.1. Note that the infimum from the right-hand side in (8.2.3) yields the
function

1

Mo(r) = —————
el () f 1o
r

8.3 The Regular Homeomorphisms

A homeomorphism f of the Sobolev class Wl(l)’c1 is called regular if its Jacobian
Jr(z) = |£2|* = | fz]> > 0 a.e. Every regular homeomorphism satisfies some Beltrami
equation (B) with complex coefficient u(z) = us(z) = fz/ f-.

Lemma 8.4. Ler f: D — D be a regular homeomorphism and let 7o € dD. Then

-1

M (A (fCy, fC5, f(DNA)) / HKT||1 (8.3.1)

for 0 <ri <ry <2, where ||K[|i(r) = Iy K} (z,20)|dz| is the norm in L' of the
function Kﬁ(z,z()) over the arcs ¥, = DN S(zp,r), r € (r1,r2), Cf = S(z0,r1) ND
and Cy = S(z0,r2)ND,A={z€C:r <|z—2z0| <12}
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Proof. Set I' = A(fC},fC;,f(AND)). Consider the quadrilateral R =
{zeD: ry <|z—2z0| < r2}. Then there is a conformal map & mapping fR onto
acircle semiring R = {w: 1 < |w| < L, Imw > 0}. Let I'"* be the family of all paths
joining the boundary components |w| = 1 and |w| = L of the semiring R'. Then, in
view of the conformal invariance of the modulus, M(I"'*) = M(I"). Thus,

where w = u +iv.

For g = ho f, we have that g € Wl(l)’c1 (f(AND)), and hence, g is a.e. absolutely
continuous and differentiable a.e. on 7, for a.e. r € (r1,r); see, e.g., 1.1.7 in [169].
Note that

J dud 2
/ / Jelztre®) rdrde < [Sr_ T (8.3.2)

|g(zo+ rei®)? J |wPF M)
0 ( R
where 0 (r) and Gz(r) are the angular coordinates of the ends of the arcs ¥, and
Jg is the Jacobian of g. The replacement of variables is correct in view of Lemma
MI1.3.3 in [152].

Now, we have

0,(r)

2 .
|dg(z)| lgo (zo +re'?)|

7r</dargg </d10gg = -
| | | = Ig(Z)I g |g(z0 + rei®)|

Y 0,(r

fora.e. r € (r1, ) and, applying the Schwartz inequality (see, e.g., Theorem 1.4 in
[29]), we obtain that

(") ?
2 < g0 (20 + re'”)|
N |g(z0+ re19)|
91 r
0x(r) 2 6>(r)
|g 20+ rei?)| J(zo +re'?)
< do [ DT ) 4
J(o+re®) ) g(zo+rei®)?
01(r) 01 (r)
ie.,
v +
7( Z re
02(r) / 8(z O—i— rei® |2 a0
f g (z0+rel?)[? de 6, (r) 0
rl(z 0+re‘9)

01 (r)
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Integrating both sides of the last inequality over r € (r1,r;) gives

2 ry 6x(r) .
d J i0
/ (r> r S ﬂ*z/r / Lrele)zde dr. (833)
" i o (zo+relf)| a6 hoelr lg(zo + rei®)]

. J i0
o () rJ(zo+re'?)

Combining (8.3.2) and (8.3.3), we have that

-1

M) < / dr (8.3.4)
62(r) 102
r f ‘gQ(ZO‘Fre‘ )‘ 9
6,(r) rl(zp+rel?)
and by (2.7.7) we obtain (8.3.1). a

Now, combining Lemmas 8.1, 8.2, and 8.4, we obtain following conclusion:

Theorem 8.2. Let f: D — D be a regular homeomorphism of the Sobolev class
U Then f is a ring Q-homeomorphism at every point zo € D with 0(z) =

W )
K, (z,20), 0 = Wy.

loc

Corollary 8.1. Every regular homeomorphism f : 1D — D of the Sobolev class Wkl)’c1
is a ring Q-homeomorphism at each point zo € 0D with Q(z) = Ky (z), 1L = Uy.

8.4 On Extension of Regular Homeomorphisms
to the Boundary

In what follows, for a point zgp € D and a mapping f : D — D, we denote
C(z0,f) = {w €Ciw=lim f(z1),20 — ZO};

C(z0, f) is called a cluster set of f at z.

Lemma 8.5. Let f: 1D — D be a regular homeomorphism such that

| Khz) ¥ ella= ) dxdy = o e) 341
D(ZO!E)

as € — 0, where 1(z) = Us(z), 20 € ID, D(zp,€) ={z€D: e <|z—2z| < &(20)},
€(z0) € (0,1), and (1) is a family of nonnegative Lebesgue measurable
Junctions on (0, 1) such that
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&
0<1Iy(e) = / Vaell)di < oo Vee (0,2). (8.4.2)

€

Then f can be extended to the point 7y by continuity.

Proof. Let us show that the cluster set E = C(zo, f) is a singleton.

Note that E # 0 in view of the compactness of I and that 9 is strongly
accessible at every point wy € E. Assume that there is one more point w* € E.
Let U = B(wy,rg) := {w € C:lw—wp| < ro}, where 0 < ry < d(wo,w"), and
Dy: ={z€D: |z—z]| < 1/m}, m=1,2,.... Then there exist sequences of
points wy, and w}, € F,, = fD,, that converge to wy and w*, respectively, for which
|[wo —wim| < ro and |wo — wi,| > ro. The points wy, and w}, can be joined by paths
C, in the domains F,,. By the construction,

CnNAdB(wy,ro) # 0

in view of the connectedness of C,,.
Since dD is strongly accessible, there exist a compact set C C D and a number
6 > 0 such that
M(A(C,Cp,D)) > &

for large m because dist(wg,Cy) < |[wo — wi| — 0 as m — . Note that the
set K = f~1(C) is compact as a continuous image of a compact set. Thus,
& = dist(zo,K) > 0. Let I be the family of all paths joining the disk

Be =D(z0,€) :={z€D:|z—z| < €}, € €(0,&),
with the compactum K.

Let y; . be a Borel function such that Y (1) = y;,¢(t) for ae. t € (0,c0),
which exists by the Lusin theorem; see, e.g., 2.3.5 in [83]. Then the function

_ i)/ (g), if 1€ (€,&)
Ne(t) = {07 if 1€R\(e,&)

satisfies the condition
)
/ Ne(t)dr=1.
€
Hence, by Lemmas 8.1, 8.2 and 8.4,

M) < [ 0 )) dn(a)

AND
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where I} = A (fC;, fC;, fA), A = A(z,€,8) = {z€ C: e < |z— 2| < &},
Ci = S(z0,€) ND, and C; = S(z0,8) ND, O(z) = K|} (z,20) - Since I;* < I and,
consequently, fI;* < fIz, we have that M (Iz) < M(I; ) and therefore, M (Iz) — 0
as € — 0 by condition (8.4.1).

On the other hand, for every € € (0,&) and large m, D,, C B, and therefore
Cy C fBg. Consequently,

M(fIe) =2 M(A(C,m; D)) 2 6 >0.

The obtained contradiction disproves the above assumption that the cluster set E is
not a singleton. O
Lemma 8.6. Let f : D — D be a regular homeomorphism with K, € L' (D), where
w=us. Then

C(Zlaf)mC(ZZLf):o VzluzzeaDa ZI#ZZ'

Proof. Set ;= C(zi,f), i=1,2,and 0 = |71 — z2|. Let us assume that E; N E, # 0.
Set Wy = DN Dy and W, = D\ D,, where D| = D(zy, 3) and D, = D(zl,?).
For the function

we have that

and by Corollary 8.1, because K, € L' (D),

M(A(fCy,fCy,D) /Ku 2(|1z—z0]) dm(z) 52 /Ku (z)dm(z) <

AND

for arbitrary continua C; and C; in D belonging to the different components of the
complement of the ring A = A (zl, g, ?) in C.

However, the above estimate contradicts the condition of the weak flatness of the
boundary of the unit disk D if there is wy € E1 N E,. Indeed, wy € fW N fW,, and
there exist paths intersecting any prescribed spheres dB(wy, o) and dB(wy, r..) with
small enough radii r and . in the domains W} = fW; and Wy = fW,. Hence, the
assumption that £1 N E, # @ was not true. O

Corollary 8.2. For every regular homeomorphism f : D — D with K, € L'(D), the
inverse homeomorphism f~' admits a continuous extension to d1D.
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Combining Lemmas 8.5 and 8.6, we obtain the following conclusion:

Lemma 8.7. Every regular homeomorphism f : D — D is extended to a homeo-
morphism f : D — D provided that K, € L' (D) and K}, (z,20) satisfies the condition
(8.4.1) at every point zo € dID, where |1(z) = Us(z).

8.5 Existence Theorems for the Dirichlet Problem

Every analytic function f in a domain D satisfies to the simplest Beltrami equation
fz=0 (8.5.1)

when (1(z) =0. If an analytic function f defined in the unitdisk D= {z € C: |z] < 1}
is continuous in its closure, then by the Schwarz formula

L+zde,

; 8.5.2
T2 ¢ (8.5.2)

7@ =itmf(0)+ 5 [ Ref(Q)
I§l=1

see, e.g., Sect. 8, Chap. III, Part 3 in [111], p. 346. Thus, the analytical function f in
the unit disk D is defined, up to a purely imaginary number ic, ¢ = Im f(0), by its
real part (&) = Re f({) on the boundary of the unit disk.

The Dirichlet problem for the Beltrami equation (B) in a domain D C C is
the problem of the existence of a continuous function f : D — C having partial
derivatives of the first order a.e., satisfying (B) a.e. and such that

lim Ref(z) = @({) V¢ e€aD (8.5.3)

z—¢

for a prescribed continuous function ¢ : dD — R. It is obvious that if f is a solution
of such a problem, then the function F(z) = f(z) +ic, ¢ € R, is also.

The regular solution of the Dirichlet problem (8.5.3) with ¢(§) = ¢, { € 9D,
for the Beltrami equation (B) is the function f(z) = ¢, z € D. If ¢ ({) # const, then
the regular solution of such a problem is a continuous, discrete, and open mapping
f: D — C of the Sobolev class Wl(lj’c1 with its Jacobian J¢(z) = I = |1 #£0ae.
satisfying the condition (8.5.3) and (B) a.e. If D = D, we in addition assume that
Im f(0) =0.

Recall that a mapping f : D — C is called discrete if the preimage of f~!(y)
consists of isolated points for every y € C and open if f maps every openset U C D
onto an open set in C.

In what follows, we prove that a regular solution of the Dirichlet problem (8.5.3)
exists for every continuous function ¢ : dID — R for wide classes of the degenerate
Beltrami equations (B) in the unit disc . The Dirichlet problem in the unit disk is
a model. The case of an arbitrary bounded simply connected domain D in C can be
reduced to the case of the unit disk by using conformal Riemann mapping theorem.
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Lemma 8.8. Let it : D — D be a measurable function. If K, € L' (D) and Kﬁ (z,20)

satisfies the condition (8.4.1) at every point zy € D, then the Beltrami equation
(B) has a regular solution f of the Dirichlet problem (8.5.3) for every continuous
Sfunction ¢ : 0D — R.

Proof. By Stoilow’s factorization theorem (see, e.g., [241]), every continuous open
discrete mapping f : D — C can be presented as

f=hog, (8.5.4)

where g is a homeomorphism of D onto DD and 4 is an analytical function in D.
Hence, we find the regular solution of the Dirichlet problem (8.5.3) in the form
(8.5.4).

Under the condition (8.4.1), by Lemma 7.1 and the Riemann theorem, there is
a regular homeomorphism g : D — D, g(0) = 0, which is a Wl(l)’c1 solution for the
Beltrami equation (B), and g by Lemma 8.7 can be extended to a homeomorphism
of D onto D.

By the Schwarz and Poisson formulas (see, e.g., Sects. 8 and 10, Chap. III, Part 3
in [111]), the analytic function % in (8.5.4) with ImA(0) = O can be calculated in D
through its real part on the boundary:

h(Z)=2L7ri / Refog%é)-%-%. (8.5.5)
gi=1

By Lemmas 5.1 and 8.8 with y ¢(r) = 1/tlog %, we obtain the following:

Theorem 8.3. Let u :ID — D be a measurable function such that K, has the BMO
majorant. Then the Beltrami equation (B) has a regular solution of the Dirichlet
problem (8.5.3) for every continuous function ¢ : dD — R.

Remark 8.2. In particular, we have that if

Ku(2) < 0(z) € W2 (D), (8.5.6)

loc

then the conclusion of the last theorem holds because W% (D) C VMO (D) see,
e.g., [58]. Moreover, in this case f € Wléf (see, e.g., [158]), and the problem has the
unique regular solution for every continuous function ¢ : dD — R.

By Lemmas 5.3 and 8.8, this theorem admits the essential generalization.

Theorem 8.4. Let p : D — D be a measurable function such that K, € L'(D)
and KZ(E,ZO) < 0(z,20), where the function Q(z,z0) belongs to FMO(zy) in z for
all zo € D. Then the Beltrami equation (B) has a regular solution of the Dirichlet
problem (8.5.3) for every continuous function ¢ : dD — R.
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Corollary 8.3. Let u : D — D be a measurable function such that

_ 14u@)
1—u(z)|

Then the Beltrami equation (B) has a regular solution of the Dirichlet problem
(8.5.3) for every continuous function ¢ : dD — R.

K, (z) < Q(z) e FMO (D). (8.5.7)

Corollary 8.4. Let it : D — D be a measurable function with K, € L' (D) such that

— 2
- =22 ()

L2 1 dm(z) < oo Vz0 €D, 8.5.8
B e 1-mEp @ 0 (®.38)

where D(z9,€) = DN B(z0,€), B(z0.€) = {z€ C:|z—z0| < €}. Then the Beltrami
equation (B) has a regular solution of the Dirichlet problem (8.5.3) for every
continuous function @ : JD — R.

Corollary 8.5. Let u :ID — D be a measurable function such that
1 —
ky(e)=0 (log E) Vzo € D (8.5.9)

as € — 0, where k;,(€) is the average of the function Kg (z,20) over D(S(zo0, €),
S(z0,€) = {z € C: |z— 20| = €}. Then the Beltrami equation (B) has a regular
solution of the Dirichlet problem (8.5.3) for every continuous function ¢ : D — R.

Remark 8.3. In particular, the conclusion holds if

1 _
KZ(ZaZO) =0 (log —) as z—z0 Vzo€D. (8.5.10)
|z — 20|

Theorem 8.5. Let i1 : D — D be a measurable function with K,, € L'(D) such that

6(z0)

/—dr VzeD (8.5.11)
- o0 0 5 . .

ITATE

where ||KZH 1(r) = f% Kﬁ (z,20)|dz] is the L' norm of the function Kﬁ (z,20) over the
ares v, = DN S(zo,r) of the circles S(zo,r) ={z€ C:|z—z| =71}, 0< 8(z0) < 1.
Then the Beltrami equation (B) has a regular solution of the Dirichlet problem
(8.5.3) for every continuous function @ : dD — R.
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Theorem 8.5 follows from Lemma 8.8 under the special choice

_ 1/ [they(1)], 1 €(0,8),
t = t —_
Weo.e (1) = yi() {07 t € [gg,0),
where &y = 8(z0) and k;, (¢) is the mean value of K} (z,20) over % = DN S(zo,1).

Remark 8.4. Of course, all the above results on the existence of regular solutions of
the Dirichlet problem for the Beltrami equation (B) can be formulated in terms of
the dilatation Ky, (z) because K} (z,20) < Ky (z). In particular, the latter theorem big

Ky € LP(ID), p > 1, instead of KZ (z,20) can be derived from Theorem 2 in [174] big
applying Lemma 8.7 too. Note also that the boundary behavior of mappings with
bounded Dirichlet integral was studied in Suvorov’s works; see, e.g., [248,249].

8.6 Examples of the Dirichlet Problem

Example 1. Let
Z
p(z) = k(|z]) = (8.6.1)

where k(7) : R — (—1,1) is a measurable function such that

1
1+k(t)dr
— <o Y 0,1 8.6.2
€
and |
1+k(t)dr
J 1—k(1)7_ . (8.6.3)

Then a regular solution of the Dirichlet problem (8.5.3) for the Beltrami equation
(B) can be written in the explicit form

f(Z):ﬁ / Re(ﬂ(C)-gf—z’)g-%, (8.6.4)
¢=1
where
1
a)(z):éexp - 1“:22%7 (8.6.5)

|2

is a regular homeomorphic solution of Beltrami equation (B) with u from (8.6.1);
see Propositions 6.4 and 6.5 in [213].
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Example 2. The example of a complex dilatation t which is given further in (8.6.7)
shows that the Dirichlet problem (8.5.3) for the Beltrami equation (B) has no regular
solution for every ¢ # const, even in the case of u € C*(D\ {0}), K, € L2 (D \
{0}) and K,, € L?(D) for any arbitrarily large p > 1. Moreover, K;; has only one
singularity at zero and none on the boundary JdID.

In the monograph [165], the following simple example of the mapping was given:

g(z) = |—§|(1 +2|%) = e (1+7%), (8.6.6)

z=x+iy = re!’ a € (0, 1), that maps the punctured unit disk Dy = D\ {0} =
{zeC:0<|z| < 1} onto thering A(0, 1,2) ={z€ C: 1 < |z| <2}, and thus, g has
the unremovable singularity at zero.

Let us calculate the complex dilatation of the mapping g. By (7.5.10) and (7.5.11)
note that

9g _9dg dz dg JT_z %
or 0z or 9z ar g 5T
and
% _ox 3 0w 3
90 0z 00 9z 9o T
Thus,
1/ dg .0 el?
Zgzzz(”a—f—lﬁ)27(1+(1+a)r0‘)7
and
_ 1 dg .dg\ ei? o
zgz—§<rz+1%)——7(l+(l—a)r ),
and consequently
_ e o 10—
u) =7 = e et (8.6.7)

Then under « € (0, 1), the dilatation

_ @) 1+ 1
=@l wrr o«

Ku(2) (1+r7%)

has only one singularity as » — 0 and, moreover, K, € L”(ID) for every p < 2/c.
Thus, under o — 0, the degree of integrability of K, can be arbitrarily large.

Moreover, K, € L7 (Do) and u € € (D\ {0}), i.e., f is locally quasiconformal

loc

in the punctured disk Dy.
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It is easy to show that under y from (8.6.7), the Dirichlet problem (8.5.3) for
(B) has no regular solutions f with any continuous function ¢ # const. Indeed,
by Stoilow’s factorization theorem f = A o h, where A is an analytic function and
h is a homeomorphism. However, A is a locally quasiconformal mapping outside
of some discrete set of points M in D)y, because branch points of the analytic
function A are isolated, and satisfies the Beltrami equation (B) a.e. Thus, by the
uniqueness theorem for quasiconformal mappings we have that h|D0\ u=Co g|1D>o\ Mo
where C is a conformal mapping in g(Dy \ M) = g(Do) \ g(M). Note that, since g
is a homeomorphism in D, the set g(M) consists of isolated points and thus is
removable for the conformal mapping C. However, then M is removable for 7 and
h = Cog.Consequently, f = A, og where A, is analytic function.

By the definition, the regular solution f is continuous at zero. However,
g '(w) = 0 as |w| — 1. Thus, A.(w) — f(0) = Ref(0) as |[w| — 1 and by the
Riemann—Schwarz symmetry principle (see, e.g., Theorem 3, Part 3, Chap. 4, Sect. 5
in [111]); A, is extended through the unit circle |w| = 1. Simultaneously, A, (w) =
/(0) on this circle and then A = const (see, e.g., Theorem 2, Part 3, Chap. 3, Sect. 2
in [111]), which is not possible for ¢ # const.

Example 3. The example of the mapping (8.6.6) allows us to construct another
example of a complex dilatation p below in (8.6.8) of the class C*(ID) \ {0} with
Ky € Li; (D), for which the Beltrami equation (B) has no regular solutions of the
Dirichlet problem (8.5.3) under ¢ # const; K, has singularities only on dID.

Note that the relation (8.6.6) allows us to define the homeomorphism w = g(z)
mapping C, = C\ {0} onto C\ D, g(s0) = co; in polar coordinates R = |w| = 1 +r%,
0 = argw = argz = ¥. Consider the mapping

G=jog 'oj,

where j is inversion with respect to the unit circle in C. By the construction,
kK = G(g) maps D onto C and G(g) — e as || — 1. In view of the circle symmetry
of the mapping g,

G=j.og 'ojs,

where j,(¢) = 1/¢ is a conformal mapping.
It is known that

-1 —1
nu“g*l = _Vgog ) ngl = _Iigog )

where L e

_8& _ o 1HU—)r .
= C I+r(to) He(2);

see, e.g., [C(4) in [9]. In view of the latter, Ho—1 = Vo1 and then, by IC(7) and (9)

in [9],

V,(2) :

UG =—pgog o,
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where p = [g| and y = argg. Consequently, we have that

1+ (3-1) 1 1
Kug(5) = a(%p‘l) Tall-p) a(l—[)”

Let us show that the Beltrami equation (B) has no regular solutions f of the
Dirichlet problem (8.5.3) for ¢ # const and yt = pg. Let us assume that there is a
regular solution f. Then, arguing as in Example 2, we obtain that f = Ao G in D,
where A is an analytic function in G(D) = C. However, the cluster set

C(OD,Ref)={weC:w= lim Re f(z4), |za| = 1} = @(9D)

is bounded, and G(g) — oo if and only if |g| — 1. Thus, ReA is bounded and,
consequently, ReA = const by the Liouville theorem for harmonic functions (see,
e.g., Theorem 5, Chap. 5, Sect. 14 in [229]), which is not possible for ¢ 7 const.

8.7 On Integral Conditions in the Dirichlet Problem

On the basis of Corollary 2.7, we derive the following consequence of Theorem 8.5:

Theorem 8.6. Let i1 : D — D be a measurable function with K, € L' (D) and such
that
/ @, (KZ (Z,Zo)) dm(z) < = Vzo€D, (8.7.1)
D(z0)

where D(z0) ={z€D:|z—2z0| < (20)}, 0 < 8(z0) < 1 and @ : [0,00] — [0, 0] is a
nondecreasing convex function that satisfies at least one of the conditions (2.8.12)—
(2.8.17).

Then the Beltrami equation (B) has a regular solution of the Dirichlet problem
(8.5.3) for every continuous function @ : dD — R.

Next, since KZ (z,20) < Ky (z), Theorem 8.6 implies the following simple but
very important consequence:
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Corollary 8.6. Let i : D — D be a measurable function such that

/ ®(Ky(2)) dm(z) < oo, (8.7.2)
D

where @ : [0,00] — [0,00] is a nondecreasing convex function that satisfies at least
one of the conditions (2.8.12)—(2.8.17).

Then the Beltrami equation (B) has a regular solution of the Dirichlet problem
(8.5.3) for every continuous function @ : dD — R.

Remark 8.5. Note that conditions (2.8.12)—(2.8.17) are not only sufficient but also
necessary to have a regular solution of the Dirichlet problem (8.5.3) (under every
continuous nonconstant function ¢ : 91D — R) for all Beltrami equations (B) with
integral constraints (8.7.2). Indeed, by the Stoilow factorization (see, e.g., [241]),
such a regular solution f should have the representation f = ho g, where h is a
conformal mapping and g is a homeomorphic solution of the class Wl(l)’c1 (D) to the
Beltrami equation (B). However, these conditions are necessary for the existence of
such solutions of all Beltrami equations (B) with integral constraints (8.7.2) as it
was shown in Sect. 8.5.



Chapter 9
On the Beltrami Equations with Two
Characteristics

9.1 Introduction

The Beltrami equations of the first type

fr=u@)f 9.1.1)

is the basic equation for the theory of quasiconformal mapping in the complex plane;
see, e.g., [9,30,44] and [152]. The well-known measurable mapping theorem solves
the problem on the existence and uniqueness for the classical case.

The existence problem for the Beltrami equations with two characteristics,

fr=u(@)fr+v()-f 9.1.2)

where [1(z)| 4+ |v(z)| < 1 a.e., was also resolved first in the case of the bounded
dilatations

L+ pE)+[vE)]
1= u@)|=IvE)|"

see Theorem 5.1 in [44]. Recently, in [48], the existence of homeomorphic solutions
of the class Wlé’cs, s € [1,2), for (9.1.2) was stated in the case when K, , had a
majorant Q in the class BMO, bounded mean oscillation, by John and Nirenberg;
see, e.g., [122,200]. Note that L~ C BMO C L for all p € [1,e0). This section is
devoted to the study of more general cases; see [49].

If f: D — C is a homeomorphic ACL solution of the Beltrami equation (9.1.2)
with Ky, v € Wlé’cl (D), then f € Wkl)"c1 (D). Furthermore, if K, , € Wl(l)’cp (D), p€[l,e0],
then f € Wl(l)’cs (D) where s =2p/(p+1); see Proposition 2.4. The condition f~! €

Wl})‘f (f(D)) in the proof of our existence theorems for (9.1.2) further implies that
a.e. point z is a regular point for the mapping f, i.e., f is differentiable at z and
J¢(z) # 0; see Proposition 2.5. Conversely, if f € WL (D), Ky € Ll (D) and

Jr(z) #0ae., then f~' € WL2(£(D)); see, e.g., [105].

Kuv(z) : = 9.1.3)

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 171
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We call a homeomorphism f € Wkl)"c1 (D) a regular solution of (9.1.2) if f satisfies
(9.1.2) a.e. and J¢(z) # 0 a.e. If, in addition, f admits a homeomorphic extension to
C with f(e) =0 and f € Wl(l)c1 (C) which is conformal in C\ D, then we call f a
superregular solution of (9.1.2).

In the classical case, when ||t < I, equivalently, when K, € L(D), every
ACL homeomorphic solution f of the Beltrami equation (9.1.1) is in the class
W,2(D) with f~' € WL2(f(D)). In the case ||u[.. = 1 with K, < Q € BMO,
again ! € Wl(l)’c2 (f(D)) and f belongs to Wkl)’CS(D) for all 1 <s < 2, but already
not necessarily to Wlé’c2 (D); see [212]. However, there is a number of degenerate
Beltrami equations (9.1.2) for which there exist homeomorphic solutions f of the
class Wkl)"c1 (D) with f~! € Wkl)’c2 (f(D)), as shown below.

Later on, we use the notations B(zp,r) : = {z€ C:|z—z| <r} forzgp € C and
r>0,B(r): =B(0,r)and B : =B(1).

9.2 One Convergence Theorem

Our approach in deriving criteria for existence of regular solutions to (9.1.2) is
approximative and based on the corresponding convergence theorems below and
on the Arzela—Ascoli theorem combined with moduli techniques under estimates of
the distance distortion.

The following theorem is a generalization of the convergence result in [44],
Lemma 4.2, where Q was in L*:

Theorem 9.1. Let D be a domain in C and let f, : D — C be a sequence of

homeomorphic Wl(l)’c1 (D) solutions of the equations df, = Updfuy + V0 fu with
|tn (2)|+ [Vu(2)| < 1 a.e. such that

L+ [ (2) [+ [Va ()]

1= [n(2)] = [Va ()]
If fu — f uniformly on each compact set in D where f : D — C is a homeomorphism,
then f € Wl(l)’c1 (D) and df, — df and df, — df weakly in L. (D). Moreover; if in
addition W, — 1 and v, — V a.e., then df = o f + vaf a.e.

< QR)eLL (D)  VYn=1,2,.... 9.2.1)

Proof. By Lemma 2.11, to prove the first part of the theorem, it suffices to show
that df, and df, are uniformly bounded in L. (D) and have locally absolute
equicontinuous indefinite integrals. So, let C be a compact set in D, and let V be
an open set with their compact closure V in D such that C C V,say V = {z € D:
dist(z,C) < r} where r < dist(C,dD). Note that

| 0fu <1 0ful <1 0ful +] 0S| <02(R) -1 (2)  ae.,
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where J, is the Jacobian of f,. Consequently, by the Holder inequality and Lemma
11.3.3in [152]

1/2

[1oflam@) < | [0 dn@) | 140"
E

E

for every measurable set E C C. Hence, by the uniform convergence of f;, to f on C,

12

/ |9, dm(z Qdmz)| | fV) [ 9.2.2)

for large enough 7, and thus, the first part of the proof is complete.

Now, assume that pt,(z) — p(z) and vu(z) — v(z) ae. Set {(z) = df(z) —
W (z)df(z) — v(z)df(z) and show that {(z) = 0 a.e. Indeed, for every disk B with
B C D, by the triangle inequality

/g(z)dxdy < 1(n) + b(n) + I5(n),
B
where
=1 [ (370 -3h2)) dxay
B
= /(u(z)()f(z)—un(z)(?fn(z))dxdy
B
and
)=| [ (ve val2)31:(3)) drdy .
B

Note that /;(n) — 0 because 9 f, — o f weakly in Ll .(D) by the first part of the
proof. Next, I3(n) < I(n) + I§ (n), where

)=| [ V@06~ 0(2)) dxay
B

and

1 (n)

—| [ V@ = vl (2) drdy
B
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Again, by the weak convergence df, — df in L. (D), we have that I}(n) — 0

loc

because v € L*(D). Moreover, given € > 0, by (9.2.2)

/|8fn(z)|dm(z)<8, n=1.2,.... (9.2.3)
E

whenever E is every measurable set in B with |E| < & for small enough § > 0.

Further, by the Egoroff theorem (see, e.g., II1.6.12 in [73]), V,(z) — V(2)
uniformly on some set S C B such that |E| < §, where E = B\ S. Hence |V, (z) —
v(z)| < € on S and, by (9.2.3),

Bn) < e [ 104 am(z)+2 [ 194,(2)| dm)
N E
1/2

<eda+| [o@an) | 1B
B

for some A > 1 and for all large enough n, i.e., 5 (n) — 0 because € > 0 is arbitrary.
The fact that I,(n) — O is proved similarly. Thus, [z {(z)dxdy = 0 for all disks
B with B C D. Finally, by the Lebesgue theorem on differentiability of indefinite
integral (see, e.g., IV(6.3) in [224]), {(z) = 0 a.e. in D. O

Corollary 9.1. Let D be a domainin Cand f,: D — C, n=1,2,..., be a sequence
of quasiconformal mappings which satisfy the equations 5]‘” = Up0 fn+ V0 fy with
| (2)| + [vu(2)| < 1 a.e. and the condition (9.2.1). If f, — [ locally uniformly
with respect to the spherical (chordal) metric, then either f is constant or f is
a homeomorphism of the class WI(I)’C1 (D) and df, — of and df, — df weakly in
L} (D). Moreover, if in addition W, — W and v, — v a.e., then d.f = Lo f +vaf a.e.

loc

Proof. Note that if f satisfies (9.1.2), then f also satisfies (9.1.1) with

f
(@) =@+ V@)
JZ

setting here (. (z) = p(z) at points z € D where f, = 0. Hence, we may apply
to (9.1.2) the first part of Corollary 2.3 in Sect.2.6. Thus, combining it with
Proposition 2.7 and Remark 2.8, we obtain the statement from Theorem 9.1. O

9.3 The Main Lemma

The following lemma is the main tool for obtaining many criteria of existence of
regular solutions for the Beltrami equations with two characteristics:
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Lemma 9.1. Let D be a domain in C and let g4 and v : D — C be measurable
functions with |1 (z)| + |v(z)| < 1 a.e. and K,y € Ll (D). Suppose that for every
20 € D there exist & < dist(z9,0D) and a one-parameter family of measurable
Sfunctions W ¢ : (0,00) — (0,0), € € (0,€&), such that

&
0 < ILy(e) : = /‘Vzms(t) dt < oo, 9.3.1)
t
and such that
/ Kuv(2)- 2 o(lz—z0]) dm(z) = o(I (€)) 9.3.2)
e<|z—z0|<&

as € — 0. Then the Beltrami equation (9.1.2) has a regular solution.

Proof. Setting D, = DNB(n) and

_ [J(Z) ’ ifZEDm Ku,v(Z)Sn
Hnlz) = { 0, otherwise in B(n) ©.3.3)
and
_ V(Z) ) le S Dn, K/,(,v(Z) S n
vala) = { 0, otherwise in B(n) ©.3.4)

we have that K, v,(z) < n in B(n). Then by Theorem 5.1 in [44], there exist
n-quasiconformal mappings @, : B — B with @,(0) = 0 that satisfy the equations
0w, = WU, 0w, + Vv, 0w, a.e., where 11, (z) = l,(nz) and v;; (z) = v4(nz), z € B. Note
that f,,(z) = @.(z/n)/|®,(1/n)| map B(n) onto B(R,) for R, = 1/|w,(1/n)| > 1,
f2(0) =0, |f,(1)] =1 and f, satisfy the equations df, = U,df, + v,df, ae. in
B(n). We extend f, over dB(n) and dB(R,) to C by the symmetry principle. The
latter implies, in particular, that f;,(eo) = eo.

Let I be a family of all paths joining the circles Ce = {z € C: |z —z9| = €} and
Co={z€C:|z—z|=¢} intheringA; = {z€C: e <|z—z0| < &}. Letalso y*
be a Borel function such that y*(r) = y(t) for a.e. t € (0,00). Such a function y*
exists by the theorem of Lusin; see, e.g., [224], p. 69. Then the function

_ J v (lz—zl) /Iy (e), ifz€ A,
Pe(?) = {o, if € C\A,

is admissible for I'z. Hence, by (2.5.6) applied to the restrictions i, = f|a,,
MER S [ K@) pe(a— ) dxdy,
e<|z—z0|<&

and, in view of (9.3.2), M(f,Iz) — 0 as € — 0 uniformly with respect to the
parameter n = 1,2,.... Thus, in view of the normalization f,(0) =0, |f,(1)| =1



176 9 On the Beltrami Equations with Two Characteristics

and f,(eo) = o, the sequence f, is equicontinuous in D by Lemma 2.13 with
S(F)=1/ V2. Consequently, by the Arzela—Ascoli theorem (see, e.g., [73], p. 382,
and [74], p. 267), it has a subsequence, denoted again by f,, which converges
locally uniformly with respect to the spherical (chordal) metric to some nonconstant
mapping f in D. Then by Corollary 9.1, f is a homeomorphic solution of the class
WD) to 9.1.2).

By Corollary 2.4 from Sect. 2.4 it follows that f~! € Wl(l)’cz. The latter condition
implies in turn that f has the N~! property (see, e.g., Theorem IIL6.1 in [152]),
and hence, J¢(z) # 0 a.e.; see Theorem 1 in [189]. Thus, f is a regular solution of

(9.1.2). ad

Corollary 9.2. Let i and v : D — C be measurable functions with |u(z)| +
v ()| <1 ae and Ky € LL (D) and let y : (0,%0) — (0,00) be a measurable

loc
Sfunction such that for all 0 < t; <t < o

1% 1%
0 < /l//(t) dr < oo, /l//(t) dt = oo. 9.3.5)
15 0

Suppose that for every zo € D there is & < dist (z9,dD) such that

Kuw(2)- W2 (12— 2|) dm(z) < O / w(t) dr 9.3.6)

e<|z—zo|<&p €

as € — 0. Then (9.1.2) has a regular solution.

9.4 Some Existence Theorems

Theorem 9.2. Let D be a domain in C and let 4 and v : D — C be measurable
Sunctions with |11(z)| + |v(z)| < 1 a.e. such that

L@V
EMEETE]

Then the Beltrami equation (9.1.2) has a regular solution.

Kuv(2) < 0(z) € FMO(D). 9.4.1)

Proof. Lemma 9.1 yields this conclusion by choosing

1
tlog%

Vepelt) = ; 9.4.2)

see also Lemma 5.3. O
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Corollary 9.3. In particular, if

= L+ |p (@) +[v(2)]
e=0 JB(zp.e) 1 — |[1(2)[ — [v(2)]

dm(z) < e Y z0 € D, (9.4.3)

then (9.1.2) has a regular solution.

Theorem 9.3. Let D be a domain in C and let u and v : D — C be measurable
functions with |1 (z)| +|v(z)| < 1 a.e. and Ky € L (D). Suppose that

loc

3(20) d
/ L e VYgeD, (9.4.4)
) rkz, (1)

where 8(zq) < dist (z0,9dD) and k,(r) is the mean of Ky v (z) over |z—zo| =r. Then
the Beltrami equation (9.1.2) has a regular solution.

Proof. Theorem 9.3 follows from Lemma 9.1 by specially choosing the functional
parameter

1/[tk;, (t)], t€(0,g),
Ve et) = Vo (1) 0 = {0/ ka1 Othe(rwisg (9.4.5)
where g = 0(z9). 0
Corollary 9.4. In particular, if
1
ky(r) = O (log—) as r—0 Y z9 € D, (9.4.6)
r

then (9.1.2) has a regular solution.

In fact, it is clear that the condition (9.4.4) implies the whole scale of conditions
in terms of log, for instance, by using functions of the form 1/(¢log...log1/z).

Remark 9.1. 1If, in addition, the conditions (9.3.2), (9.3.6), (9.4.1), (9.4.3), (9.4.4),
or (9.4.6), setting K, v = 1 outside of D, hold at all points of dD in C, then there
is a superregular solution f of (9.1.2). K, v = 1 in C\ D means in fact that we set
u(z) =0 =v(z) in C\ D. Some sense of the above conditions at e if o € 9D in C
remains to be elaborated.

The enumerated conditions for K v(z) at e should be understood as the
corresponding conditions for Ky, v (1/z) at 0. Of course, all these latter conditions
can also be rewritten explicitly in terms of K}, v (z) itself after the inverse change of
variables z — 1/Z. For example, the main condition (9.3.2) at  has the form

d
Kyo(0)- V2 2(1) ]"T(f) ~o(B(R) asR—e  (947)

Ro<|z|<R
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where

R
0 < I(R): = / Yor(t) di < oo (9.4.8)
Ro

for some measurable functions Ye g : (0,0) — (0,0), R € (Rp,°°).

The concept of finite mean oscillation can also be extended to infinity in the
standard way. Namely, given a domain D in the extended complex plane C, s € D,
and a function ¢ : D — Re, we say that ¢ has finite mean oscillation at o~ if the
function @*(z) = ¢(1/z) has finite mean oscillation at 0. Clearly, by the inverse
change of variables z — 1/Z, the latter is equivalent to the condition

_ dm(z) 1
/|<P(Z)—<PR||Z|4 —0<m), (9.4.9)
|z|>R
where
_ R dm(z)
Pr=— | 0@ T (9.4.10)
[z|>R

Thus, to obtain a superregular solution of (9.1.2), we may assume in (9.4.1) that

0 € FMO(C) in the given sense. In particular, the condition (9.4.3) at o= is rewritten

in the form
dm(z) 1
K —_— = 0 —_— R —> 00, 9.4.11
[ Kt g = 0 () G410
lz|>R

The condition (9.4.4) at e has the form

7 dR
= o 9.4.12
A/RK(R) ( )

for some A > 0, where K(R) is the average of K, v (z) over the circle |z = R. The
condition (9.4.6) at oo is rewritten in the form

K(R) = O(logR) as R— . (9.4.13)

9.5 Consequences for the Reduced Beltrami Equations

The equation of the form

Jz: = A(z) Ref; 9.5.1)
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with |A(z)| < 1 a.e. is called the reduced Beltrami equation; see, e.g., [26,44-47,
265]. Equation (9.5.1) can be rewritten as (9.1.2) with

u(z) = viz) = == (9.5.2)

and then

Kuy(z) = Ky(2) © = % (9.5.3)

Thus, the results of the previous sections give the following consequences for the
reduced Beltrami equation (9.5.1):

Theorem 9.4. Let D be a domain in C and let A : D — C be a measurable function
with |A(z)| < 1 a.e. such that

Ky (z) = % < 0(z) € FMO(D). (9.5.4)

Then the Beltrami equation (9.5.1) has a regular solution.

Corollary 9.5. In particular, if

— 1+]4(2)]
Tim TP dmr) < o Yz ED, 9.5.5
B Tse -T2 @ 2 ©:33)

then (9.5.1) has a regular solution.

Theorem 9.5. Let D be a domain in C and let A : D — C be a measurable function
with |A(z)| < 1 a.e. and K, € Ll (D). Suppose that

loc

8(z0)

=  VzeD, (9.5.6)

where &(zo) < dist(zo,dD) and A (r) is the mean of K (z) over |z—zo| = r. Then
the Beltrami equation (9.5.1) has a regular solution.

Corollary 9.6. In particular, if
1
Ay(r) = O <10g ;) as r—0 V70 € D, 9.5.7)

then (9.5.1) has a regular solution.

Remark 9.2. 1f, in addition, the_ conditions (9.5.4)—(9.5.7), setting K; = 1 outside of
D, hold at all points of dD in C, then there is a superregular solution f of (9.5.1);
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K; = 1in C\ D means that we set A(z) =0 in C\ D. For a sense of these conditions
at oo if oo € dD in C, see Remark 9.1. In particular, the reduced Beltrami equation
(9.5.1) has a superregular solution if a.e. in D

_ 142G

K)(z) = 7o S 0(z) € BMO(C); (9.5.8)

see Theorem 1.2 in [48]. All the above results remain true for the case in (9.1.2)
when

v(z) = u(z) %@ (9.5.9)

with an arbitrary measurable function 6(z) : D — Re and, in particular, for equations
of the form

fr=A(z) Imf; (9.5.10)

with a measurable coefficient A : D — C, |A(z)| < 1 a.e.; see, e.g., [44-47T].

9.6 Existence Theorems with Integral Conditions

We obtain the next significant result immediately from Theorem 9.3 and
Corollary 2.7.

Theorem 9.6. Let D be a domain in C and let 4 and v : D — C be measurable
Sunctions with |11(z)| + |v(z)| < 1 a.e. such that

/ D(Kyy(2)) dm(z) < oo, 9.6.1)
D

where @ : [0,00] — [0, 00] is a non-decreasing convex function. If @ satisfies at least
one of the conditions (2.8.12)—(2.8.17), then the Beltrami equation (9.1.2) has a
regular solution.

Remark 9.3. The condition (9.6.1) can be also localized to neighborhoods U, of
points zo € D with @ = @,  under the same conditions on the functions @,.
If e € D, then the condition (9.6.1) for K, y(z) at e € D should be understood
as the corresponding condition for K}, ,(1/Z) at 0. The latter condition can also be
rewritten explicitly in terms of K, ,(z) itself, after the inverse change of variables
z+—— 1/Z, in the form

/ @u(Kur(2) T < . (9.6.2)



9.6 Existence Theorems with Integral Conditions 181

If the domain D is unbounded, then it is better to use the global condition

/ ®(Ky v (2)) (11’"—@)2 < oo (9.6.3)
D

instead of the condition (9.6.1). The latter means integration of the function @ oK}, y
in the spherical area.

We may assume in the above theorem that the functions @, (r) and @(r) are not
convex and nondecreasing on the whole segment [0, |, but only on a segment [T, o]
for some T € (1,0). Indeed, every function @ : [0, ] — [0,e0] which is convex and
nondecreasing on a segment [T, 0|, T € (0,0), can be replaced by a nondecreasing
convex function @7 : [0,00] — [0, 0] in the following way: We set @r(r) = 0 for all
tel0,T), ®(t)=o(t),t € [T,T.], and @y = D(¢), t € [T, |, where T = ¢(¢) is the
line passing through the point (0, 7') and touching the graph of the function 7 = ®(t)
at a point (7, ®@(T)), T. > T. For such a function, we have by the construction that
Dr(t) < O(r) forall t € [1,00] and Pr(t) = P(¢) forall 1 > T.

From Theorem 9.6, we obtain the following consequence for the reduced
Beltrami equations (9.5.1):

Theorem 9.7. Let D be a domain in C and let A be a measurable function with
|A(2)] < 1 a.e. such that

/ (K, (7)) dm(z) < oo, (9.6.4)
D

where @ : [0,00] — [0,0] is @ nondecreasing convex function. If @ satisfies at least
one of the conditions (2.8.12)—(2.8.17), then the reduced Beltrami equation (9.5.1)
has a regular solution.

Remark 9.4. Remark 9.3 are valid for the reduced Beltrami equation. Moreover, the
above results remain true for the case in (9.1.2) when

v(z) = u(z) %@ (9.6.5)

with an arbitrary measurable function 6(z) : D — R and, in particular, for equations
of the form

fz=A(2) Imf; (9.6.6)

with a measurable coefficient A : D — C, |A1(z)| < 1 a.e.; see, e.g., [44-46].

Next, note that the example following the proof of Theorem 7.8 (see Lemma 7.2)
from a previous chapter for the Beltrami equations of the first type (B) shows that
the conditions (2.8.12)—(2.8.17) are not only sufficient but also necessary for the
Beltrami equations with two characteristics (9.1.2) to have regular solutions.
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Finally, the same is valid for the reduced Beltrami equations (9.5.1) because the

examples in the mentioned theorem had the form

Z

f(@) = = p(zD),

|2

where p () = ¢/®) and

/ dr
) : = O/ g

Indeed, setting z = re'?, we have by (7.5.10) and (7.5.11) that

i _ l(p(r) N p(r)) _ Pl 1+K(0)

aZ o 2 rK(r) r 2r K(}")
and
af _ ﬁ(l)(r) - p(r)) _ o P 1=K(1)
9z 2 \rK(r) r 2r K(r)
_ o 1-K() oz K(jz) -1
MO = R T TR

and, consequently, K; (z) = K(|z]).



Chapter 10
Alternating Beltrami Equation

10.1 Introduction

Roughly speaking, this term refers to equation (B) in the case where u is a
measurable complex-valued function in a domain D in C with |u| < 1 a.e. in parts
of D and |u| > 1 a.e. in other parts of D. With further assumptions on U, every
nonconstant solution f : D — C of (B), i.e., an ACL mapping which satisfies (B)
a.e., is locally quasiregular (and in particular open, discrete, and sense preserving)
in the regions where | 1| < 1 and anti-quasiregular (and in particular open, discrete,
and sense-reversing) in the regions where | (| > 1. These mappings may branch at
some isolated points in D or may have folds and cusps. This leads to the notation
and study of, what we call, folded quasiregular maps (abbreviated as FQR-maps)
and branched folded maps (abbreviated as BF-maps).

A first systematic study of alternating Beltrami equations which started in [233]
and continued in [235,236] revealed new phenomena, which may have applications
in other areas. Earlier results in this subject can be found in [1,75,266,271].

10.1.1 The Geometric Configuration and the Conditions on Ll

Let E be a one-dimensional set in D of two-dimensional Lebesgue measure zero,
such that (D, E) is a locally finite two-color map painted black and white; see Fig. 4.
The local assumption on E says that every point z of E has a neighborhood U such
that ENU is an arc (see Fig.5) or a (finite) star with a vertex at z, i.e., a union
of finitely many arcs, each connecting the point z with JU and which are disjoint
except for their common end point z; see Fig. 6. Below, we will assume that tt : D —
C is a measurable function such that |u| < 1 a.e. in the white regions of D\E and
1/|u| < 1 a.e. in the black regions of D\E.

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 183
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6_10,
© Springer Science+Business Media, LLC 2012
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Fig. 4 A two-color map

Fig. 5 A cross-cut

Fig. 6 A star

10.1.2 A Symmetric Form of the Alternating Beltrami
Equation

In order to include the case w, = 0, we rewrite (B) in a symmetric form:

A(z)w; + B(z)wz; = 0, (10.1.1)
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where A(z) and B(z) are measurable functions in D and 4 = —A/B at points where
B # 0. Then |A(z)| < |B(z)| a.e. in the white regions and |A(z)| > |B(z)| a.e. in
the black regions. With no loss of generality, we may use (B) instead of (10.1.1),
agreeing that i = oo corresponds to B =0 in (10.1.1). We will assume that at every
point of D\E either |A/B| or |B/A| is locally bounded, implying that (10.1.1) is
locally strongly elliptic in D\E. Note that A, B, and g may be continuous on E.
We will be mainly interested in solutions which are branched folded mappings in D.
These mappings are described in the following sections.

10.1.3 Branched Folded Maps

The notion of a branched folded covering (abbreviated as BF-covering) was
introduced by Tucker [253]. However, the class of BF-maps and related classes
of maps were studied earlier by Hopf [109] and others, and in the last 30 years
by Church [62], Church and Timourian [64], Viisidld [259], and others. More
recently, these mappings have appeared in connection with problems in graph theory
(cf. [52]), in the study of light harmonic functions [156], in the study of nonlinear
operators in Banach spaces and elliptic boundary value problems [39, 63], and in
some aspects of singularity theory [20]. Here, BF-maps are defined in a wider sense,
which is more appropriate for the study of alternating Beltrami equations where
smoothness is not assumed.

10.1.4 Definition of BF-Maps

Let X and Y be oriented surfaces. A map f : X — Y is called a branched folded map
(abbreviated as BF-map) if f is discrete, i.e., the points of f~!(y) are isolated in X
for any y in Y, and if there exists a one-dimensional set E in X such that (X,E) is a
locally finite two-color map painted black and white such that f is open and sense
preserving in the white regions and open and sense-reversing in the black regions.

BF-maps according to the classical definition, simplicial maps, open discrete
maps, nonconstant quasiregular maps, and nonconstant holomorphic maps form
subclasses of BF-maps. A BF-map in the classical definition is locally simplicial,
and its critical set looks like the critical set of a BF-map in our definition. The critical
set of a classical BF-map and its image look alike. This need not be the case for a
BF-map in our definition.
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10.1.5 Discrete Maps, Canonical Maps, and Classification
of Critical Points

Let f: X — Y be a discrete map, where X and Y are oriented surfaces, and
let Xy denote the critical set of f, i.e., the set of points where f is not a local
homeomorphism. The critical points of f, i.e., points of X, are classified into three
categories: branch points, folding points, and cusp points.

A critical point is called a branch point if it is isolated in Xy. A critical point
p will be called a folding point if p has a neighborhood U such that f|U is
topologically equivalent to the standard folding map (x,y) — (x,|y|) of R into itself,
where p corresponds to the point (0,0). A critical point which is neither a branch
point nor a folding point will be called a cusp point. The behavior of a map near a
cusp point is not well understood. Only some special cusp points will be classified
and described here.

10.1.6 Branch Points, Power Maps, and Winding Maps

If p is a branch point for a discrete map f : X — Y, where X and Y are as above,
then p has a neighborhood in which f is topologically equivalent to a power map
z — 7% of C for some integer d = d(p) > 1 where the point p corresponds to the
point z = 0 in the map z?. This result follows from the fact that f must be open
in some neighborhood of p (cf. [168], Theorem 2.10) and by a theorem of Stoilow
(cf. [240, 269]). Note that the power map z — z¢ is topologically equivalent to a
winding map g4 of order d, which is defined by

ga(re ) =re¥, dez,.

10.1.7 Folding Maps

A map f: X — Y, X and Y as above, is a proper folding if f is topologically
equivalent to the standard folding (x,y) — (x,|y|) of R*. In this case, X and ¥ must
be simply connected, the critical set Xr is a line, called a folding line, and every
point of X is a folding point. A folding map is defined as a restriction of a proper
folding map g to a domain, say U, such that U N X, is connected.

One may consider folding maps in the following wider sense: f: X — Y is a
folding map along a folding line I, if | is a Jordan arc or a Jordan curve in X, X\/ has
two components X and X, f]X; Ul is a sense-preserving embedding and f|X, Ul
is a sense-reversing embedding. If X C C and Y = C, the definitions agree.
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10.1.8 (p,q)-Cusp Maps and (p,q)-Cusp Points

The simplest cusp point appears as the point (0,0) in Whitney’s canonical cusp
mapping
(x,y) = (x,xy—y").

This map is topologically equivalent to the so-called straight (3,1)-cusp map f3
of C onto itself which is defined by f31(z) = z°/|z|? for Im z > 0 and f3(z) = Z
for Im z < 0. Similarly, the straight (p,q)-cusp map f,, of C is defined for any
positive integers p and g with p = ¢ (mod 2) by z/ /|z|P~" if Im z > 0, and 77 /|z|9 !
if Im z < 0. Then the critical set of f), 4 is the real axis R, the pointz=01is a (p,q)-
cusp point, and every other point on the real axis is a folding point. Also, f, ;(x) = x
for x € R if p and ¢ are odd and f, ,(x) = |x| for x € R if p and g are even. A map
f:D — C is called a proper (p,q)-cusp map if it is topologically equivalent to
the straight (p,q)-cusp map, and the point p in D which corresponds to z =0 is a
(p,q)-cusp point. The restriction of f to a subdomain of D which contains the cusp
point is called a (p,q)-cusp map. Some of these (p,q)-cusp maps are considered in
Lyzzaik [156] in connection with the local behavior of light harmonic maps.

10.1.9 Umbrella and Simple Umbrella Maps

Next, we describe a wider class of cusp points. These are associated with what
are called umbrella maps and simple umbrella maps. Mappings of this type are
considered in [123, 156]. A map f : C — C is called a simple straight umbrella
map if £(0) =0 and f(z) = |z| ¢(z/ |z|) for z # 0, for some continuous piecewise
injective function ¢ : S' — S!, where S' is the unit circle. A mapping f: X — Y
is called a proper simple umbrella map, if f is topologically equivalent to a simple
straight umbrella map. The restriction of a proper simple umbrellamap f: X — Y
to a domain D in X is called a simple umbrella map.

A mapping f: C — C is called a straight umbrella map if f(0) = 0 and
f(z) =1t%(z/|z]) for |z| =t > 0 for some path y: [0,00) — Fj in the space F; of
all continuous and piecewise injective maps of S' into itself of a given degree d,
which has the property that all maps 3 = y(¢) : S' — S!, ¢ € [0,0) have the same
critical points on S'. A mapping f : X — Y is called a proper umbrella map, if f is
topologically equivalent to a straight umbrella map. The restriction of f to a domain
in X is called an umbrella map.

Note that the critical set Xy of a proper umbrella map f is either empty, consists
of a single point, or is a star. In the latter case, the vertex of the star will be called also
the vertex of the umbrella map, and it is then either a folding point or a cusp point.
Also, note that Xy may be a star while its image need not be a star. If, however,
f is a proper simple umbrella map, and if its critical set is a star, so is its image.
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One can show that proper umbrella maps and proper (p,g)-cusp maps are proper in
the usual sense and that the restriction of umbrella, resp. simple umbrella maps to
certain subdomains are proper umbrella, resp. simple umbrella, maps.

Locally, a discrete map or even a BF-map f : D — C need not be equivalent to
any of the canonical maps mentioned above. However, one can see that if E is a free
arc in the critical set Xy of a BF-map f: D — C, and if f (E) is contained in an arc,
then every point z of E has a neighborhood U such that U C D and such that f|U is
either a proper folding map or a proper (p, ¢)-cusp map for some odd integers p and
g which depend on the point z. As for the local behavior of a BF-map f: D — C
at a vertex zo of a star E in the critical set Xy of f, one can show that if f(E) is
included in a star and the image of each arm of E is included in an arm of f(E) and
if f|E is piecewise injective, then the point z has a neighborhood U such that f|U
is a proper simple umbrella map.

10.2 Branched Folded Maps

The main purpose of this section is to study the local behavior of a BF-map at
a critical point. In general, a BF-map need not behave at a critical point like any
of the canonical maps, which we described in Sects. 10.1.6-10.1.9. However, we
will show that under some assumptions on the image of the critical set, a BF-map
does behave like one of the canonical maps at every critical point. It should be
mentioned here that at an isolated critical point, a BF-map behaves like a power
map or, equivalently, like a winding map. Indeed, one can show that a discrete map
is open in a neighborhood of an isolated critical point (see [168], Theorem 2.10),
and then the result follows by a theorem of Stoilow; cf. [240,269]. For convenience,
we quote this result in the following lemma:

Lemma 10.1. Ler f : D — C be a discrete map which is open in D\{a}, for some
point a in D with f(a) = 0. Then the point a has a simply connected neighborhood
U and a homeomorphism h of D onto a disc D, = {z: |z| < r} such that h(a) =0
and such that f|U = g, o h for some integer p = p(a) > 0, where g,(pe'") = pe'”!
is a winding map. Furthermore, h is sense preserving if f is sense preserving.

We will conclude this section with examples of BF-maps which do not behave
locally like any of the canonical maps and with examples of discrete maps which
differ completely from BF-maps in terms of the shape of the critical set.

Proper folding maps, proper (p,q)-cusp maps, and proper umbrella maps were
defined in 10.1.6-10.1.9 as being topologically equivalent to the standard folding
map (x,y) — (x,]y|]) of R?, to the straight (p,q)-cusp map, and to the straight
umbrella map, respectively. Each of the latter maps is proper, in the sense that the
preimage of every compact set is compact; therefore, proper folding maps, proper
(p,q)-cusp maps, and proper umbrella maps are proper in the usual sense. Since
we are mostly interested here in the local properties of BF-maps, the following two
lemmas are relevant to our study:



10.2  Branched Folded Maps 189

Lemma 10.2. If f is a folding map of a domain D with a folding line E,E C D,
then E has a simply connected neighborhood U such that U C D and such that f|U
is a proper folding map.

Proof. By definition, f is a restriction of a proper folding map which, in turn, is
topologically equivalent to the standard folding map (x,y) — (x,|y|) of R>. Hence,
it suffices to prove the lemma in case that E is an arc in the real axis R, E C D and
f(x,y) = (x,]y|) for (x,y) € D. In this situation, the statement is clear, and thus, the
general case follows. O

Lemma 10.3. Let f be a (p,q)-cusp map or an umbrella map of a domain D with
a cusp point at a point a € D. Then the point a has a neighborhood U such that
U C D and such that f|U is a proper (p,q)-cusp map or a proper umbrella map,
respectively.

Proof. As in Lemma 10.2. a

Next, we study the local behavior of a BF-map f at a free arc E in the critical set
of f when f(E) is again an arc. Since we are interested merely in the local behavior
of f, we will assume that f is defined in a simply connected neighborhood of E.

Theorem 10.1. Let D be a simply connected domain in C, E a crosscut in D, i.e.,
an arc in D with end points on dD, Dy and D, the two connected components of
D\E (see Fig.5), f : D — C a discrete map, which is open and sense preserving in
Dy, and open and sense-reversing in D, such that f(E) is an arc.

Then every point a in E has a neighborhood U such that U C D and such that
[|U is either a proper folding map or a proper (p,q)-cusp map with a cusp point at
the point a for some positive integers p and q with p = q(mod 2), which depend on
the point a.

Furthermore, if, in addition, f|E is injective, then all cusps that f has on E are

odd.

Proof. Since in R? every arc is tame (cf. [175], p. 72), we may assume that E and
f(E) are subarcs of the real axis R. We may also assume that D is symmetric with
respect to R.

Let f; denote the symmetric extension of f|Dj UE, ie., fi(z) = f(z) for
z€D|UE and fi(z) = f(Z) for z € Dy. Then f; is continuous and discrete in D,
open and sense preserving in Dy UD, = D\E, and f;(E) C R.

It then follows by [252], Theorem B, that f; is open in D. Then, in view of
Stoilow’s theorem and the topological equivalence between the power maps z¢ and
the winding map gy, it follows that every point a in E has a neighborhood V| and
sense-preserving homeomorphism /; of V; onto a disc D,, = {z: |z| < r;} for some
r1 > 0, with iy (a) = 0, and a positive integer p such that V; C D and such that
fi(z) = gp(M1(2)) + fi(a) for all z € V;, where g,(z) is a winding map of order p.

In a similar way, a symmetric extension of f|D, UE yields a discrete map f> :
D — C, with f5(z) = f(z) for z € D,UE and f>(z) = f(Z) for z € Dy, which is open
and sense-reversing in D\E. Again by [252], f> is open, and by Stoilow’s theorem
every point a in E has a neighborhood V; and a sense-preserving homeomorphism
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hy of V5 onto a disc Dy, = {z: |z| < rp} for some r, > 0, with h1;(a) = 0, and positive
integer ¢ such that V, C D and such that f>(z) = g_4(h2(2)) + f2(a) for all z € V>,
where g_,(z) is a winding map of order —g.

Since g, (e*™/Pz) = g,(z) fork=1,2,...,p—1,and g_,(e¥"™/4z) = g_,(z) for
m=1,2,...,q— 1, we may replace h; and h, by the map z — e*™/Ph,(z) and by
the map z — e/ dp, (2), respectively, for some k and m, and thus may assume that
each of the maps i and h, maps E NV NV, into R, preserving orientation.

Now, fi and f, agree on ENV; NV, and g, and g_, agree on fi(ENVNV,) =
S(ENViNV,),i=1,2. Therefore p = g(mod 2), the map h, which is defined as h =
hy on Dy NV NV, and h = hy on Dy NV; N Vs, is a homeomorphism of V = Vi NV,
onto a disc D, = {z: |z| < r},r = min(ry,r;), the map g which is defined as g, in
the upper half of D, and g_, in the lower half of D, is a proper folding if p = g =1,
and it is a proper (p, ¢)-cusp map otherwise, and f(z) = g(h(z))+ f(a) forallz€ V.

This shows that f|V is a proper folding or a proper (p,q)-cusp map. Finally,
if p and ¢ are even at a cusp point a on E, then f|E is not injective in any
neighborhood of a. This shows the only way that f|E is injective is if all cusp points
of f on E are odd. g

Corollary 10.1. Let E be a Jordan curve in S?, Dy and D, the two connected
components of S\E, f :S? — S? a discrete map, which is open and sense preserving
in Dy, and open and sense-reversing in D,, such that f(E) is an arc or a Jordan
curve.

Then every point a of E has a neighborhood V such that f|V is either a folding

map or a (p,q)-cusp map.
Furthermore:

(i) f has at most finitely many cusp points on E.
(ii) If f|E is injective, then all cusp points on E are odd.
(iii) If f(E) is an arc, then f has at least two even cusp points on E.

Sections 10.1.1 and 10.1.2 concern two classes of maps, defined in domains in C
and in S2, respectively. A straight (p,q)-cusp map belongs to the first class. It has
only one cusp point in C, and if p and g are odd, it maps R homeomorphically onto
itself. In this case, this map has a continuous extension to C = CU {e},C being
homeomorphic to 2.

The extended map is discrete in C, open and sense preserving in the upper half
plane, open and sense-reversing in the lower half plane, it maps R = RU {e}, which
is a Jordan curve in C, homeomorphically (in fact by identity) onto itself, and it has
two cusp points (of the same orders (p,q)), one at z =0 and one at .

Similarly, an even straight (p,q)-cusp map of C extends to a BF-map of C with
two cusp points, 0 and oe.

One may ask whether a map described in Theorem 10.1 may have more than two
cusp points in C. The following proposition not only gives an affirmative answer to
the question but also shows that one can prescribe the cusp points a; and arbitrary
odd orders (pg,qx) at each cusp point a;. We do not know if even orders can be
prescribed arbitrarily in the same way.
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Proposition 10.1. Let x;, k = 1,2,... be points on the real axis R with no
accumulation point in R and with |x| < |x2| < ---, (ng,my), k =1,2,... be pairs
of nonnegative integers such that ny +my > 0. Then there exists a BF-map F in
R? whose critical set is the set R, such that every point of R except for the points
X, k=1,2,..., is a folding point of F and such that x; is a cusp point of order
g +1,2m+1), k=1,2,....

Proof. Tt is easy to see that the function

filz) =11, (1 _Z/xk)aneMk(Z/kar“'+(Z/xk)k/k)
if x; #0, and

Fi(2) = 2T (1 — g/ ke @m0 K)

if x; = 0, is an entire function with zeros at z = x; of the orders 2n;, k =1,2,....
Furthermore, f;|R is real-valued and non-negative.
Then

A= | file)dz

is an entire function, F|R is a strictly increasing real-valued function, and Fj(z) is
locally topologically equivalent to z — (z — x;)** ! at the point z = x;.

Similarly, there is an entire function F»(z) which is topologically equivalent to
7 — (z—x3)?"*1 at the point z = x;, and such that F>|R is a strictly increasing
real-valued function.

Define the function ¢ : R — Rby ¢ : x — Fj oFZ’1 (x). Then ¢ is an automorphism
of R.

The function @ : R? — R? which is defined by @ (u,v) = (¢(u),—v) is an
automorphism of R%. Then the mapping F which is given by F (z) = F; (z) if Imz >0
and F(z) = @ o F>(z) if Im z < 0 satisfies the requirements of the proposition.

We now turn to the local behavior of a BF-map f at a vertex of a star in the
critical set of f. We may restrict ourselves to a simply connected neighborhood of
the vertex. a

Theorem 10.2. Let D be a simply connected domain in C, E a star in D with a
vertex at a point a, a € D and arms 11,0, ... b, each of which has one end point
at the point a and one end on dD (see Fig. 3).

Let Dy,D,,...,Dy, denote the connected components of D\E such that
D,;l ND; = lifori=1,2,...,2n andD1 ﬁDzn =1.

Let f: D — C be a discrete map, which is open and sense preserving in the
domains Dy,Dy, . ..,D,,, and open and sense-reversing in Dy, D3, ..., Dy,_1, such
that f(E) is included in star E' with a vertex at the point d’, such that f(a) = d,
and such that f(I;),i =1,...,2n is included in an arm of E'.

Then the point a has a neighborhood W such that W C D and such that f|W is a
proper simple umbrella map.
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Proof. Since every star in R? can be tamely embedded in a straight star (cf. [175],
p. 76), we may assume that D = R?, that E is a straight star with a vertex at z = 0,
whose arms [y, I, ..., I, are in directions 0, 7w /n, ..., (2n — 1)1 /n, respectively, and
that f(E) is included in a straight star with a vertex at the point z = 0, and that
f(0) = 0. With no loss of generality, we may assume that f(I;) = 1.

We consider separately the two cases:

Case 1. f(L)=f(li)=1.
Case 2. f(2) # f(l1).

In the latter case, argz = 3 for z € f(l,) for some 8 € (0,27).

Let w be an automorphism of C, which is the identity in Case 1, and which in
Case 2 is a piecewise winding map which maps the sector S = {z: 0 < argz < §}
onto the upper half plane U = {z € C : Im z > 0} and maps the complementary
sector C\S onto C\U,

y(re’) = re™P  for 0<r<p,

and
y(re') = rell® + 70 =B)/Cr =B for B <s<2nm.

In either case

W(/(9D1)) = y(f (1) Uy(f () C R

Next, let ¢ = g,|D; and F = wo (f(D;)o¢~'. Then ¢ is a homeomorphic
winding map of D; onto U,and F is a map of U into C, which is discrete in C,
open and sense-reversing in U, and maps R into itself. The symmetric extension of
F of C, which is denoted again by F, and defined by F(z) = F(Z), is discrete in C,
open and sense-reversing in C\R and maps R into itself. Then, by [252], Theorem
B, F is open in C. Therefore, by Stoilow’s theorem, there exist a neighborhood
V of the point z = 0 and sense-preserving homeomorphism /2 of V onto a disc
D, ={ze C:|z| <r} such that F|V = g_, o h for some positive integer p.

Let W = ¢ (VN U). Then W; C Dy, and W; is a neighborhood of the point
z =0 relative to Dy, and ®; = gy, 0 ho (¢|W;) maps Wi homeomorphically, and in
a sense-preserving way, onto the region

W/ ={zeC:0<argz<m/n, |z] <r},

such that @;(0) = 0. The map g, o (gn|W/) is a sense-reversing winding map of
W} into D,,, and G| = yog_p,o(d,|W])) is a piecewise winding map of W/ into C
with G1(0) =0.

In the same way, we can construct for each sector Dy, k = 1,2,...,2n, a region
W, with Wy C Dy, a sense-preserving homeomorphism @y, of W onto the region

W, ={z€C: (k—)r/n<argz<knm/n,|z| <r}

and a piecewise winding map ¥, of W/ into C, such that f|Wj = ¥} o @.
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By restricting ourselves to a subregion of Wy, if needed, for instance by redefining
Wy = @(D,), where D, = {z € C: |z| < r} and r = min{rg,k = 1,2,...,2n}, we
may assume thatry = =--- =ry, =r > 0.

We now show that @, (z) = @ (z) forallz€ W, NW, C [ fork=2,3,...,2n,
with a similar relation for z € W, "W, C .

Let z € W1 (W, then arg @ (z) = arg D (z). Next, H—1 (Px—1(2)) = f(2) =
V(D (z)), therefore | W1 (Pr—1(2))| = | (P (z))|, and since each of ¥, and ¥
is a piecewise winding map, it follows that |®;_(z)| = |®Px(z)|, and consequently,
Dy (z) = Dy(z). Points z € Wy, (W are treated in the same way.

Let W = U,%l 1 Wk. Since @y and @ agree on W;_; N W, and since each @
is a homeomorphism of Wj onto W/, it follows that @(z) = Py (z) if z € Wy, k =
1,2,...,2n, defines a map @ which maps W homeomorphically onto D, = ,%l WL
Similarly, ¥(z) = W (z) if z € W, defines a piecewise winding map of D, onto
itself. Finally, f|Wy = W 0 @,k = 1,2,...,2n, implies that f|W = ¥ o @, and
consequently, f|W is a simple umbrella map. O

10.2.1 BF-Maps Which Are Locally Different
Jrom the Canonical Maps

We describe now BF-maps f : C — C with critical sets in the real axes and which
are not topologically equivalent to any of the canonical maps, which were described
in 10.1.6-10.1.9, in any neighborhood of the point z = 0.

Each of the sets E, = {(1/n,y): 0 <y <1/n}, n=1,2,...,1s a line segment in
C, which is orthogonal to the real axis R and which has an end point at R. Let 2 be a
conformal map of the upper half plane U onto the domain D = U\ |J;,_, E,, such that
h(z) = 0as z— 0in U. Then & has a continuous extension to U, which is denoted
again by h.

Every point on dD has either one preimage point or two. Hence, & is discrete
in U and homeomorphic in U. Let g be the standard folding map (x,y) — (x,[y|)
and f = hog. Then f is continuous and discrete in U, open and sense preserving
in U, and open and sense preserving in the lower half plane L. It is clear that f is
not topologically equivalent to an umbrella map at any neighborhood of the point
z = 0. Other canonical maps need not be mentioned since each of them is a special
umbrella map.

10.2.2 Discrete Maps Which Are Not BF-Maps

There are many ways to construct discrete maps in R? which are not BF-maps. We
will present here only a few examples, each of which has a critical set which is
different from the critical set of a BF-map in a different way.
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Example (a). Let ¢ : R — R be given by ¢ (x) = 2x+xsinx and f(x,y) = (¢ (x),y).
Then f: C — C is a discrete map whose critical set is a union of lines which are
parallel to the y-axis and cluster at the y-axis; hence, it is not a BF-map.

One can use this idea to construct a discrete map f : R? — R?, whose critical set
is a union of a Cantor type set of lines parallel to the y-axis.

Example (b). Let ¢ : R> — R? be as in Example (a), and let f : R — R? be given
by f(re") = rel®® for |¢| < 7. Then f is continuous and discrete in R?, and the
critical set of f is a union of infinitely many rays emanating from the point z =0
and clustering on the positive half of the real axis.

One can use this idea to construct a discrete map f : R?> — R? whose cluster set
is a union of rays in a Cantor type set of directions.

Example (c). Let D be a triangle in C with vertices at the points —1, 1 and i, and D’
the triangle with vertices —1,1 and 2i. Let f : C — C be the piecewise linear map
for which f(z) =zif z € C\D' and f(z) =zifz € D.

Then f is a BF-map with critical set Xy = dD, which is sense reversing in D and
sense preserving in C\D'. The points —1 and 1 are (3,1)-cusp points, and every
point on dD is a folding point.

Next, let ¢ be an automorphism of C. Then ¢ o fo ¢! is a BF-map whose
critical set is ¢(dD), and its restriction to ¢(C\D') is the identity map. Finally,
let {¢y : @@ € A} be a family of automorphisms of C such that the sets ¢ (D’) are
disjoint, and let F : C — C be defined by F(z) = ¢ 0 fo ¢y (z) if z € ¢o(D'),
and F(z) = z otherwise. Then F is a continuous and discrete map of C onto itself
whose critical set is Xr = (Jycp 9o (dD). By choosing the automorphisms properly,
the sets ¢ (dD) may cluster in very strange ways yielding discrete maps which are
not BF-maps.

10.2.3 The Degree of a BF-Map and Prime BF-Maps

The degree of a continuous map f : S* — S* will be denoted by deg f. If f : D — R?
is a proper umbrella map, then f is topologically equlvalent to a straight umbrella
map F : C — C, and F has a continuous extension F : C — C where C = C U {}
is homeomorphic to S. The degree of f is then defined by deg f = deg F'.

Let G and D be domains in S* with D C G, f : G — S? a map, and y a point in
S2\ f(dD). The local (topological) index or the local degree of f at y relative to D
is denoted by u(y, f,D). Then u(y,f,D) is a constant integer in every connected
component of S2\ f(dD); see [203], p. 16 or [191]. The local topological index of
f at point x € G will be denoted by i(x, f). For discrete maps f : G — §2,G C S2,
i(x, ) can be defined as i(x, f) = u(x, f, D), where D is any neighborhood of x with
D C G and with f~!(f(x))ND = {x}.

The existence of such a neighborhood D follows from the continuity and the
discreteness of f. Obviously, the notion of i(x, f) applies also to maps f: X — Y,
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where X and Y are surfaces. At a noncritical point x, i(x, f) = 1 or —1, depending
on the orientation of f at x; i(x, f) = 0 at a folding point x, and i(x, f) = (p—¢q)/2 at
a (p,q)-cusp point x. It can be easily verified that if f : D — Y is a proper umbrella
map with a cusp at x, then deg f = i(x, f).

We say that a proper umbrella map f is prime if f cannot be written as a
composition of a proper umbrella mapping g with a noninjective analytic function A.

By degree considerations, it is clear that if f is a proper umbrella map with
|deg f| =1, then f is prime. The following theorem describes the case where
|deg f] > 1:

Theorem 10.3. Let f : D — C be a proper umbrella map with a vertex at the point
a. If |deg f| = d > 1, then there exists a proper prime umbrella map g with g(a) =0
such that f(z) = (g)*(z) + f(a), z € D.

Proof. We will show that (f(z) — f(a))'/? has a single-valued branch g(z), that g(z)
is a proper umbrella, and that |deg g| = |(deg f)/d| = 1. It will then follow that g is
prime and that f(z) = (g)9(z) + f(a), as needed.

Since f is a proper umbrella map, there are homeomorphisms ¢ : D — C and
v :C — f(D) and a straight umbrella map fp : C — C such that f = yo fyo¢.
We may assume that the ray Ep from z = 0 to o along the positive half of the
real axis consists of noncritical points for fy except for the initial point z = 0. Let
E = ¢ '(Ep) and E' = f(E). Then E’\{f(a)} has a neighborhood V where w'/"
has a branch go(w). Let g(z) = go(f(z)) forz € E.

Fix r > 0. Then ®(t) = f(¢ '(re")), 0 <t < 27 defines a map F of the circle
S'(r) of radius r onto a Jordan curve with |deg F| = |deg f| = d. Therefore,

lP(l‘) _ (I)l/d(l‘) — |(I)(t)|l/dei(arg<b(t)/d

has a continuation from the point g(r) along [0,27], and since |deg F| =d, ¥ (0) =
¥ (2r). Hence, the relation

g(@ ' (re") =W(r), 0<r<2m

defines a single-valued function g from ¢! (S'(r)) to C, such that (g(z))¢ = f(z) —
fla).

By doing the same for all » > 0 and letting g(0) = 0, we get a function g: D — C
such that (g(z))? = f(z) — f(a) for all z € D. By the construction, g is a proper
umbrella and deg g = (deg f)/d. Hence, |deg g| = 1, and thus, g is a proper prime
umbrella. O

Corollary 10.2. A proper umbrella map f of deg f # 0 is prime if and only if
|deg f| = L.

Theorem 10.4. Ler f: D — C be a proper (p,q)-cusp map with a vertex at the
point a and with |deg f| =d .

If d = 0, then there exists a proper folding map g with g(a) = 0 such that
f(2) = (8)P(z) + f(a), z € D, for some integer p > 1.
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If d > 1, then there exists a proper prime simple cusp map g with g(a) = 0 such
that f(z) = (8)*(2) + f(a), z € D.

Proof. If d = 0, then f is topologically equivalent to a straight simple (p, p)-cusp
map fp p and, clearly, f) , = fﬁ 1» Which proves the theorem for d = 0.

Suppose now that d > 1. By Theorem 10.3, there exists a prime umbrella map g
with g(a) = 0 such that f(z) = g%(z) + f(a). It remains to show that g is a cusp map.
Let E denote the critical set of f. Then E, f(E), and consequently g(E) are arcs,
and thus, by Corollary 10.1, a is a cusp point for g. Clearly, all other points of E are
folding points for g. Consequently, g is a cusp map, which is prime. This completes
the proof. O

Corollary 10.3. A proper (p,q)-cusp map f with p # q is prime if and only if
|deg f| = L.

10.3 Alternating Beltrami Equations and FQR-Maps

Let D,E, and u be as in Sect. 10.1.1. A BF-map f : D — C will be called a folded
quasiregular map (abbreviated as FQR-map) if f is locally quasiregular or anti-
quasiregular at every noncritical point and at every isolated critical point. It follows
from the definition of FQR-maps that every FQR-map satisfies an alternating
Beltrami equation (B) with u which is locally bounded in the white regions and
such that 1/ is locally bounded in the black regions. And conversely, a solution of
an alternating Beltrami equation with a u satisfying these assumption is an FQR-
map if it is discrete.

One property is clearly shared by classical Beltrami equations and alternating
ones, namely, if f is a nonconstant solution of (B) in a domain D and if /4 is analytic
in f(D), then ho f is a solution too.

In the classical case, every homeomorphic solution is unique up to a conformal
mapping and generates the set of all elementary solutions and thus may be
considered as a prime solution. It is not known, however, whether every alternating
Beltrami equation has what are called prime solutions, i.e., solutions f which cannot
be written as a composition 4o g where & is a noninjective analytic function, and
whether the set of all BF solutions is generated by prime solutions.

10.3.1 Proper Folding, Cusp, and Umbrella Solutions

A function f : D — C is called a proper folding solution, resp., a proper (p,q)-
cusp or a proper umbrella, if f is a solution to (B) in D and f is a proper folding
mapping, resp., a proper (p,q)-cusp or a proper umbrella map. One of the main
results in [233] asserts that every solution which belongs to one of the following
families of solutions is prime and generates the set of all BF solutions:
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(a) Proper folding solutions
(b) Proper (p,q)-cusp solutions with |p —g| =2
(c) Proper umbrella solutions of degree 1 or —1

These results may be viewed as uniqueness and representation theorems and are
the counterparts of the classical theory (see Chap.3) and imply a strong rigidity
property, namely, if f is a solution of a Beltrami equation (B) of any type mentioned
above in (a)-(c), then every other solution of (B) with the same u preserves
the equivalence relation z; ~ zp if f(z1) = f(z2), which is determined by f.
This phenomenon does not occur in the classical case where the prime solutions
are homeomorphisms which determine only the trivial equivalence. The rigidity
property implies that an alternating Beltrami equation cannot have solutions of
different types, as, for instance, prime (p,q)-cusp solutions with different pairs
(p,q). Furthermore, one can show that if f is a proper (p,q)-cusp solution with
|p —q|l =2d > 2 or a proper umbrella solution with |deg f| =d > 1, then B
has a prime solution g which is a proper (r,s)-cusp solution with |r —s| = 2, or,
respectively, a prime umbrella solution of degree 1 or —1, such that f(z) = (g(z))“.

Theorem 10.5. Let D be a simply connected domain in C, E a crosscut in D with
my(E) = 0, Dy and D, the two connected components of D\E and p : D — C =
CU{eo} a measurable function such p is locally bounded in Dy and 1/ is locally
bounded in Dy, and let w = f(z) be a proper folding solution of the Beltrami
equation (B).

If w=g(z) is a solution of (B) in D, then there exists a function h which is
continuous in f(D) and analyticin f(Dy) = f(D,) such that g = ho f. Furthermore,

g(z21) = g(z2) whenever f(z1) = f(z2).

Proof. Let f; = f|D; and h; = goffl, i =1,2. Since u is locally bounded D; and
1/ is locally bounded in D», it follows that f and g are sense preserving in D
and sense-reversing in D,. Therefore, both /; and &, are sense preserving. Since U
is locally bounded in D; and 1/ is locally bounded in D,, it follows that f; and
/> are locally quasiconformal and therefore have generalized derivatives which are
locally square integrable, and so does g, being a solution of (B). Hence, & and h;
have generalized derivatives which are locally integrable. Since f and g have a.e. the
same complex dilatation u, we get by a standard computation of the dilatation of
h; that h; satisfies a.e. the Cauchy—Riemann equations, i = 1,2. In view of the local
integrability of the derivatives of /;, we obtain by Weyl’s lemma that #; is analytic
in f(D;),i=1,2.

Since f is a folding, f; and f> have, respectively, homeomorphic extensions to
D UE and to D, UE. It thus follows that /1 and 4, have the same boundary values
on the set f(E) and that f(E) is a free arc in the boundary of f(D;). Hence, h; and
hy represent the same analytic function, denoted by 4, in f(D1). The last implication
follows, for instance, by an application of the two constant theorem. Clearly, / has
a continuous extension to f(Dy)U f(E), which is denoted again by A, and g = ho f.

The statement that g(z;) = g(z2) whenever f(z1) = f(z2) is a trivial consequence
of the fact that g = ho f. This completes the proof. a
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Remark 10.1. As a consequence of Theorem 10.5, one obtains the following result:
If (B) has a folding solution f, then any other solution of (B) will preserve the
equivalence relation z; ~ z; if f(z1) = f(z2).

Theorem 10.6. Let D,E,Dy,D, and [ be as in Theorem 10.5, and let w = f(z)
be a proper (3,1)-cusp solution of the Beltrami equation (B) in D. If w = g(z) is a
solution of (B) in D, then there exists a function h which is analytic in f(D) such
that g = ho f. Furthermore, g(z1) = g(z2) whenever f(z1) = f(z2).

Proof. Since f is a proper (3,1)-cusp map in D, there exist homeomorphisms ¢ of
D onto C and y of C onto f(D) such that f = yo f310¢, ¢(E) =R and y(R) =
f(E). Here, f3, is the straight (3,1)-cusp map; see 10.1.8. Let zo = ¢ ' (0),wp =
f(z0),D' = f(D) and E’ = f(E). Then D'\E' has two components D and D), and
E"\wj has two components E] and E),. For k = 1,2,3, let

Si={zeC: (k—1)n/3 <arg z < kr/3},

and Gy, = ¢~ (Sy), and let G4 = D.

Then f(G1) = f(G3) = f(G4) = D}, and f(G>) = D,. Now, let f; = f|G; and
hj=gofj,j=1,2,3,4. Since f and g are solutions of (B), then as shown in the
proof of Theorem 10.5, all &; are analytic. The functions /1 and h4 are defined in
D/, and have the same boundary values on one component, say, E| of E'\wg and /3
and /4 have the same boundary values on Eé Hence, hy = hy = h3 in D’l.

We show now that %, is an analytic continuation of /; across Eé and of h3 across
E}. Indeed, let a' be a point on EJ. Let a be the unique point in D; such that
f(a) =d. Since f is a local homeomorphism at a,a has a neighborhood W which
is mapped homeomorphically by f onto a neighborhood V of a’. Then, as above,
hy = go (f|W)~!is analytic in V, and hy = h; in V ﬂD;-,j =1,2. It thus follows
that /, is an analytic continuation of A; across Ej. Similarly, &, is an analytic
continuation of A3 across Ej. Then hj,j = 1,...,4, define a function & which is
analytic in f(D)\wq such that h|D| = hy = h3 = hs and h|D), = h. Obviously,
wp is removable, and hence, /& has a continuous extension to D', which is denoted
again by h, and & is analytic in wq too, g = ho f in D, and g(z1) = g(z2) whenever

f(@1) = f(z2). =

Corollary 10.4. Let D,E,D,D;, and | be as in Theorem 10.5. Then (B) cannot
have both folding solutions and (3, 1)-cusp solutions.

Remark 10.2. By Theorems 10.5 and 10.6, it follows that if a Beltrami equation
(B) has a solution f which is either a homeomorphism or a proper folding or a
proper (3.1)-cusp, then f generates the BF solutions. However, not every (p, ¢)-cusp
solution of (B) has this property, as can be seen in the following example. Below,
we will characterize all (p,q)-cusp solutions and all umbrella solutions which have
the generating property.
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10.3.2 Example

We present here a function pt(z) for which equation (B) has a proper (5,1)-cusp
solution f and a proper (3,1)-cusp solution g. Then, clearly, g # ho f for any
analytic function A, since deg f = 2 and deg g = 1. This shows that f does not
generate the set of all BF solutions.

Let @ and ¥ be automorphisms of R? which are given in polar coordinates by
@(r,0) = (r,¢(0)) and ¥(r,0) = (r,¥(0)), where ¢ and y are piecewise linear
increasing self-maps of [0,27] such that ¢([0,7/5]) = [0,7/3], ¢([n/5,47/5]) =
(n/3,27/3], ¢([r/5, 7)) = [27/3, 7], ¢ ([, 2x]) = [, 2], and y ([0, 7]) = [0, 7 /2],
y([m,4n/3]) = [r/2, 7], w([4n/3,57/3]) = [=, 37 /2], y([57/3,2]) = [37/2,27].
Recall that f31(z) = 2°/|z|* if Im z > 0 and f3,(z) = Z if Im z < 0. Then
g="WYo f310® is a proper (3,1)-cusp solution of (B) with u = gz/g.. Next, let
f(z) = (g(2))% z € C. Then f is a solution of (B) with the same u, and f is
topologically equivalent to the straight (5,1)-cusp map fs5 ;. Consequently, f is a
proper (5, 1)-cusp solution.

Theorem 10.7. Let D,E,D,D,, and U be as in Theorem 10.5 and let w = f(z) be
a proper (p + 2, p)-cusp solution of the Beltrami equation (B) in D. If w=g(2) is a
BF solution of (B) in D, then there exists a function h which is analytic in f(D) such
that g = ho f. Furthermore, g(z1) = g(z2) whenever f(z1) = f(z2).

Proof. Let zp € E be the cusp point of f, and let E| and E, be the two components
of E\{zo}. Denote wo = f(z9), D' = f(D) and E’ = f(E).
We consider the two cases:

(i) pisodd.
(i) piseven.

In the first case, we suppose that p = 2n — 1, then p+2 = 2n+ 1. Since p is odd,
f maps E homeomorphically onto E". Let E] = f(E;),i = 1,2.

As in the proof of Theorem 10.6, one sees that the set f~!(E’) divides D; into
2n+ 1 sectors G, ...,Go,+1 and divides D, into 2n — 1 sectors Gi,..., Gop_1. We
may assume that G is adjacent to G along Ey, and Gy, to Gon_1 along E».

Let fi = f|Gi,hi = go fi'i=1,....2n+1, and fj = f|G; hj = go f; ",
j=1,...,2n—1. Since f and g satisfy the same Beltrami equation, it follows as
in Theorem 10.5 that all /; and /; are analytic.

Since iy and & have the same boundary value along f(Ey), it follows that h; =
. Similarly, ho, 41 = hon—1. Now, hy is an analytic continuation of #; and hy of Iy
Since h; = Ay and since hy and h, are defined in the same domain, it follows that
hy = hy. Similarly, h; = h;, i =3,...,2n — 1. Starting now with ha,. | = hy,_1, the
same argument yields h;, = hon_2 and by continuing in the same way also h; = ﬁi,z,
i=3,...,2n— 1. But h; = h;. Therefore, hy = h3 = hs = ---, and hy = hy = hg =
-+, and similar relations hold for le,ﬁz, .... As in Theorem 10.5, these relations
determine a function & which is analytic in D', including the points of E’, which
coincides with 4 in f(D;) and with h, in f(D;). Clearly, g = ho f.
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In the second case, we suppose that p = 2n. Then f(E;) = f(E;) = E' and
D)y = D'\E' is a simply connected domain. The set f~!(D}) has n+ 1 connected
components G, ...,Gy+1 in D; and n components divide Gi,...,G,inDy. We may
assume that G is adjacent to G along E| and G4 to G, along E».

Let f; = fIGi, hi = go f7', i=1,...,n+1, and fj = f|Gj, hj = go f} ",
j=1,...,n. Since f and g satisfy the same Beltrami equation, it follows as above
that all h; and 71 are analytic. Since h; and 71 have the same boundary value
along f(Ey), it follows that iy = . Similarly, fi,11 = a. Now, h is an analytic
continuation of /; and %, of 7. Since h1 =y, and since hz and 71, are defined in
the same domain, it follows that hy = h,. Sinnlarly, h; = h,, i=3,...,n Starting
with b, = T, the same argument yields hy =y 1,hn = hn 2 and hi=h;_ 1,
i=3,...,n.Buth; = hl, hence, hn+1 =hh=h = hl hz = h These
relations deﬁne a function /4 which is analytic in f(D), including the points of E/,
which satisfies g = ho f. The analyticity of & at a point w € E"\{w} follows from
the fact that £~ !(w) meets Dy, and wy is an isolated removable singularity. In both
cases, g = ho f implies g(z1) = g(z2) whenever f(z1) = f(z2). 0

Corollary 10.5. Let f be a proper (p,q)-cusp solution of (B) in a domain D. If
|p—q| =2, then f generates the solution set.

Theorem 10.8. Let w = f(z) be a proper (p,q)-cusp solution of (B) in a domain D.
If|p—q| =2, then f is prime.

Proof. A simple computation shows that |p — g| = 2 implies |degf| = 1, which, in
turn, shows that f is prime. a

The following theorem shows that a proper (p, g)-cusp solution with |p — g| > 2
is not prime and can be factored as h o g, where g is a proper prime cusp solution
and £ is an analytic power map, and in particular f is not prime:

Theorem 10.9. Let f be a proper (p,q)-cusp solution of (B) in a domain D with
|p—q| =2d > 2 such that its cusp point is at z=0and f(0) =0. Ifd > 1, then there
exists a proper prime (n,m)-cusp solution g of (B) in D such that f(z) = (g(z)),
z€D.

Proof. Since |deg f| = |p —¢q|/2 = d, it follows by Theorem 2.12 that f(z) =
(g(2))?, where g is a proper (m,n)-cusp map with |m —n| = 2. The power map
7 — z¢ is analytic; therefore, g is a solution of (B) too. The relation |m —n| = 2
implies |deg g| = 1, and consequently, g is a proper prime cusp solution. a

We now turn to proper umbrella solutions of degree 1 or —1. It is shown in [233]
that such a solution is prime and generates the set of all BF solutions.

Lemma 10.4. If f : S' — S! is a piecewise injective map of nonzero degree, then
every fiber f~'(w),w € S, contains at least one noncritical point.
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Proof. For z € S', let i(z,f) denote the local topological index of f at z; see
Sect. 10.2.3. Then i(z, f) = 0 if z is a critical point, and i(z, f) = 1 or —1 otherwise.
Fix w € S'. The set S! is compact; hence, f is proper and

deg f= Y ilzf)
zef~1(w)

Since deg f # 0, it follows that i(z, f) # 0 at least for one point z in f~!(w) and
so z is noncritical. a

Lemma 10.5. Let J be a Jordan curve in C, F : S' — J a piecewise injective map
with critical points s, = e k=1,2,...,2n,

O<h<h<- <t <2m.

Let y: [0,27] — J be defined by y(t) = F(e"),0 <t < 2m.

For each t € (0,2r), let (hy,Dy) be an analytic function element at the point
¥(t), where D; = {z : |z— y(t)| < ri} for some r, >0, 0 <t < 2x, such that
{h; : 0 <t <2m} defines an analytic continuation from (ho,Dy) to (hag,Dar) along
the path .

If (ho, Do) = (hag,Dax) and if |deg f| = 1, then there exist a neighborhoodV of
J and a (single-valued) analytic function h in V such that h = h, in V N D; for all
t € [0,2n].

Proof. By induction on n.

If n =0, then F has no critical points, and since |deg f| = 1, it follows that F is
a homeomorphism of S' onto J.

Since J is compact and can be mapped tamely onto S', we may replace the
function elements (i, D;), 0 <t < 27 by a finite chain of function element (4;,G;),
j=1,2,...,m, such that each is a disc centered at a point on J and contained in
one of the discs Dy, hj = h|G;j, Gi C Dy and G,, C Daz, Gj meets only G and
G 1 and such that /; is a direct analytic continuation of #; 1, j = 1,2,...,m. Then
V =}, Gj is a neighborhood of J. Since (ho, Do) = (har, Dar), it follows by the
way that the chain (h,G;), j =1,2,...,m was constructed such that the function &
which is defined by i(z) = h;(z) for z € G| is a well-defined (single-valued) analytic
function in V, and the lemma follows.

Suppose now that the lemma holds for functions from S' into J with 21 —2
critical points, and let F : S' — J have 2n critical points. The reduction of F to a
function with 2m — 2 critical points will be done by a certain surgery on a subarc of
S! which is folded by F.

First, note that F has a critical point e such that F is sense-reversing at e!(* )
and sense preserving at e'(***) for all sufficiently small 7 > 0.

Choose a sense-preserving parametric representation 7 : [0,27] — J of J with
7(0) = F(e). Let ty be the maximal of numbers for which the restriction [0, ]
has two lifts ¥~ and y* from the point e"*. Let ¥ (o) = ¢'* and y"(1p) = e'P.
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Then o <1 < 3 and B — & < 2. Note that e* # e'B, since otherwise deg F = 0,
contradicting the assumption that |deg F| = 1. By the maximality of 7, it follows
that e'® or ¢'P is a critical point.

In view of the assumption that (hy,Do) = (haz,D2z), we may replace F by
¢ o F for any sense-preserving automorphism ¢ of S'. Hence, we may assume that
th =m0 =m/2, =3mr/2 and that F(e ) = F(e') for all t € [r/2,x]. Then by
uniqueness of analytic continuation, iz, = iz, in Dy UDygy, forallz € [0,7/2],
and in particular, /1, /, = h3z /, in a neighborhood of the point F (i) = F(—i).

We now replace F by a function F : S' — J which has 2n — 2 critical points, and
the family (h,,D;) by a family (%, D), as follows.

Define ' : S' — J by letting F(e") = F(el"/?) if |t| < /2 and F(—i) = F(i).

Now, F is continuous in {e" : [t| < 7/2} and F(i) = F(—i); therefore, F is
continuous. Recalling that i or —i is a critical point of F, therefore, F has 2n—2
critical points and deg F = deg F = 1 or —1.

Now, define (h;,D;) = (hyj2,D,5) for t € [0,7] and (h,D;) = (haris) /2,
D(2n+t)/2) fort [77,',277.7].

Note that (A2, D /2) = (hag/2,D37/2), since they are obtained by continuation
of (hy,Dy) along the same arc. Therefore, (f2y,Dyz) is well defined, and conse-
quently, (fz,,D,) and F satisfy the assumptions of the lemma.

By the induction hypothesis, there exist a neighborhood V of J and a single-
valued analytic function /4 in V such that i(z) = I (z) forallz € VN Dy, t € [0,27].

Now, for ¢ € [—-n/2,n/2],(h,D;) = (71,/2,5,/2), and hence, h(z) = h(z) for
all z € VND,,|t| < m/2. It remains to show that h(z) = h(z) for n/2 <t <
37/2. This follows from the fact that (h,D;),x/2 <t < m and (h,D;),m <
t < 3m/2 are analytic continuations along the same curve, since F(e!*~")) =
F(el™1) for t € [0,7/2] and the fact that the two curves mentioned above, i.e.,
{y(t) : /2 <t < m} and {y(r) : # <t < 3m/2}, are contained in V and the
function elements (hz/2,Dz/2) = (h3g/2,D3z/2) coincide with the value of 4 in
a neighborhood of the point F(i) = F(—i). Consequently, h(z) = h(z) for all
z€eVND, forn/2 <t <3m/2,too. This completes the proof. O

10.3.3 Definition

A piecewise analytic continuation along a path v : [a,b] — C with degeneration at
the points #;, i = 1,2,...,n, 0 <t < fp < --- <t, < b is a one-parameter family of
maps f; : D, — C, a <t < b such that:

(@) Dy={z:|z—y@)| <r(t)}, where r(t) =0ifr € T = {t1,12,...,t,} and r(t) >0
ift € [a,b]\T.

(b) The function t — f;(y(¢)) is continuous in [a,b].

(c) Each f; is analytic in IntD;.

(d) If t < ¢ in the same connected component of [a,b]\T, then f; is an analytic
continuation of f along the sub-path y|[t,'].
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Lemma 10.6. Let J be a Jordan curve, F : S' — J a piecewise injective map with
|deg F| = 1 and with critical points ei, j =1,2,...,2n, where 0 <t; <ty < --- <
ty, < 2m.

Let h,0 <t < 21 be a piecewise analytic continuation along the path
y:[0,27] — J, which is defined by y(t) = F(e"), 0 <t < 21 with degeneration
at the points t1,to, ... ,tr, and with hy = hoz.

Suppose that for every point of degenerationt; there is 6; > 0 such that h,(y(t)) =
h(y(t')) for every t and t', tj — & <t <t; <t} <t;+ 8 with y(t) = y(t').

Then there exist a neighborhoodV of J and an analytic function h in'V such that
h="h, inVND;forallt € [a,b].

Proof. Since |deg F| # 0, it follows by Lemma 10.4 that for each critical point e
of F, there is a noncritical point e/ such that F(el*) = F(eit), k = 1,2,...,2n.
For each k, choose real numbers t,j and#, suchthats, — O <t <t < t,j <ty + 6,
such that I; = {F(r): 1, <t <1} C Dy, and such that the arcs I}, k = 1,2,...,2n
are disjoint. We now apply the same kind of surgery that we performed on the arc
{e": /2 <t < 3m/2} in the induction process in the proof of Lemma 10.5 to each
of the arcs I}, k = 1,2,...,2n, and get a piecewise injective map F : S' — J and
a one-parameter family of function elements (fz,,D,),O <t <2x which satisfy the
assumptions of Lemma 10.5.

By Lemma 10.5, there exist a neighborhood V' of J and a single-valued analytic
function /2 in V such that h(z) = iy (z) for all z € VN D, for all ¢ € [0,27]. Since each
I, CDyNJ CVNDy, k=1,2,....2n, it follows that h(z) = h(z) for all z€ V N D
for all t € [0,27x]. This completes the proof of the lemma. ad

Theorem 10.10. Let f: D — C be a proper umbrella solution of the equation (B).
If |deg f| = 1, then f generates the solution set.
Furthermore, if g is a solution, then g(z;) = g(z2) whenever f(z1) = f(z2).

Proof. Let g be a solution of (B). We will show that g = ko f for some analytic
function h. The case where f is a homeomorphism follows from the Theorem 3.1.

Suppose that f is not injective. Then |deg f| = 1 implies that the critical set E of
f is not a point, and hence, it is a star. With no loss of generality, we may assume
that the vertex of E is at z = 0 and that f(0) = 0.

Since f is a proper umbrella map, there are homeomorphisms ¢ of C onto D
and y onto C of D' = f(D) such that ¢(0) = 0, y(0) =0, ¢ '(E) is a straight
star and f = yo fo ¢ is a straight umbrella map, which maps each circle S'(r) =
{z € C: |z| = r} onto itself. Since |deg f| = 1 and ¢ and y are homeomorphisms, it
follows that

|deg f| = |deg f o ¢| = |deg (fo )|S'(r)| =1

for all » > 0. We may assume that ¢! (E) does not contain the positive half of the
real axis or, in other words, that every real and positive z is a noncritical point of f.

Fix r > 0. For each point s € S'(r)\¢ ! (E), the point ¢(s) has a neighborhood
Us which is mapped by f homeomorphically onto a disc V; centered at the point

f(o(s)).
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Let f; = f|Us and by = go (f|Us)~! for t € [0,27] with s = re'’. The functions
g and f satisfy the same Beltrami equation in Us and ||¢t|Us]||. < 1; therefore, A is
analytic.

Every point s’ in S'(r) N ¢! (E) is a folding point for £, and the point ¢ (s') is a
folding point for f. By Lemma 10.2, the point ¢ (s’) has a neighborhood Uy, where
f is a proper folding map, and by Theorem 10.5, there is a continuous function /4, in
Vy = f(Uy) which is analytic in intVy, such that g|Uy = hy o (f|Uy) where s’ = re’".

Let F = fo¢,D, =V, fort € [0,27] with ¢(re'’) € D\E and D, = {f(¢(re'"))}
for t € [0,27] with ¢(re’) € DNE. Then J = F(S'(r)) is a Jordan curve, F :
S'(r) — Jis a piecewise injective map with critical points at the points of ¢! (E) N
S'(r), and {(h;,D;) : 0 <t < 2rm} is a piecewise injective analytic continuation
with degenerations. Since (hy,Do) = (har,Dar) and |deg F| = 1, it follows, by
Lemma 10.6, that there exist a neighborhood W, of J and a singe-valued analytic
function H, such that H,(z) = h(z) for all z € D, for all z € [0,27]. As a result of
the relations g = I, o (f|Uy), where s = re'’, we have g|W, = H, o (f|W,). The last
relation holds for all » > 0, and clearly, H,s is an analytic continuation of H, for all
0 < r < 7/; therefore, the function H,, r > 0 defines a singe-valued analytic function
hin f(D)\ {0} such that g = ho f in D\ {0}. The point 0 is removable for /& and
therefore g = ho f everywhere in D.

The relation g = ko f implies that g(z1) = g(z2) whenever f(z1) = f(z2). This
completes the proof. O

Theorem 10.11. Let f : D — C be a proper umbrella solution of equation (B) with
|deg f| =d > 1 and with a vertex at the point zy:

(i) Ifd =1, then f is a prime solution.
(ii) If d > 1, then (B) has a proper prime solution w = g(z) in D such that f(z) =
((2))" + f(z0)-

Proof. (i) follows from the fact that if f = ho g where A is analytic, then both A
and g are proper and deg f = (deg h) - (deg g). Then |deg f| = 1 implies that
|deg k| = 1 and hence 4 is injective. Consequently, f is prime.

(ii) By Theorem 10.6, there exists a proper prime umbrella map g such that f(z) =
(g(2))? + f(z0). The power map z — z¢ is analytic; therefore, g is a solution
too, and thus, g is a proper prime solution.

O

10.4 Existence of Local Folding Solutions

10.4.1 Assumptions on the Equation and Geometric
Configuration

Let i : D — C be a measurable function in the unit disk D = {z € C: |z| < 1} such
that u is locally bounded in Dy = {z € D : Im z > 0} and such that 1/ is locally
boundedin Dy = {z€D:Imz<0}.Let E=DNR.
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Theorem 10.12. (Existence of local folding solutions). Let D,D;,D, . E, and U
be as in Theorem 10.4.1. If there exist r € (0,1), a nonnegative integer m, and a
complex-valued real analytic function Q(x,y) in |z| <1, z=x+1y, with

(a) Re 0(0,0) > 0
such that for |z| <r,

(b) p(z)=1-y"10(x,y),
then (B) has a folding solution in some neighborhood of 0.

Proof. In [234], Theorem 1.1, it was considered a Beltrami equation (B) with

p(z) = @[ - p(y)M(2), M)

where 0 and p are real-valued functions and M is a complex-valued function which
satisfy certain conditions. We then applied a process, which we called a deformation
of the complex dilatation, and reduced (B) to a Beltrami equation in the (£, 1) plane
with complex dilatation

ag,n)=1-pmMe,n),

where p is the same as in (M) and M satisfies a similar condition as M; see [234],
pp- 475-477. The same method can be applied here. Thus, we will assume that
0(z) = 0. We will also assume that m = 0 and that M is a polynomial. The general
case is proved in a similar way.

In view of (a), M has the form

N
M(x,y) =2a+2ib+ Y, qu2'Z, (10.4.1)
n+k=1

where N > 1, a and b are real, and a > 0.
As in [150, pp. 23-24], we set in (B)

w=f(z) =z+cni+ Y, cmd'? (10.4.2)
n+k=2

with ¢,0 =0 for all n > 1. On applying of (M), one obtains all ¢, (uniquely). Again,
exactly as in [150], one can show that the series in (10.4.2) converges uniformly in
Uo = {z:|z| < ro} for some ry € (0,r).

It remains to show that f is a folding in some neighborhood U of 0 which is
contained in Uy. Let f = u+ iv; then, by (10.4.2),

u=22x-b(xX*+y")+ Y oy (10.4.3)
n+k=3
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and

v=a(@+y)+ Y, Buxy (10.4.4)
n+k=3

for some o, and 3, which depend on the c,;;’s.
Next, define ¢ : Uy — C by letting

(P(xvy) = (u(x,y),y) (10.4.5)

with u as in (10.4.3). Then ¢ has a nonzero Jacobian at 0, and hence, it is a
diffeomorphism in some neighborhood U; C Uy of 0. Consequently, there exists
amapping F : @(U;) — C such that f = F o @. Since ¢|U] is injective, it suffices to
show that F is a folding. Now, (¢|U;)~! has the form

@ (uy) = (x(u,),); (10.4.6)
hence,
Fu,y) = (u,9(u,y)), (10.4.7)
where, by (10.4.4),
5, y) = v(x(u,y),y) = alx*(u,y) +y*] + 2 Brex (1, y)y*, (10.4.8)
n+k=3
or
i, y) = Ao (u) + A1 ()y + Az (u)y* + Y Ag(u)y* (10.4.9)
k=3

for some functions Ag(u).

We now show that A;(«#) = 0 and A, (u) # 0 in some neighborhood of 0. This
will imply that F is a folding in some neighborhood of 0. Indeed, in view of (b), the
Jacobian of f vanishes at all points (x,0). Hence, for y =0,

dv(u,
Aj(u) = ((9 Y) ly=0 = Jrly=0 = Jpop-1ly=0 = 0.
y
By (10.4.8) and (10.4.9),
9%9(0,0)
ZAQ(O) = a—yz =2a >0,

and by continuity, A («) > 0 in |u| < 6 for some 6 > 0.
Finally, since A2 (u) > 0 and A; () = 0 for |u| < &, we can get from (10.4.9)

F(u,y) = (u,5(u,)) = (u,Ao(u) +w(1,)),
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where

k=2

w(u,y) = A;/z(u) <y+ i bk(u)yk>

for some functions by (u). This shows that F is a local folding in some neighborhood
of 0, and hence, so is f. O

10.4.2 Uniformization and Folds

Let u be as in Sect. 10.4.1. Then local solutions in each of the domains D; and
D, are related by conformal mappings and by the uniqueness theorems for folding
solutions; this is the case for local folding solutions. One would expect that if (B)
has a local folding solution at every point z € DN, then (B) has a global folding
solution in D. It turns out that this is not the case as shown in the following example.

10.4.3 Example

We will construct complex-valued measurable functions A(z) and B(z) in D, such
that (B) has a local folding solution at every point in DN R and such that (B) has no
global folding solution in D.

Let ¢ be a diffeomorphic map of D onto itself which maps D "R onto the arc
E ={(x,y) € R? :y = Ax*} N D for some constant 2 > 0. Since E is an analytic arc,
there is a neighborhood U of E,U C D, and a conformal map y : U — C, such that
W(E) CR. Letk: w(U) — R? denote the standard folding map k(x,y) = (x, [y|).

Now consider (B) with

A(Z)_{”(P(Z)v z€ Dy

1, z€ D\D;
and
B(z) = { :;:AZ% zigzl)z,
where

Ho(z) = @z/0;, z€D

is the complex dilatation of ¢ in D.

Clearly, A(z) and B(z) are measurable in D, and since ¢ is a diffeomorphism
U(z) = —A(z)/B(z) = Uy (z) is locally bounded in Dy, and 1/ (z) = —B(z) /A(z) =
[lp(z) is locally bounded in D,. Furthermore, ko yo ¢ : ¢ '(U) — C is a local
folding solution of (B). Thus, (B) satisfies the assumptions in Theorem 10.5.
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We will show that for any choice of A > 2, (B) has no global folding solution
in D. Fix A > 2 and suppose that (B) has a global folding solution g : D — C.
With no loss of generality, we may assume that g(DNR) C R and g(0) = 0, since
otherwise g can be replaced by another solution /o g for some map & which is a
solution in g(D), conformal in int g(D), and which maps g(DNR) into R and g(0)
onto 0.

Now, by “unfolding” g, one obtains the homeomorphism G : D — C,

_ [&(z), z€D\Dy,
G(Z)_{g(z), Z € Ds.

Then G and ¢ have the same complex dilatation [t(z) = le(z) in D, and hence,
f =Go ¢ !is conformal in D and f(0) = 0. With no loss of generality, we may
assume that f7(0) = 1. This can be obtained by replacing g by cg for some ¢ > 0.
Consequently, the map

fl@)=z+a+

belongs to the class S of all normalized univalent maps in D, and hence, |as| < 2.
On the other hand, f(E) C R, which implies

Im f(r +iAt*) =0,

for all + € R, with |¢| sufficiently small, and straightforward computations give
|az| > A. This contradiction shows that (B) has no global folding solutions.

The following theorem shows that for some u’s as in Sect. 10.4.1, there is a
local folding solution at every point of D N R, yet any global solution must branch
somewhere off DNR:

Theorem 10.13. [236]. Let D,D|,D;,and E be as in Sect. 10.4.1. Given a point
20 € D\ E, there exists | as in Sect. 10.4.1 for which (B) has a local folding solution
at every point of E, such that every global solution of (B) in D branches at 7y, and
in particular, (B) has no (global) folding solution in D.

In view of the last theorem and the fact that a local folding solution can be glued
conformally, one may ask whether the existence of a global solution in D which
folds along E and is locally injective off E implies that (B) has a global folding
solution in D. The following theorem answers this question negatively:

Theorem 10.14. [236]. Let D,D,D;,and E be as in Sect. 10.4.1. There exists |l
satisfying the condition of Sect. 10.4.1 such that (B) has a solution which folds along
E and is locally injective off E, and (B) has no global folding solution in D.



Appendix A
Archives of the Existence Theorems

Here, we give the original existence theorems for the Beltrami equations from the
papers [56,57,98,99, 158] and [174] as well as the original part of one example
from [117] (cf. [116]), which have been important contributions to the development
of the theory of the degenerate Beltrami equations. We will mainly retain the
authors’ styles of the aforementioned works. The corresponding advances can be
found in Chap. 7; see historical comments and comparisons in Sect. 7.7.

A.1 The Existence Theorems of Brakalova—Jenkins

We start from the existence criteria in the papers of Brakalova—Jenkins [56,57].

In the paper [56], they study the existence and uniqueness of solutions of the
Beltrami equation f3(z) = u(z)f;(z), where 1(z) is a measurable function defined
almost everywhere in a plane domain A with ||i||. = 1. Here, the partials f; and
f. of a complex-valued function f(z) exist almost everywhere. In case ||it|/ <
g < 1, it is well known that homeomorphic solutions of the Beltrami equation
are quasiconformal mappings. In case ||{t|| = 1, much less is known. They give
sufficient conditions on (i (z) that imply the existence of a homeomorphic solution
of the Beltrami equation, which is ACL and whose partial derivatives f; and f; are
locally in L? for any g < 2. They also give uniqueness results. Their conditions
improved already known results.

A.1.1 Introduction

In the Beltrami equation, (B) u(z) is to be a measurable function defined almost
everywhere in a plane domain A with ||l = 1. In case |||~ < g < 1, it is well
known that homeomorphic solutions of the Beltrami equation are quasiconformal

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach, 209
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6,
© Springer Science+Business Media, LLC 2012
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mappings with maximum dilatation D(z) <K = (1+¢)/(1 —¢). Incase ||| =1,
much less is known. The only significant results known to the authors are due to
Lehto [148, 149] and David [70].

In [148], Lehto treats the case of the plane with the following two stringent
restrictions on f1(z):

(A1) In the complement of a compact set of measure 0, |¢] is to be bounded from 1
on every compact subset.
(Az) For any complex z and 0 < r| < rpy < oo,

/r2 1+2n/2n |1 _37219’u(z+reie)|2 " -1 i’
I 0 1—|u(z+rei)? r

is strictly positive and tends to co as r{ — 0 or rp — co.

Under these conditions, he proves the existence of a homeomorphic solution to
the Beltrami equation. Condition (A;) essentially supposes the pointwise equiconti-
nuity of the approximating functions to be discussed below, thus bypassing the most
difficult step in the existence proof. In [148, 149], Lehto does not study the question
of uniqueness.

In [70], David follows through the proof of existence in Ahlfors’ monograph [9]
giving some very detailed and complicated estimates. He considers the case when u
is defined in the plane and assumes the condition (A.1.1) that there exist constants
a > 0 and C > 0 such that for € > 0 sufficiently small

mes{z: |u(z)| >1—¢e} <Ce . (A.1.1)

Under this condition, he proves the existence of a homeomorphic solution and shows
that under suitable normalizations, it satisfies a uniqueness result.

The main results as well as various auxiliary results in this paper are obtained
under conditions of the form

[ (=)o

where B is a bounded measurable set, @p > 0 is a constant which depends on B,
and F(x), defined for x > 1, is either the identity function, or F(x) = A >,
or F(x) = exp(x/(1+logx)). With the choice F(x) = exp(x/(1+logx)), i.e.,
condition (A.1.2) below, we prove the existence of a homeomorphic solution of the
Beltrami equation, having properties detailed in the statement of our Theorem A.1
(existence theorem). We also give uniqueness results, which are stated as Theorems
A.2 and A.3.
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In the appendixes, we prove comparisons between our results and those already
known. First, we show that David’s results are not subsumed by Lehto’s by
providing an example where (A.1.1) holds while (A;) does not. We also show that
(A.1.1) implies conditions (A.1.2) and (A.1.3) of Theorem A.1, while our condition
(A.1.2) does not imply David’s condition (A.1.1).

A.1.2 Statements of the Main Results

Theorem A.1. (Existence Theorem). Let A be a plane domain, 11(z) a measurable
Sfunction defined a.e. in A with ||| < 1. For every bounded measurable set B C A,
let there exist a positive constant @p such that

1

exp 1—|u| dA < @, (A.12)

/ 1
B 1+10g<—1—|/.1|>

dA=0(R?), R—oo. (A.1.3)

and

1—
{lz|<R}NA |Ii |

Then there exists a homeomorphic mapping f(z) of A which is ACL and whose
partial derivatives f. and fz are in L1 on every compact subset of A for every g < 2
and which satisfies the Beltrami equation (B) a.e. The partials f, and f: are also
distributional derivatives.

Theorem A.2. (Uniqueness Theorem). Let [1(z) be as in Theorem A.1, with A
equal the plane. Let f(z) be a homeomorphism of the plane onto itself which has
partial derivatives fz(z) and f}(z) locally in L. Iff satisfies the Beltrami equation
(B) a.e., then

f(2)=af(z)+b,

where a and b are constants, a # 0.

Theorem A.3. Iff is a homeomorphism of a domain A onto a domain © and has
the same properties as in the above uniqueness theorem, then

where & is a conformal mapping of f(A) onto ©.
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A.1.3 Construction of the Function f(z)

We can assume that (z) is defined in the plane by assigning the value O in the
complement of A. For the construction of the function f(z), we use only (A.1.2).
Condition (A.1.3) is used to prove that f(z) maps the plane onto itself.

Now, we define u,, n=1,2,... so that

pa(z) = p(z) if [u(z)| <1—1/n
Un(z) =0 if |u(z)| >1-1/n.

From the theory of quasiconformal mappings, we know that there exist q.c.
mappings f,, n = 1,2,..., of the plane onto itself with complex dilatations p,,
n=1,2,....

Let zo be a fixed point in the plane. For r, > r; > 0, denote by A the circular ring

A={z:r <l|z—20| < n},

and by M, (ry,r;) the module of its image under f,. The module M,,(r;,r) can be
estimated from below in terms of the complex dilatation (,, where u, = Uy, (2) =
U (z0 4 re'?), in the following manner (see [6]):

2 1 dr

M, (ry,r 2/ _ il

n(l 2) I 2ﬂ|1_67216‘un|2de r
0 1_|.un|2

Proposition A.1. For any point zo and circular ring A = {r| < |z—z0| < r2}, the
module My, (r1,ry) of the image of A under f, tends uniformly to « as ri — 0.

Proof. Using the lower estimate for the module of the image domain introduced

earlier, we obtain
dr
}" 1, r2 4 7 .

— 46
1—Iu|

For any zp in a compact subset 7 of the plane containing the disc |z — zo| < 72,

1

n 21 d
/ / exp————— “’Ll de—rgc,
1+log g
1—| |

where C depends only on the compact subset 7" and the choice of ;. Now, we have

r
log =

1—ul g

2 — 2C
r2/ exp Tl do <
0
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1
on a set E of logarithmic measure 3 log = Therefore,
L8|

1
1 f2n 1— C
—/ exp 1l do < 7 OnkE.
2w Jo 1 2loe 2
1+1log nr-log -
1= |ul !
The function
hix) =exp 1 +logx

is convex and increasing, and limy_,.. 2(x) = co. Let I(y) = logyloglogy for y > 1
and let 1~!(y) be the inverse of /(x). One can show that

)
T

so for some constant ¢ > 0, 4! (y) < cl(y). Therefore, using the convexity of A(x),

1 2= 1
h<—/ d9)< ¢ > onE
2z Jo 1—|ul nrtlog =

e
T
and
1 /2@ 1 C
—/ ——dg<h'| ——= | onE.
2 Jo 1—|ul nrrlog =
T

Combined with the asymptotic behavior of /(y), this implies

/= 1 C
—/ —de <cd | —— onkE.
2o 1—|ul nr2log 2

r

Now, we fix R, 0 < R < 1 and evaluate M,, (RZN+l ,RZN), N=0,1,... for any fixed
function f,:

M (R2N+l R2N> < l RZN 1 g < L/ 1 2’
" ’ T 4 JgNtl2m ] d9r _SnCE l< C > r
o 1—|u| mrtlog(1/R)N
| RN 1 dr
= S_M/RZNH o

’(Wiw)
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Using the properties of /(y), the logarithmic function and explicit integration, one
can prove that

N
1 RB/2)2 1 & A
%./RZNH ( C )TNW’AO>O’ as N — oo.

mrtlog(1/R)N
Thus, for some L > 0

i M, (R2N+17R2N) - - zﬂ,
N=L N=L N

A1 being some constant. By the additive property of the module, it follows that

lim M, (R*" ,R) = oo,

N—roo

independent of the choice of zp and n.
Now, let 0 < R < min{1,r,}. For any fixed N, there is r|, sufficiently small, such
that

{RZN <l|z— 20 <R} C{rn <lz—z| < n},

and therefore, M, (r,r2) > M, (RZN,R) or lim,, o My (r1,r2) > M, (RZN,R) for any
fixed N. Thus, lim,, o M, (r1,r2) = o= independent of the choice of zy and n. O

From now on, we will assume that the quasiconformal mappings {f,(z)},
n=1,2, ..., have two fixed points a| and a, with d = |a; —a,| > 0.

Proposition A.2. The family of quasiconformal mappings {f,(z)}, n=1,2,..., is
uniformly equicontinuous on each compact subset T of the plane.

Proof. Suppose that this is not the case. Then for some € > 0 and every é > 0,
0 < 6 < d/2, there exist f, and points zg'ﬂ and z§”> in 7, such that |zln) — z§”>| <4
and |7u(21") — fu(e5")| = €.

Denote by zg an accumulation point of the sequence {z(ln) }. The distance between
zo0 and at least one of the points a; and a, is at least d/2. We assume that this
point is a;. The image of the ring 6 < |z —zo| < d/2 lies in a doubly connected
domain for which one complementary component has a diameter > &, and the other

contains a; and oo, thus the module of the image will be finite, which contradicts
Proposition A.1. O

Proposition A.3. For the sequence f,(z), there exists a subsequence of functions
which converges uniformly to a function f(z) on compact subsets.

Proof. The result follows from Proposition A.2 and Arzela—Ascoli’s theorem. O

We denote the converging sequence again by f;,(z).
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Proposition A.4. If

/1 ||dA O(R*)  asR — oo,
|z|<R

then f,(z) converges uniformly to e, as 7 — oo

Proof. There exists a constant P such that

/ / dA<PR4

R<|z|<R?

‘We can show that for R > Ry > 0,
i 3PR

[ o<
J 1=lul r

R)/2. Otherwise, there would be a

onaset E, E C (R,R?), of length at least (R?
set X of length equal to (R* — R) /2 such that

R?2r
rdr > 3nPR*(R*—R),

//1—| rdrd9>27r/

which contradicts our assumption. Therefore

R? 1 dr  R*—R
/ 2 = 6PRE
B —de
o 1—|ul

Now, we fix R > Ry > 1. There exists P such that

[ ] e
1— |y

Rk=1<|z|<RK
Let Ay be the annulus {z: R < |z] < R*M} and let MY be the module of its image

under f;,, n=1,2,.... Then
RZN N R2k
1 dr _ 1 1 dr
N

M /2”|1—e’2i9 E T 23X / m ] r

[ ’“ZL” de et de

o 1—|ul o 1—|ul
2k_R2(k71) B (RZ_ 1)
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Therefore, M,I,V tends uniformly to co as N — co. We know also that as n — oo,
fn(z) tends uniformly on compact subsets to f(z), so we can conclude that

f(2) = oo, as 7 —oo. 0

A.1.4  f(z) Is a Homeomorphism

Lemma A.1. Let h,, n=1,2,..., be a sequence of homeomorphisms of the plane
onto itself with two fixed points a; and ay. If h, converges uniformly on every
compact subset of the plane to a function h(z), and if for every annulus A there
is a g > 0 such that

M(h,(A)) > q, (A.1.4)

then h is a homeomorphism.

Proof. Assume that / is not a homeomorphism. Then there exist two points z; # 2
such that h(z;) = h(z2) = wo. We can assume that none of the points z;,72, and wy
coincide with a, and that z; does not lie on the segment connecting z and a,.
Construct a line ¢ through z; which does not meet that segment, a circle C; passing
through a, and z which does not meet ¢, and a concentric circle C,, outside of Cj,
which also does not meet ¢. Let D be the doubly connected domain bounded by C;
and ¢ and A be the ring domain bounded by C; and C,. Then A C D and

M(hy(D)) > M(hy(A)).

On the other hand, the spherical diameters of £, (C}) and h, () are bounded away
from zero, while the spherical distance between them tends to 0 as n — oo. This
implies that M(h, (D)) — 0 as n — oo, which contradicts (A.1.4). O

Lemma A.2. Let u* be a measurable complex-valued function with ||1*|. = 1
and let l; be a sequence of measurable functions, constructed in the same way as
in Sect. A.1.3. If:

(i) hy is the corresponding quasiconformal mappings of the complex plane onto
itself with two distinct fixed points,
(ii) hy converges uniformly on compact subsets of the plane to h,
(iii) For each compact subset L in the plane, and some positive constant @,

/;*dA< @, (A.15)
/ 1 —[u|
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then:

1. There exists g > 0 such that M (h,(A)) > q.
2. his a homeomorphism.

Proof. Fix a point zo in the plane, and for 0 < r; < rp, let S be the annulus
{z:r <|z—2z0| < r}. According to (A.1.5), there exists constant @g such that

/;*dA< @;. (A.1.6)

As in Proposition A.1, using the appropriate estimate for the module of the image

rn

M(hy(A)) > n/#
T

There is a measurable subset X of [ry, 7] of measure (r, — r)/2 on which

T 8D
/ 40 < s .
S T=Tw ] (=) (n+3n)

Otherwise, we would have

r 2w (r1+r2)/2
8g

1

. d6rdr> / rdr = @,

/.0/1—|u*| (r—r)(rn+3r1) . 5
1

1

which is a contradiction to (A.1.3).
Therefore,

r

M(hn(A))zn/ _ dr/r S B t3r)(n—n) / %:q>0.

F = 8 g

X — (r1+r)/2

o 1—|ul v

By Lemma A.1, A(z) is a homeomorphism. O

Proposition A.5. The function f(z) constructed in Proposition A.3 is a homeomor-
phism and maps the plane onto the plane.

Proof. Inequality (A.1.5) for u follows from (A). This together with the properties
of f,(z) implies that f(z) is a homeomorphism. 0
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A.1.5 Differentiability Properties of f(z)

Lemma A.3. If h,(z) is quasiconformal mappings of the plane onto itself with
complex dilatation W}, satisfying |t < |u*| <1 a.e., if hy(z) converges uniformly
on the compact subsets of the plane to h(z), and if for every rectangle R there is a
positive constant @ such that

/;*dA < @, (A.1.7)
1— ||

then h(z) is ACL.

Proof. Let R = {(x,y) :a <x < b,c <y < d}. Denote by I, the segment with
ordinate y and a < x < b and by R, the rectangle which is the subset of R below
that segment. Let A(y) be the area of the image of R, under A(z). Now, A(y) is an
increasing function of y and thus has a finite derivative A’(y) for almost all y in the
interval [c,d]. Moreover, by Fubini’s theorem,

/5 1|*|d"
Tl

is finite for almost all y in [c,d]. Further, for any systems of infinitely many
nonoverlapping subintervals (&,&), k = 1,2,...,m, of (a,b) and any 6 > 0
sufficiently small (i.e., y+ 6 < d), consider

k

ﬁ/

By the theorem of Lebesgue, for almost all y in (c,d), this expression has a limit as
6 — 0, which is

OOI

“\+

m Skt

Z / T[]

Sk
Allowing all possible rational pairs of &,&, this will hold simultaneously for
almost all y in (c,d). Choose yo for which all of this applies. Now, let (x,x;) be
an arbitrary system of nonoverlapping subintervals of (a,b). Let &, & be rational

such that x; < & < § < x}, and let

h(xg +iyo),
=h(& +iyo).

wi = h(xg +1iyo),

wi =
_h(ék"i_ly())? /:
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To prove that f is absolutely continuous on Iy, it is enough to show that
w1 [wi — wg| has an upper bound which tends to zero with Y | (xf —x).

We choose & > 0 with yo+ 0 < d and denote by Ry(8) the rectangle
{(x,y) 1 & <x <&, yo <y <yo+8}. Assuming its corners as vertices, it becomes a
quadrangle whose image under /(z) we denote by Oy (0). Let m(Qx(8)) be the area
of Or(6) and B () the distance between the images of the vertical sides of Ri(5).
Let M(Qx(6)) be the module of Q(8) for curves joining the images of horizontal
sides of Ri(6). Then

M(2(3)) = (?Z(k())»

Let the corresponding entities under /;(z) be Ri (8), Qi (8),and M(Q',i (8)).Byan
upper estimate for the module of a quadrangle from [6], after applying the Schwarz
inequality, we have

M(QL(8)) < 76711+| ; ] 7
‘ 52 Iu,l2 =3
Y& v &
Passing to the limit as j — oo
w2 [ |
R E [ TE
y &
and therefore,
(Be(9))® _ 2 / 1
m(Qi(8)) — 82 J 1—|u*|
Ri.(8)

Thus,

Using the Schwarz inequality,

2
< Bu(8))* &
(;&(5)) <y m(0x(8)) Y m(Qx(8))
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Letting 6 — 0, we have
2 S
m . m 3 1
Dl — o §2A’(yo)2/1—*dx
k=1 kzlék — x|

X
i 1
<24'(yo) D, /1_—|*|dx
=17 H

Letting & — xi, & — x}, we have

B
X

2
m N m 1
S lwi-wil | <2400 Y, [
k=1 ra AR R

Xk

Since the integral is absolutely continuous as a set function, this completes the proof.
O

Proposition A.6. The function f(z) is ACL.

Proof. Since (A) holds for u, so does (A.1.7), and u,,u,f,,and f satisfy the
conditions of Lemma A.3. This implies that f is ACL. a

Lemma A 4. If:

(i) hy is quasiconformal mappings of the plane onto itself with complex dilatation
Wy satisfying |ur| < |u*| <1ae.,
(ii) hn(z) converges uniformly on compact subsets of the plane to h(z),
(iii) For some A > 1 and any compact subset L of the plane there is a positive

constant @y, such that
1 A
/(—*) dA < @y, (A.1.8)
S\ =w|

then h(z) has partial derivatives h, and h; which are in L7 on every compact subset
of the plane, where g < (21)/(1+ 4).

Proof. We consider a Jordan domain © such that L is contained in it. By condition
(ii), hy, has a subsequence converging uniformly on ©® which we again denote by #,,.
Let J,, denote the Jacobian of /,. We will use the fact that a.e.

(Jn)l/z

|(hn)z|:W'



A.l1 The Existence Theorems of Brakalova—Jenkins 221

Using the Holder inequality, it follows that

2
/l JoJ9dA = / q/ "
Iu (1—|w;2)e2

a ) 1
< /(Jn) da /mdf‘ ,

]

where 1/p’+1/¢' = 1. We choose p’ = 2/g, which implies that ¢ is at most
2A/(14 A). Then the first integral becomes [5J, dA, which is the area of the
image of © under /(z) and therefore is finite. Thus, the first integral is uniformly
bounded for all n. The second integral is also uniformly bounded because of (A.1.8).

Therefore,
/ ()17

is uniformly bounded for all n. For ¢ > 1, L(0) is a Banach space. Therefore, the
sequence of functions (/,), has a weakly convergent subsequence (,, ).. The same
is true for (h,)z because hj, is sense preserving, and thus, |(,)z| < |(hy).|. The same
is true for the real partials (h,,); and (hy, )y, which converge to /i and / in L9(0).
Since h, is quasiconformal, (h,,k)x and (hnk)y are distributional derivatives; see [9],
p. 28. For any test function 7(x,y)

/(hnk)xt x,y)dA /hnkt X))y

6

Passing to the limits as k — o, by the weak convergence of (%, ), and the uniform

convergence of £, , we have
/%M:—ﬂm%
) )

/%m:—ﬂ@M
o o

Thus, h(z) has distributional derivatives in L9(0). By Theorem 2.1.4 [272], h,
being continuous, coincides with its representative in the context of this theorem
and its partial i, € L9(©). The same is true for /=, and therefore, both partials are in
Li(L).

Note that this also proves that & is ACL, but under stronger conditions than in
Lemma A.3. a

Similarly,
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Proposition A.7. The partials f; and f of f(z) are in LY on compact subsets of the
plane for every g < 2.

Proof. Since (A) holds for u, so does (A.1.8) for every A > 1. This together with the
properties of f, f, Uy, and y implies that f; and f; are in L7(L) for every compact
set L in the plane and 1 < g < 2, and thus, for any ¢, 0 < g < 2. O

A.1.6 The Limit Function Satisfies the Beltrami Equation

Lemma A.5. Let h, be quasiconformal mappings of the plane onto itself with
complex dilatation L7, satisfying |ur| < |u*| < 1Llimye i, = U*, a.e. Let hy,
converge uniformly on compact subsets of the plane to h and let A > 1. If, for any
rectangle R with sides parallel to the axes, there exists a positive constant @ such
that

. 1 A
— ) aa<ay A19
.R/(l—w) = (4

then
hz(z) = u*h(z)  ae.
Proof. Denote {(z) = hz(z) — u*(2)h-(z); {(z) is defined a.e. Now, we can write

€ = [hz—= ()l + [(hn)z — 1y ()] + (17 () e = 1y ()] + (107 (B ). — e

If we set

L1 n(2) = hz— (hn)z,

bn(z) = (hn)z — My (hn)z,
By(z) = Wy (hn)z — 1" (hn)z,
Iy y(2) = W (hn); — 1*he,

then
/CdA:/Il,ndA‘i‘/IZ,ndA"'/IlndA+/I4Jl dA.
R R R R R

The integral [ I, ,dA = 0 because I, = 0 a.e. According to Lemma A.4, h has
L' derivatives in R and so do &, as quasiconformal mappings. By formula (6.17) on
p.- 50 of [152],

/ [(7n)z = hz]dA = %/ [y — h]dz.
oR

R
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Since h;, tends uniformly to 4 on the boundary dR, the above integrals converge
to 0 as n — co. So we have

lim [ I, dA=0. (A.1.10)

n—seo
R

Further, from Holder’s inequality, it follows that

k/lg,ndAyz J (1
< (Z\ué‘—u*\”df‘) (/| \qu> :

where 1 /p+1/g=1,p, ¢>0,and g =24 /(1+A4); thus 1 < g < 2. As in the proof
of Lemma A.4, one can show that [, ‘(hn)z‘q dA are uniformly bounded for all n.

Since p,;; — u* asn — o a.e., and ‘,u,’,‘ — u*‘p < 27, by Lebesgue’s theorem

— 1) (). dA'

/\/.L,f—u*]"dA—m as n — oo,

Therefore,

/ L,dA—0 as n — oo.

By p. 138 of [152], u* can be approximated by uniformly bounded step
functions ¢ with constant values on squares with sides parallel to the axes, so that
limy e ¢ = ™ a.e. in R. Using this, we have

Jtenda= [ = 00((h)—h) aa+ [ ge((hn).—h) aa.
R R R

By Holder’s inequality,

/

R

(.U* - ¢k) ((hn)z - hz)

< (R/|u*—¢k|”dA>; (R/|<hn>z—hz\qu);,

with g as above. Since [y |(%4).|?dA is uniformly bounded and h; € L(R), then
Jr }( z hz} dA is uniformly bounded. Since limy_,.. ¢4 = u* a.e., by Lebesgue’s
theorem, we can choose kg so that for k > kq and for every n,

[ 115" = 0ul| ).~ hefas <.
R
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On the other hand, since ¢y, has a constant value on the finitely many squares or
parts of squares covering R and by the argument used to prove (A.1.10), we have

/¢k0((hn)z_hz)dA—>O as n — oo,
R

Therefore, there is Ny so that for n > N

R
or
/ 14,ndA’ <2¢
R
Thus,
/I4),,dA—>O as n — oo,
R
and

Using the measure-theoretic argument on p. 189 of [152], one can show that
¢ =0 a.e., and hence, we have

hz(z) —pu*(2)h(z) =0  ae.

Proposition A.8. The function f(z) satisfies the Beltrami equation (B).

Proof. Since (A.1.2) holds for i, so does (A.1.9). This together with the properties
of fu, f, U, and i implies that f satisfies the Beltrami equation (B). a

A.1.7 The Inverse Function g(w) of f(z)

Lemma A.6. Let:

(i) hp, n=1,2,..., be homeomorphisms of the plane onto itself with fixed points
aq 75 an.
(ii) hy, converge uniformly to h on compact subsets of the plane.
(iii) h, converge uniformly to oo as z — oo and n — oo,
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(iv) For any fixed annulus A, the module M(h,(A)) be uniformly bounded away

from zero.
v) l,,n=1,2,..., andl be the inverse homeomorphismsto h,, n=1,2,..., and h.
Then the sequence l,, n = 1,2,..., is pointwise equicontinuous, and l,, converges

uniformly to | on compact subsets of the plane.

Proof. Assume that the sequence [, is not pointwise equicontinuous. Then there
exist a point p and a number € > 0, a sequence & | 0, sequences {wy};_, and
{ln. }7, such that |w; — p| < & and

|l (Wie) =l ()| = €. (A.111)

The sequence [, (p) has a finite accumulation point because 4, converges uniformly
to oo as 7 — oo and n — . We can find a subsequence which tends to this accumu-
lation point. We denote this subsequence again by {/,, };, and the accumulation
point by zg. If necessary, after taking another subsequence, we can assert that there
is a finite point ¢ such that , (p) — ¢, as k — c. Because of (A.1.11), we have
20 # 4.

Assume that 7y # a; and that ¢ does not lie on the segment joining zo and aj.
Draw a circle 1'10 through zp and a; such that ¢ is outside of 1'10 and a line QO
through g not meeting 1"10. Draw a second circle I tangent to 1'10 at a; of larger
radius which does not meet 1}0 and a line I, parallel to QO which lies between I}
and 1}0. There is an integer ko such that for k > ko, Ix(wy) is inside I and [, (p) is
in the half plane determined by I not containing I;. For each k > ko, we construct
a circle l'i(k> passing through a; and [, (wy), tangent to I at a;, and a line l"z(k)
parallel to I> and passing through /,, (p).

(k))

Foreach k > ko, hy, (Fl(k)) passes through a; and wy, and h,,, (I;") passes through

p and . Therefore, the spherical diameter of each of the families of curves &, (Fl(k))
and Ay, (Q(k)) is bounded away from 0. However, the spherical distance between
Fl(k) and 1"2(k> is less than ;. If we denote by A the doubly connected domain
bounded by Fl(k> and Q(k) and by M (h,, (A,,)) the module of its image under h,,,, it
follows from Lemma 2 of [148] that M(hnk (Ak)) —0ask — oo,

Now, consider A to be the doubly connected domain bounded by the curves I;

and I3, and let M (hnk (A)) be the module of its image under £,,. Since A C A, for
k> ko

M (hny (A)) < M (o, (Ar))

and thus, M (h,,k (A)) — 0 as k — oo. This contradicts our assumption (iv).

If ¢ lies on the segment joining zg and a; and g # a;, we reverse the roles of zg
and ¢ in the above proof. If ¢ = a; and ay # zo, then the proof proceeds as above
interchanging the roles of @; and a,. Finally, if ¢ = a; and zo = a, instead of taking
circles tangent to a;, we take circles centered at a;.
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This proves the pointwise equicontinuity of the sequence {/,}. Therefore, by
Lemma 5.1, p. 71 of [152], there exists a subsequence of {/, };, converging
uniformly on compact subsets of the plane to a continuous function /y. For any z
and k, hy, (lnk (z)) =zandl,, (hnk (w)) = w. Since h,, converges uniformly to 4 and
Iy, converges uniformly to /p, we have

h(lo(z)) =z  and  Io(h(w)) =w.

Therefore, ly(z) is identical to I(z), and the sequence I,(z) converges to I(z)
uniformly on compact subsets of the plane. a

Let g(z) be the inverse of f(z), and let g,(z) be the inverse of f,(z), for n =
1,2,....

Proposition A.9. The sequence g, converges uniformly to g on compact subsets of
the plane.

Proof. Now, since (A) holds for f,, then (A.1.5) holds, and by Lemma A.2,
M ( fn (A)) is uniformly bounded away from 0. This together with the properties of
fu, f, the definition of g, and g, and Lemma A.6 implies the statement of the above
proposition. O

Proposition A.10. The function g is ACL and g,, is locally in L.

Proof. Let B be a compact set in the plane and U be a compact disk such that B
lies in the interior of U. Let J, denote the Jacobian of f,,. The functions g,, n =
1,2,..., are quasiconformal with Jacobian 1/(J,(g.(w))). We denote their complex
dilatation by v,,, n =1,2,.... Thus,

[
j”(g,,(w))(l—\v,,(w)| )

U

[ (et Pan, =
U

/J@m—MxW) /1+W@FZ

gn(U) " gn(U)

By the uniform convergence of g,, all g,(U) lie in a compact set V, so
1 1
[T N
1— J 1—
iy L @ J 1= u()]

and all the terms [ | (g,,(w))w‘szw are uniformly bounded because (A) holds

for u(z). Since g, n = 1,2,..., is sense preserving, fU|(gn(w))W‘2dAw is also
uniformly bounded. Thus, the sequences (g,),, and (g,); are uniformly bounded
sequences in the Hilbert space L?(U), and there are subsequences (g, )w and (g, )
which converge weakly in L?(U). The same is true for the real partials (g, ).
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and (g, )v» w = u+ iv, which converge weakly to ¢ and & in L?(U). Since g, are
quasiconformal, (g, ). and (g, ), are distributional derivatives (see p. 28 of [9]).
Then for any test function #(u,v),

/(gnk)utdAw = _./(gnk)tudAm

U U
/(gnk)vtdAw = _/(gnk)tvdAw-
U U

Passing to the limit as k — oo, by the weak convergence of (g, ), and (g, ), and the
uniform convergence of gy, ,

/ §tdA,, = — / gt,dA,, and / SrdA,, = — / gtydA,,.
U U U U

Thus, g has distributional derivatives in L2, and so, by Lemma 2 of [9] or Theorem
2.1.4 of [272], g is ACL. (Note that, since g is continuous, it coincides with its
representative in the sense used in Theorem 2.1.4 of [272].) Moreover, g, is in
L?(U) and thus in L*(B). O

A.1.8 Proof of the Main Results

Proof of Theorem A.1. As mentioned in the beginning of Sect. A.1.3, we can extend
U (z) to a measurable function in the whole plane which satisfies condition (A) for
any bounded measurable set B. The existence of the homeomorphism f(z) of the
plane onto itself is proved in Sect. A.1.4. By the statements in Sect. A.1.5, f(z) is
ACL, and its partial derivatives f; and f; are in L?(K), K being any compact subset
of the plane and any g < 2. Moreover, they are distributional derivatives. By the
results in Sect. A.1.6, they satisfy the Beltrami equation. By restricting f to A, this
completes the proof of Theorem A.1. O

Proof of Theorem A.2. Since f and g have partials locally in L?, then f(g(w)) is
absolutely continuous in the sense of Tonelli and a.e.

27 (600) = (500 00) + Fo (80 0 w).

Except for a set E of measure 0, f(z) = u(z)f:(z), and except for the set f(E),
J:(s(w)) = 1 (g(w)) f=(g(w)). Therefore,

J-(8W)) gw(w) + f=(8(W)) gw(w) = f-(8(W)) [gw(w) + 1 (g(w)) g (W)],

except for the set f(E).
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Now, we can show that g,, = 0 and g = 0 a.e. on f(E). Obviously, we are done
if f(E) is a set of measure 0. If we assume that f(E) has a positive measure, then

w(w)
A e e T el

f(E) f(E)

Here, J,, is the Jacobian of g, and the change of variables is justified by Lemma
2.1, Chap. III of [152]. Therefore, g,, = 0 a.e. on f(E). Since g is sense preserving,
gw=0ae.on f(E).

Now, let F and G be the sets where f(z) and g(z) are not differentiable,
respectively. Let H be the set where f does not satisfy (). By the same argument
as above, it follows that, since F' and H have measures 0, g,, = 0 and g = 0 a.e. on

fF)Uf(H).
One can show, using differentiability a.e., that except on the set f(F)UG,
f:(gw)) f=(8(w))
W) =2 and gp= - S L
S0=Twm) M T L ew)

where J, is the Jacobian of f. Using a substitution with the above expressions, except
on the set f(E) U f(F)UG, we have

A

F2(gw)) [gw(w)+ 1 (g(w)) gw(w)] = fz(g(w)) | — fz_
and except on the set f(H)

—fz(8W)) + 1 (g(w)) f(8(w)) =0.

Since G has measure 0 and g,, and g are 0 a.e., on f(E)U f(F)U f(H), we can
conclude that

~

F=(gw)) [gw(w) + 1 (g(w)) gw(w)] =0 a.e.

This proves that
a—f(g(w)) =0 a.e.

By Corollary 1, p. 31 of [9], f (g(w)) is a conformal mapping of the plane onto
itself. Thus,

~

f(g(w)) =aw+b  with constants a # 0 and b.

Therefore,
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Proof of Theorem A.3. We extend u(z) to the whole plane, construct the
homeomorphisms f(z) and g(z), and restrict g(z) to f(A). Then f(g(w)) defined
on f(A) satisfies the condition

2 f(ew) =0

a.e.in f(A). Thus, f(g(w)) is a conformal mapping of f(A) onto © = f(A), which
we call &(w). O

A.1.9 Examples and Comparisons

Example. Here, we are going to construct an example of a function p(z) which
satisfies David’s condition (A) but does not satisfy Lehto’s condition (A;). To do
so, we construct two sequences {I,}~_, and {C,};"_, of subsets of the open unit
interval /y using the following procedure by induction: Denote by C; a Cantor set
in Iy of measure 7,0 < ¢ < 1. Then I} = Iy \ C; is a set of countably many open
intervals. Assume that /,_; is constructed and it is a union of countably many open
intervals. Then C,, is defined as the union of Cantor sets on the open subintervals of
I,—1 each with a measure ¢ times the measure of the corresponding subinterval. Then
we define I, as I, = I, \ Cy; thus, I, is a union of countably many open intervals.

From now on, depending on the context, we denote by /(A) the linear measure or
by m(A) the area measure of a measurable set A. Thus, we have

I = Ih\Cy, I(Cr)
L=1\C, [(C)

1, I(h)=1-t
t(1—1), I(B) = (1-1),

}n =1, 1\Cp, 1(Cy) =t(1—1)" 1, ()

(L—=r).

We define also E, = I, x I, and G, = C, x C,. Then m(E,) = (1 —t)z". Also
G,CE,,E,=E, 1\G,and E,_; D G, forl > n. Denote E.. =, E, and let
1 (z) be a measurable function defined as

1—e,, onGyyg
uz)=< 1, on E.,
0, everywhere else.
Here, ¢, is a decreasing sequence of positive numbers defined as
(04
ep=——"——=
" 2nIn(1 —1)’

where o is a positive constant.
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To show that u(z) satisfies David’s condition (A), we choose € > 0 to be a
sufficiently small number, and we define A = {z: |u(z)| > 1 — €}. There exist
numbers e, and e, 11 such that e, | < € < e,,. Therefore, A C {z: |u(z)| > 1—en} C
E,y1. Thus, m(A) < m(E,y1) = (1 —1)20+) = e=®/ent1 < e=®/% Therefore, u(z)
satisfies David’s condition (A). However, p(z) = 1 on the set E.., which is not
compact and whose closure is the closed unit square Q. Therefore, u is not less
than 1 outside of a compact set of measure O and thus does not satisfy Lehto’s
condition (Ay).

Comparisons. In this section, we relate (A.1.2) and (A.1.3) of Theorem A.l to
David’s condition (A.1.1). We show that (A.1.1) implies (A.1.2) and (A.1.3) but
(A.1.2) does not imply (A.1.1).

Lemma A.7. Let K be a bounded measurable subset of the plane and | be a
complex-valued measurable function on K with ||lL|| < 1. Then the following two
conditions are equivalent:

(C) There exists B > 0 such that

/eXp{l—LM}dA< D,

K

where @ is a positive constant.
(D) There exists a0 > 0 and C > 0 such that, for sufficiently small € > 0,

measure{z : |i1(z)| > 1 —e} < Ce /¢,

Proof. We first show that (D) implies (C). Let

1 1
Sn—{ 2”+1 < |‘Ll|< }

Therefore, measure {S,} < Ce=%?" for n > ng. Thus,

K/e""<1—ﬁ|u|>d““m U/S e""(l—ﬁ|u|)d“‘+ufsn o (17 4

n
n>ng n=n

<A1+2/exp< |li|)dA

nno

<A1+ ) Cexp{2B—a}2",

n=1

where A is an appropriate constant. If oz > 23, this series converges, which proves
that (D) implies (C). Now, we will show that (C) implies (D).
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Let M be any positive number, M > 1. The set where exp{/(1 — |u|)} > M has
measure less than @ /M. Therefore, the set where 1 — |u| < 3/logM has measure
less than @ /M. Choosing € = 3/logM, the set where |1t| > 1 — € has measure less
than ®eP/¢. This completes the proof that (C) implies (D). a

Lemma A.8. Let 11(z) be defined in the plane. David’s condition (A.1.1) implies
(D) for every bounded measurable set K. However, condition (D) for every bounded
measurable set K does not imply (A.1.1).

Proof. The statement that (A.1.1) implies (D) for every bounded measurable set K
is obvious. To prove the second part, let

1
) l-———— 0<y<l1,x€R,
w(z) = px+iy) = log(1/y)
0 elsewhere.

Then for some small € > 0, the set where 1 — || < € is the set where y < exp—1/¢.
Let K be a bounded measurable set with |x| < [ on K. The measure of the set
1 —|u| < € is less than 2/e~'/%. Therefore, condition (D) is satisfied for any K.
However, the measure of the set in the whole plane where 1 — || < € is infinite, and
therefore, condition (A.1.1) does not hold. O

Lemma A.9. Condition (D) for every bounded measurable set in the plane implies
(A.1.2). Condition (A.1.2) does not imply condition (D) for every bounded measur-
able set K.

Proof. To prove the first part of the statement, we use Lemma A.7 and the fact that
(C) for every bounded measurable set implies (A.1.2).
To prove the second part of the statement, we give an example of a function u
for which (A.1.2) holds but (D) does not hold for some bounded measurable set.
Let {S,} be a set of disjoint disks in the plane contained in a finite disk S with

- on+l - on+2
measure{sn} — e nlog(l5) _ g (n+1)log(L5)

Let ti(z) = 0 in the complement of [ J7_; S, and u(z) = 1 —1/2""! on S,. Let K be
any bounded measurable set. Then

1
2n+1

1— |y S
/exp dA < C+ E /exp dA
1 + (n+
J ! 10g<1 | |> = 1+ (n+1)log2

< C+ Y exp{—2"12) <o,

n=1

Thus, (A.1.2) holds for u.



232 A Archives of the Existence Theorems

Assume that condition (D) holds for S and the above constructed tt(z). Then the
measure of the set {z: 1 —|u| < 1/2"} is < Ce=**" for some constant ¢. On the

other hand, the set {z: 1 — |u| < 1/2"} has measure e(=2""1)/(nlog(19)) Therefore,

,2n+l o
nlog(1.5) —0olr,
e nlog(1.5) S Ce ;

(=2 S .
thus, e (~ ooty +) < C, as n — oo, which is a contradiction. Therefore, (C) does
not hold for p(z) on the set S. O

Lemma A.10. [f 11(z) satisfies condition (A.1.1), then

1 _ 2
/ A= OR)

lz]<R

Proof. Since (A.1.1) implies (D) for every bounded measurable set, we can choose
a suitable € > 0 such that (D) holds for |z| < R and for some constants C and o.
Using the same argument as in Lemma A.7, one can show that for every R > 0

1
/ — dA< D,
1—|ul

1-|ul<e
|z|<R

where @ is a constant independent of R, while

2
/ L u <™
1= |ul €

1—|u|>e
lz|<R

This shows that

1
dA = O(R?), as R — oo.
[ T -ow)

lz]<R

Lemma A.11. No condition of the form

Z(l_;MyM

is sufficient for the conclusion of Proposition 1, where K is a bounded measurable
set, @ is a constant that depends on K and A > 1.

Proof. We define

flpel?) =ePTe?,
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where 0 < 7 < 1 and 0 < p < 1. The complex dilatation of the mapping is

0y o P 1
u(pe”)=e <—rpf+1>’

thus 1/(1 —|u])=1/2+1/(27p"). Therefore,

// 1—|u| // (2 ZTp)dA

This is finite if and only if
o1 1
/0 pr)L 1 —aoTdp <o

Given A, we can always choose T < 2/A. But f maps the punctured disc 0 < |z| < 1
onto a proper annulus 1 < |z| < e, and therefore, we do not get the conclusion of
Proposition A.1 for this f. a

A.1.10 Formulations of New Existence Theorems

Here, we give results from the paper [57]. Let i(x) be a convex, increasing function
defined on [1,e0) such that & (x) > C;x* for any A > 1 with C; > 0. From now on,
we will assume also that

o
1/m_1 0 d = oo, (A.1.12)

Theorem A.4. Let A be a plane domain, | (z) a measurable function defined a.e.
in A, with ||it]].. < 1. Suppose that for every bounded measurable set B C A there
exists a positive constant @p such that

" 1
h| —— | dA < Pp. A.1.13
.B/ (1—Iu|> = AL

Then there exists an ACL homeomorphism f(z) of A into the plane which
satisfies the Beltrami equation (B) a.e., with partials f, and fz, locally in L4, for 0 <
q < 2. The partials are also distributional derivatives. The inverse g(®) = f~! (@)
is ACL in f (A) and has partials g4 and g locally in L.
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Theorem A.5. If A is the plane and if, in addition to (A.1.13), i (z) satisfies

1
1 — |ul

dA=0(R*), R-—co,

{lzl<R}

then there exists an ACL homeomorphism f which maps the plane onto itself with
all the properties listed in Theorem A.4.

A.l1.11 Auxiliary Results and an Equivalent Statement

Let h(x) be the function defined in Sect. A.1.10. Denote 0 (x) = In(h(x)) for x
greater than some constant ¢ > 1, such that i(c) > e; 6(x) is a positive increasing
function in [InA(c), ). Next, we show that the following conditions,

dx
cl
and
/ﬂ;)dx:m, (A.1.15)
X

hold simultaneously, where c¢; and ¢, are suitable constants. The result can be
stated as:

Lemma A.12. Conditions (A.1.14) and (A.1.15) are equivalent.

dx
h=T(x)

Where ¢* =Inc;. Since ——

Proof. Make a change of variables in f by using the substitution y = In(x).

= ( ) and 9( )
T is dlvergent if [570 (1) dxis for

some suitable constant ¢, < 1. After another substitution y = —, we obtain that the

Then the last integral becomes [..

6~ ( )’
are inverses of each other, it follows that [

divergence of the last integral is equivalent to the dlvergence of j e(x —5-dx, where
3=c - O

A statement equivalent to Theorem A.4 follows from the auxiliary results above.
Theorem A.6. Let A be a plane domain and [1(z) a measurable function defined
a.e. in A, with ||i||.. < 1. Suppose that for every bounded measurable set B C A
there exists a positive constant @g such that

Zexp (e <1_L|u|>) aA < B,
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If
7o
1

there exists an ACL homeomorphism f(z) of A into the plane which satisfies the
Beltrami equation (B) a.e., with partials f, and fz, locally in L1, for 0 < g < 2. The
partials are also distributional derivatives. The inverse g(®) = f~' (@) is ACL in
f(A) and has partials g4 and gg locally in L.

A.1.12  Construction of a Solution

Here, we assume that p(z) satisfies condition (A.1.13), with h(z) satisfying
(A.1.12). In A, we define u,,n=1,2,..., so that

_Ju@, ifluE)<1-1/n,
’“‘”(Z)_{o, if | (z)] > 1—1/n.

From the theory of quasiconformal mappings, we know that there exist qc mappings
fasn=1,2,... of A into the plane with complex dilatations t,, n =1,2,....

Let z be a fixed point in the plane. For r, > r; > 0, denote by A the circular ring
A={z:r <|z—2z| < r2} and by M, (r,r2) the module of its image under f,.

Proposition A.11. For any point zo and circular ring A = {r| < |z—z0| < r2}, the
module My (r1,12) of the image of A under f, tends uniformly to « as r; — 0.

Proof. The module M,,(ry,r,) can be estimatf;d from below in terms of the complex
dilatation ,, where i, = t,(z) = tn(z0 + re'?), as follows (see [198]):

rn

1 dr
Mn(rhrz) > /W— .
. e n
A . R )
0 1|t
Using this, we obtain
w(r1,12) 4/
d fl rd

For any zo in a compact subset T of the plane containing the disc |z — zo| < 72,

rn 2n

/rz/h< ! )deﬂgc,
J . 1 —|u| r
r 0




A Archives of the Existence Theorems

236

where C depends only on the compact subset 7" and the choice of

Now, we have
2C

2r 1
[ ()0 < iz
| h dé <

STl g2

on a set E of logarithmic measure %1og % Thus,

VT c

—[h(——)do< —— onE.

27:/ (l—lul) Sl
0

Using the convexity of (x), we have

C

1

— | ——dO | < ————+ E

27r/1—|/.1| nrtlog 2 on

0 1
and

T c
—/—d9<h*1 ——— | onkE.
27r.0 1—|ul nrzlogf

From the estimates of the module and monotonicity properties of /(x), we have

VI

5]
1 1 d 1 1 d
Mn(71772)>_/——r>— / L S
8wt c r = 8m _ c r
r h 5. I r h 1 A, I3
! mzlog% ! ﬂrzlog%

Now, we consider a monotonically decreasing sequence {sx};_; of positive
numbers tending to O such that each interval [s;,1,s;] has the same logarithmic
length where s;/s;11 = ¢. By a ring decomposition, we mean a family of rings
rﬁ <|z—2z0 <r§) w1thr<j+l) < g)andr< J) andr()—>OaSJ—>oo
We take two ring decompositlons with

() (J)
=841, Iy = 8251,

A(J) A(J)
rl 252j+27 r2 :Szj.

Now,
1 dr
C
h~ ( 72 logc )

\N_

() > %2

+1
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while
- 1 oo 52j+1 1 d
A7) A0 ' r
Y (WA 2 o % [ = T
J=1 /:lszjurz h (ﬂrzlogc)
SO
- 17 1 d
() B () > g
j=1 o h (ﬂrzlogc)

With a change of variables t = C/mr?logc, this last term becomes equal to

ﬁf:ﬁdt, which is a well-defined lower limit. Thus, at least one of the ring

decompositions has module sum bounded below by ﬁ Jx Tfllﬁdt and therefore

approaches e uniformly with respect to n and zp. From the superadditivity property
of the module, it follows that lim,, o M), (r1,ry) = oo, uniformly with respect to zg
and n. a

From now on, we shall assume that the quasiconformal mappings {f, (z)},
n=1,2... have two fixed points a; and a,, with d = |ap — ay|.
The next proposition follows from Proposition A.2 and Arzela—Ascoli theorem.

Proposition A.12. For the sequence {f, (z)}, there exists a subsequence of func-
tions which converges uniformly to a function f (z) on compact subsets.

Here, we follow the proof of Theorem A.4 above.

A.1.13  The Solution Is a Homeomorphism

In the same manner as above in Sect. A.1.4, one can prove:

Proposition A.13. The function f (z) constructed in Proposition A.12 is a homeo-
morphism of A into the plane.

A.1.14  Differentiability Properties of the Solution

In the same manner as in the proofs of Lemmas A.3 and A .4, respectively, one can
prove:

Proposition A.14. The function f (z) is ACL.

Proposition A.15. The partials f, and fz are in L9 on compact subsets of A for
every q < 2.

Thus, f(z) has generalized L?-derivatives according to the terminology intro-
duced in [152].
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Using the same methods as in the proof of Lemmas A.5, one can prove:

Proposition A.16. The function f (z) satisfies the Beltrami equation.

A.1.15 The Inverse Mapping

In the same manner as in the proof of Proposition A.10, one can prove
Proposition A.17. The function g is ACL, and g,, and gy are locally in L*.

So far, we have proved Theorems A.4 and A.5.

A.1.16 The Case of the Whole Plane

In the same manner as in the proof of Proposition A.4, one can prove

Proposition A.18. If

1
/—dA:O(Rz) as R — oo,
11— |u|
lz|<R
then f, (z) converges uniformly to s as z — eo.

This proposition and the rest of the results imply Theorem A.4. This concludes
the proofs of Theorems A.4 and A.5.

A.2 The Existence Theorems
of Gutlyanski—-Martio—Sugawa—Vuorinen

A.2.1 Introduction

The analytic theory of plane quasiconformal mappings f is based on the Beltrami
partial differential equation

fr=u(@) f: ae. (A.2.1)

with the complex-valued measurable coefficient u satisfying the uniform ellipticity
assumption ||ut |l < 1. In the case |u(z)| < I a.e. in C and |||l = 1, (A.2.1) is
called a degenerate Beltrami equation, and the structure of the solutions depends
heavily on the degeneration of u. In this article, unless otherwise stated, by a
Beltrami coefficient in a domain €2, we mean a complex-valued measurable function
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W in Q such that || < 1 a.e. in , and by a solution to the Beltrami equation (A.2.1)
in a domain €2, we mean a function f in the Sobolev space Wkl)’c1 (£2) whose partial
derivatives satisfy (A.2.1)in £2. Then f is called p-conformal in 2. The measurable
Riemann mapping theorem (cf. [9]) states that, given a measurable function u in the
plane C with ||tt]|. < 1, there is a quasiconformal homeomorphism f: C — C, f €
Wli)’cz (C), satisfying (A.2.1). Contrary to this, the degenerate Beltrami equation need
not have a homeomorphic solution and a solution, if it exists, need not be unique.
See, for instance, [ 116]. Therefore, in order to obtain existence or uniqueness results,
some extra constraints must be imposed on U.

The degeneration of u is usually expressed in terms of the pointwise maximal
dilatation function

_ 14 u@)
1—|u(z)]

This takes into account the absolute value of u only. We show that for sharper
results, the argument of i (z) should also be considered. For example, consider the
Beltrami coefficients u;(z) = (1 —|z|)z/Z and us(z) = (|z] — 1)z/Z defined in the
unit disk . It is immediate that ||| = 1, j = 1,2, and Ky, (z) = K, (z) whenever
z € D\ {0}. The radial stretching f; : D — D, defined by

K(z) = Ku(z) (A2.2)

fi(z) = #ez“*l/ <1 (A2.3)

forz € D\ {0}, f1(0) =0, is y;-conformal. The second radial stretching

Z

2=

(A2.4)
in the punctured disk D\ {0} is ys-conformal and has the cavitation effect since it
maps D\ {0} homeomorphically onto the annulus 1/2 < |z| < 1. Actually, the
continuous solution to the Beltrami equation with y = U, is unique up to the post-
composition of analytic functions (cf. Proposition A.22 below), and hence, the
cavitation is inevitable in this case. Thus, the cavitation problem requires more
precise information on ( than merely on |(].

To study the aforementioned problem, we employ the angular dilatation coeffi-
cient Dy, ;, (see (A.2.6) below) to take into account an effect of the argument of
u as well. On one hand, it allows us to prove the existence of a homeomorphic
solution f to the Beltrami equation (A.2.1) for a given Beltrami coefficient y with
|tt]| = 1 provided that Dy, ., satisfies a local integrability condition for each zo;
see Theorem A.10. We also obtain an estimate for the modulus of continuity of f.
On the other hand, we establish a uniqueness theorem for the solution of (A.2.1) in
the case when the singular sets of u are totally disconnected compacta with certain
geometric conditions involving Dy, ;,; see Theorem A.12. The modulus estimate
for annuli in Lemma A.18 in terms of the integral means of the angular dilatation
coefficients plays a crucial role in the proof of the existence and uniqueness results.
A normal family argument is also used; see Propositions A.19 and A.20.



240 A Archives of the Existence Theorems

The idea of employing u instead of || in the study of some regularity problems
for quasiconformal mappings is due to Andreian Cazacu [15] and Reich and
Walczak [198]. Lehto [148, 149] was the first who considered the degenerate
Beltrami equation from this point of view.

The degeneration of y in terms of |1 (z)| or K (z) has recently been extensively
studied. This is due to the close connection of f in (A.2.1) to the solutions of elliptic
partial differential equations. For the earlier studies of tt-homeomorphisms, we refer
to [30, 34, 174, 185]. The results of Pesin [185] have been substantially extended
by Brakalova and Jenkins [56]. For the recent deep theorems on the existence and
uniqueness of p-homeomorphisms, see Iwaniec and Martin [116], who extended
the well-known results of David [70] and Tukia [254], and see also [65,211,234]
and the references therein.

Let us indicate a couple of features of our main results. First, by virtue of
adoption of the angular dilatation coefficients, the existence theorem and its prim-
itive, Theorem A.9, cover many cases when K|, fails to satisfy known integrability
conditions; see, for instance, Examples A.l and A.2. Even the case when the
singular set of u consists of finitely many points is of independent interest; see
Sect. 10.2.3.

Theorem A.7. Let u(z) be a Beltrami coefficient in C such that the set of
singularity Sing(u) (see Remark A.1) consists of finitely many points. Then there

exists a homeomorphism f : C — C which is locally quaszconformal in C \ Sing(u)
and whose complex dilatation iy satisfies |l (z)| = |u(z)| a.

Secondly, Theorem A.10 applied to the classical setting involving K, only gives
the following result:

Theorem A.8. Suppose that a Beltrami coefficient |1 on C satisfies

_dm(z)

H(Ku (@) <Aoo

/ / 1+ (1+122)?

for a measurable function H : [1,4e) — R for which there exist an integer n > 1
and numbers ¢ > 0, a € (—oe, 1] such that

H(t) > ct/(logt)(log,1)---(log, ;1)(log,t)*  forlarget.

Then there exists a homeomorphic solution f : C — C to the Beltrami equation with
U such that f € Wlo’cq( ) for every 1 < g <2and f~' € Wkl)cz((C) Moreover, for

a<1,n>2andfor o €0,1) ifn=1, f satisfies the inequality

_ 1 -«
|f<z>—f<zO>|SCexp<2(1—fa)<logmm) ) 2=l <

where the constants C > 0 and 8y > 0 are locally uniformly bounded above and
below, respectively. If n =1 and o < 0, the above inequality still holds with the
constant ¢/(2(1 — a)) being replaced by any larger number.
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Here, log, denotes the iterated logarithm; see Sect. A.2.5. Examples show that
this result is close to being optimal. Indeed, for each n, one cannot take o > 1
in the integrability condition above. Moreover, the constant ¢/(2(1 — o)) and the
exponent 1 — ¢ in the above estimate for modulus of continuity cannot be replaced
by any smaller constants.

A.2.2 Sequences of Self-Homeomorphisms

The degenerate Beltrami equation need not have a homeomorphic solution nor
even a nonconstant solution. A usual approach for the existence of a solution is
to consider a sequence f, of quasiconformal homeomorphisms satisfying (A.2.1)
with the Beltrami coefficients Uy, ||| < 1, such that y, — u a.e., and then to use
a normal family argument to obtain a limit mapping f. Some conditions must be
imposed on p in order to pick a converging subsequence.

In the following, we introduce a modulus method to study normal families
of homeomorphisms. This will be employed to solve the degenerated Beltrami
equation; however, the method is of independent interest.

We introduce some notation. We denote the Euclidean distance and the spherical
distance between z and w by

d(zyw)=|z—w| and d*(z,w) = |z—w|/\/(1 + 22 (1 + [w]?),

respectively. Also, we denote by A(zo,7,R) and by A*(z9,r,R) the (circular) annuli
in the Euclidean and the spherical metric, respectively, i.e.,

A(zo,n,R) = B(z0,R) \ B(zo,7) and Aﬁ(z(),r,R):Bﬁ(z(),R)\Fﬁ(zo,r)

for zo € C and 0 < r < R, where B(z0,r) ={z € C : |z—z0| < r} and B*(z9,r) =
{z € C : d*(z,20) < r}. Here, in the case when zg = o, we set B(eo,r) =
{ze T : |z| > 1/r}, and hence, A(ss,r,R) = A(0,1/R,1/r). In the sequel, for subsets
E.Ey,E, of @, diamE and dist(Ey, E;) stand for the diameter of E and the distance
between Ey and Ej, respectively, measured in the Euclidean metric d. Similarly,
diam’E and dist* (Eo,E;) stand for those measured in the spherical metric d*. We
also denote by .7 and .«7* the two-dimensional Lebesgue measure and the spherical
measure, respectively, i.e., @ (E) = [[ dm(z) and &/*(E) = [[z(1+ |2]*)2dm(2).

A doubly connected domain is called a ring domain. The modulus m of a ring
domain A is the number such that A is conformally equivalent to {1 < |z| < e"}
and will be denoted by modA. When A is conformally equivalent to C* = C\ {0},
we define modA = . A nonnegative function p(z,7,R) in (z,7,R) € C x (0, +e0) x
(0,+00), r < R, will be called a modulus constraint if p(zg,r,R) — +oo as r — 0 for
any fixed R € (0,+eo) and 9 € C.
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We denote by %, the family of all normalized homeomorphisms f : C — C such
that the condition

mod f(A(z0,%R)) > p(z0,7,R)

holds for all zy € C and r,R € (0,+oo) with r < R. Here and below, a homeomor-
phism f: C — C is said to be normalized if f fixes 0, 1, and e. Note that the above
condition is not M6bius invariant.

Note also that, without changing the family .#,, we may always assume
the monotonicity condition p(zo,71,R1) < p(z0,72,R2) for z9 € C and n<rn<
Ry <R». N

Similarly, a nonnegative function p(z,,R) in (z,r,R) € C x (0,1) x (0,1),
r < R, will be called a spherical modulus constraint if p*(z,r,R) — 4o as r — 0
for any fixed R € (0,1) and z € C. We let f%’; ﬁt be the family of all normalized self-

homeomorphisms f of C such that mod f(A*(zo,% R)) > p*(z0,%R) holds for all
0<r<R<1andzOG@ R

A family of continuous maps from a domain Q into C is said to be normal
or compact if it is relatively compact or compact, respectively, with respect to the
topology of local uniform convergence.

The following propositions are similar to a result in [149] where stronger
assumptions were used (see also Lemma 1 in Sect. 4 of [56]):

Proposition A.19. Let p* be a spherical modulus constraint. Then

1) <%’;) tﬁ is a compact family with respect to the uniform convergence in C.

2) Every f € %’:ﬁ satisfies the inequality

d*(f(z1), f(z)) < Ce 1P Corin) 2 o e Bz 1), (A2.1)

forzp € Cand0 < r<rn< 1/2\/2, where C is an absolute constant.
Proposition A.20. Let p be a modulus constraint. Then

1) A, is a compact family with respect to the uniform convergence in C.
2) Foreach R > 0, there is a constant C = C(R,p) > 0 depending only on R and p
such that every f € 7}, satisfies

f(z1) = f(z2)] < Ce P2 7y 75 € B(zo,11), (A2.2)

Jor|zo| <Rand0<ry <ry <R.

In order to prove the propositions, we prepare a few lemmas. For the proof
of the first one, see [106], where the authors assert that one can take Cy =
n’llogZ(l + \/5) = 0.50118... below. In fact, it essentially follows from the
famous Teichmiiller lemma on his extremal ring domain.
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Lemma A.13. There exists a universal constant Cy > O with the property that for
a ring domain B in C with mod B > Cy which separates a point 7y from oo, we can
choose an annulus A in B of the form A = A(zo,r1,r2), r1 < 12, so that modA >
modB — Cp.

We need information about the size of components of the complement of a ring
domain of sufficiently large modulus. There are several such estimates, and the
following form due to Lehto—Virtanen [152, Lemma 1.6.1] is probably the best
known. Let B be a ring domain whose complement in C consists of continua Eg
and E;. Then

T

v2modB '

However, this bound can be improved when mod B is large enough. The following
result provides an estimate which has a sharp coefficient of mod B in the exponent:

min{diam*Ey, diam°E; } <

Lemma A.14. Let B be an arbitrary ring domain in C and let Ey and E| be the
components of C\ B. Then the inequality

min{diam’:Eo7 diamﬁEl} < Cle*%mOdB

holds, where Cy is an absolute constant.

Proof. We may assume that e € Ej. Then we get the desired conclusion by com-
bining Lemma A.13 with the following elementary but sharp result. In particular,
we can use the value C| = 2eC0/2 — 2.56957..., where Cy is the constant in
Lemma A.13. a

Lemma A.15. Let A be an annulus in C whose complement consists of disjoint
closed disks Ey and E|. Then

1
min{diam*Ey, diam*E; } < ——
cosh(3modA)

Equality holds if and only if diam*Ey = diam?E| and if the spherical centers of Eq
and E| are antipodal.

Proof. 1If diam°E > diam‘E; j for some j = 0,1, then we can decrease diam’E ¥
while leaving diamuEl, ; and min{diamtEo,diamﬁEl} invariant, and the resulting
annulus will have larger modulus. Hence, we may assume diam*Ey = diam’E;.
Performing a suitable isometric Mobius transformation with respect to the spherical
metric, we can further assume that £y and E; are symmetric in the imaginary axis
and that the center of Ej is a positive real number. Let Eg "R = [r,R] and 0 be the
hyperbolic diameter of E in the hyperbolic plane H = {z : Rez > 0}. Note that

Rax 1 R
5—/r T zlog; = logt,
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where we sett = /R/r = e > 1. Since H \ Ep is Mobius equivalent to the annulus
A(0,tanh(6/2),1), we can compute the modulus of A as follows:

0 t+1
modA =2mod (H\ Ey) = 210gcoth5 = 210gt+—1.

In particular, we have ¢ = coth(m/2) where m = modA /2. On the other hand,

. R—r (> —1)r
diam’Ey = d" nR) = =
N B Y S A prar iV e
?—1 ?—1 ?—1

f < f
VIFA 4 r 246852~ V144422 2+1
_ coth*(m/2)—1 1
coth’(m/2)4+1  coshm’

where equality holds if and only if rt = 1 or, equivalently, YR = 1. The last relation
means that the spherical center of Ej is 1 and vice versa. In this case, the spherical
center of E is —1, which is the antipode of 1. Hence, the last assertion of the lemma
follows. ad

Lemma A.14 has the sharp coefficient 1/2 in the exponent; however, in the case
of ring domains in the finite plane C, the coefficient is no longer best possible. The
following estimate has the sharp coefficient 1 in the exponent in this case:

Lemma A.16. Let B be a ring domain in C whose complement in C consists of the
bounded component Ey and the unbounded component E|. Then the inequality

diam Ey < C3 dist(Eg, E;)e ™48

holds provided that mod B > C,, where Cy and C3 are positive absolute constants.

Proof. We may assume that dist(Ey,E;) =1, 0 € Ey and 1 € E;. Let a # 0 be an
arbitrary point in Ey. Then, by Teichmiiller’s modulus theorem (see [152]), we have

modB§2,u< 1_|:l: |>,
a

where 1 (r) denotes the modulus of the Grétszch ring B(0, 1)\ [0, 7]. Using the well-
known estimate (1 (r) < log(4/r), we obtain

—modB
< omedf g = O2¢

if modB > 5log2. Hence, diamEy < 64e ™4 whenever modB > 5log2. In
particular, the assertion holds for C; = 5log2 and C3 = 64. a
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Proof of Proposition A.19. Observe first that d%(0,1) = d*(1,e0) = 1/+/2 and that
d*(0,%0) = 1. In particular, for r, < 1/2+/2, the disk B = B*(z9,r2) cannot contain
more than one of the three fixed points 0, 1, 0. Therefore, the component E; = (E\
f(B) of the complement of f(A*(zg,71,72)) has spherical diameter at least 1/+/2.
Meanwhile, the other component Ey = f (Eu (zo,71)) has spherical diameter at most
1. Consequently, diam?Ey < v/2min{diam’Ey,diam’E; }. Now, inequality (A.2.1)
follows from Lemma A.14 with C = v/2C}, where C; is the constant appearlng in
the lemma. This inequality in turn implies the equicontinuity of %ﬁu Since C is

compact, then by the Arzela—Ascoli theorem, the family jf; tﬁ is normal.
Let f be the uniform limit of a sequence f, in %‘; tﬁ. We show that f is a member
of f%’; ﬁt. Since the mapping degree is preserved under uniform convergence, f has

degree 1, in particular, f : C — C is a surjective continuous map. We now consider
the open set

V = {z € C; f is locally constant at z}.

First, we show the following:

Claim. Ifzg € @\V, then f(z) # f(zo) forz € @\{zo}.

By permuting the roles of 0, 1, e if necessary, we may assume that zg 7 o and that
f(z0) # oo. Pick a point wy # zo. We will show that f(wg) # f(z0). Choose a small
positive number R so that R < min{d*(z9,wo),d"(z9,°°) }. Then, by the definition of
z%’; ﬁt’ inf, mod (f,(A*(z0,8,R))) > Co for sufficiently small § > 0, where Cj is the
constant in Lemma A.13. By virtue of Lemma A.13, we can find an annulus A, of
the form A(f,(20),7u,7,), a < 7, in f,(A¥(z0,8,R)) for n large enough.

Since f is not locally constant at zg, there exists a point z; in the disk o (z,20) <
& with f(z9) # f(z1). The annulus A, separates f,(z0),fu(z1) from f,(wp),oo
so we obtain |f,(z1) — fu(z0)| < ra and r), < |fu(wo) — fu(z0)]. In particular,
[/2(z1) — fu(z0)| < |fu(wo) — fu(z0)| for n large enough. Letting n — oo, we obtain
0< |£(21) — F(z0)] < |F(wo) — f(20)], and hence, f(wo) # f(zo)-

We next show that V' is empty. Suppose that V has a nonempty component Vj.
Then f takes a constant value, say b, in V. Because Vy # C, there is a point zg in
dVp. By continuity, we have f(zo) = b. On the other hand, from the above claim,
it follows that f(z) # f(zo0) = b for any point z other than z, which contradicts the
fact that f = b in V. Thus, we conclude that V' is empty, namely, f is not locally
constant at any point.

By using the claim again, we obtain f(z1) # f(z2) if z1 # z2. Thus, the injectivity
of f follows. Finally, the continuity of moduli of ring domains with respect to the
Hausdorff convergence (see [87]) implies that f & %‘; tﬁ.

Proof of Proposition A.20. It is easy to see that there is a spherical modulus
constraint pﬁ such that J%, C z%’; ﬁt' From Proposition A.19, the compactness of

7, now follows. We next give an estimate of dist(Ey, E} ), where Ey and E; are the
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bounded and unbounded components of C \ f(A), A = A(zy,r1,r), respectively.
Since 7%, is compact, S = sup{|g(z)| : g € H},|z| < 2R} < +oo. Now, it is clear
that dist(Ep, E1) < diam f(dB(z9,72)) < 2S. Set m = mod f(A). If m > C,, we
obtain diamEy < 2SCse™” by Lemma A.16. Otherwise, we have diamEy < 2§ <
2Se2e~"". Hence, the proof is complete. a

Let u be a Beltrami coefficient defined in C with |||l < 1. In order to apply
Proposition A.20 to the study of the Beltrami equation, we first introduce a standard
approximation procedure. Forn = 1,2,..., we set

Hn(z) = p(z), if [pu(2)| <1—1/n, (A2.3)

and U, (z) = 0 otherwise and denote by f, the sequence of quasiconformal auto-
morphisms of the extended complex plane preserving 0, 1 and o, and having u,, as
its complex dilatation. The existence of such f, is guaranteed by the measurable
Riemann mapping theorem. We will call such f, the canonical approximating
sequence for [1. The topological structure of the family {f,} with respect to the
uniform convergence under some additional assumptions on u will be described in
Theorem A.9.

A function H : [0,+e) — R is called a dominating factor if the following
conditions are satisfied:

1. H(x) is continuous and strictly increasing in [xo, +e°) and H(x) = H(xo) for x €
[0, x0] for some x( > 0.
2. The function ") is convex in x € [0, +oo).

The convexity of e/ implies that H (x) — +oo as x — oo, In the sequel, the inverse
H~! of H will mean the inverse of the homeomorphism H : [xg, +o0) — [H(0),+oo).
A dominating factor H is said to be of divergence type if

T H(x)dx -
/1 = e, (A2.4)

and otherwise H is said to be of convergence type. Denote by Z the set of all
dominating factors of divergence type. Note that H(nx) and nH (x) are dominating
factors of the same type as H(x) if H(x) is a dominating factor and if 1] is a positive
constant.

Lemma A.17. Let H be a dominating factor. Then H is of divergence type if and
only if
Feodt

. m = oo (A.2.5)

for a sufficiently large numbert .

Proof. By the change of variables r = H(x) and integration by parts, we see that

oodr /’x2 dH(x) H(x) H(x) +/'x2 H(x)dx
w H ') Ly x  x X1 Jo o x2 7
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where 1; = H(x;) for j = 1,2. Now, the “only if ” part follows because H(x)/x is
positive for large x. In order to show the “if ”” part, assume that (A.2.4) fails. Then,
in view of the above identity, (A.2.5) would imply that H(x)/x — oo if x — oo.
In particular, H(x)/x > C > 0 holds for sufficiently large x where C is a positive
constant. Hence, for x; large enough, we obtain [* H (x)dx/x* > JipCdx/x =
Clog(xz/x1) — oo as xp — oo, a contradiction. Thus, (A.2.4) follows from (A.2.5).
O

Let 1 € L™(£2) be a Beltrami coefficient with || < 1 a.e. in an open subset 2
of C. We define the angular dilatation Dy, ;, of u at zo € C as

L2
[1- ()R

Dy (2) = BENCEE (A.2.6)

in the case when zg is finite and as Dy ..(z) = Dy,0(z) in the case when zg = o
Then Dy -, is a measurable function in € and satisfies the inequality 1/K,(z) <
Dy (2) < Ku(2) ace. for each zp € C. Note that Dy o(z) = Ky (z) holds a.e. if and
only if u(z) has the form —p(z)z/z for a nonnegative measurable function p. The
name of Dy ;, comes from the following important relation: If f is p-conformal in
Q and if we write z = zo + re'?, then

%

2
=Dy (2)I5(2) (A2.7)

holds for almost all z € £2, where J is the Jacobian of f. The quantity D, ;, is
called the radial dilatation of | at zo because it satisfies

oA

2
= D15 (2 (2)-

We call Dy ,, and D_, ;, directional dilatations.

Theorem A.9. Let 1 be a Beltrami coefficient in C. Assume that for each zo € ((A:,
one of the following conditions holds for some positive constants M = M(zg) and
ro=ro (Z()) .

1) Dy (z) <M a.e. in B(zo,r9).
2) There is a dominating factor H = Hy, of divergence type such that

/ W der(z) <M
B(z0,70)
holds when zo € C, while the above condition is replaced by

/ AP0 47
JB(ee,r) 2]

when 7o = oo.
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Then the canonical approximating sequence f, for U forms a normal family
with respect to the uniform convergence in C and every limit function f of this
sequence is a self-homeomorphism of C. Moreover, f admits the following modulus
of continuity estimates according to cases (1) or (2) at each point zo with |zo| < Ry,
where Ry is an arbitrary positive number:

1f(2) — f(z0)] < Clz—z0/"™ (A.2.8)
or

2m+c d
|f(z) = f(z0)] < Cexp { - /1 m—tl(t)} , (A.2.9)

+c

respectively, for |z—zo| < r; and 0 < ry < min{rg,Ro}, where m =log(r|/|z—zo]),
¢ =log(M/rr}) and C is a constant depending only on y and Ry.

Remark A.1. Note that Theorem A.9 does not say anything about the u-conformal
mapping; it discusses the behavior of the limit mapping only. However, the
following conclusions can be reached. Let Sing(it) be the singular set of a Beltrami
coefficient U, i.e.,

Sing(u) = {zo € C : esslimsup|u(z)| = 1}.

220

Note that Sing(it) is a compact set in C. Note also that Sing(ut) can have positive
area, although || is always assumed to be less than 1 almost everywhere. By
definition, the open set 2 = C \ Sing(u) can be exhausted by a sequence of open
subsets €,, n =1,2,..., in such a way that |u| < 1—1/n ae. in €,. Since
W, = W ae. in Q, for all k > n, the limit f is u-conformal in €, for each n.
Therefore, f is locally quasiconformal in €2, in particular, f € Wl(l)’cz(Q), the complex
dilatation of f agrees with the given p a.e. in ©, and f|qo is unique up to the
postcomposition by a conformal map. Further discussions on the existence of -
conformal homeomorphisms and their regularity will be conducted in the next
section.

The proof of the theorem is based on Proposition A.20, and an estimate on the
moduli of ring domains under homeomorphisms in the Sobolev space Wkl)’c1 is stated
in the lemmas below.

The first result can essentially be found in [15, 198]. We give it under somewhat
weaker assumptions.

Lemma A.18. Let U be a Beltrami coefficient on a domain  in C and f: 2 — C
be a p-conformal embedding. Suppose that Dy (z) is locally integrable in the
annulus A = A(zg,r1,72) C Q. Then

mod f(4) > / m_dr (A.2.10)

n rYu(nzo)’
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where

1 2 R
l//,_l(r,zo):E | Dy (20 +re'?)de. (A2.11)

Proof. We may assume that zo = 0 and Q = A = A(0, 1, R). We may further assume
that A’ = f(A) = A(0,1,R’). Let v be the positive Borel measure on A defined by
V(E) =/ (f(E)). By a usual argument (see, e.g., [9, 152]), we obtain dexz% <dv
on A in the sense of measure, where J; = |f.|> — | f*. In partlcular Jr € LL (A).

Denote by ¥ the circle |z| = . Then the assumption f € Wloc (A) together with
the Gehring-Lehto theorem (see [152]) implies that, for almost all r € (1,R), f is
absolutely continuous on 7, and totally differentiable at every point in 7. except
for a set of linear measure 0. By Fubini’s theorem, we observe that D, and J; are
integrable on ¥, for almost all » € (1,R). For such an r, we have

AF@ 27 |fa(re®)
Y Q) =]} e

We use Schwarz’s inequality and (A.2.7) to obtain

2 g
(27) <r/ Dy(re! de/ Iffz 0,

2 < / |darg f] <
Jy

and hence,

21 2m Jf
gr/ rei?)de
e = h e

for almost all € (1,R), where yy, (r) = y,(r,0). Integrating both sides with respect
to r from 1 to R, we obtain

2n Jpdet
Zn/ / / Ir o dedr = /f—
1 rllf/.L |f|2 A |f|2

dv des/ (w) , ,
< [ — = ——2 logR" =2mmod A
—/A|f|2 /A w2 .

and thus arrive at the required inequality (A.2.10). a

The following auxiliary result may be of independent interest. The basic idea is
due to Brakalova—Jenkins [56], Appendix A.1, see also [174, p.51], Appendix A.4.

Lemma A.19. Let f be a u-conformal embedding of A = A(zg,r0e™ ™, 19) into C.
Suppose that a dominating factor H satisfies

/ el Puzo@des(7) < M, ifzo €C, (A.2.12)
A
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and

det
/ AP ST e (A2.13)
A Iz

Then we have

mod f(A(zo,roe” ", rp)) > /m dr (A.2.14)

12 H' (2t +1og(M /7r3))’
Proof. Let first zg # o. Setting

2 2n ;
W) =2 /0 eH(Puzgeotre®)) g

we rewrite inequality (A.2.12) in the form

ro dr m
2 / wn =2 / h(roe™")dr < M.
T r 0

o™

By Chebyshev’s inequality, the set T = {r € (0,m) : h(rope™")) > L} has length

M
T=[dt < —.
7] /T ~ 2nL
Since e/ is a convex function, Jensen’s inequality yields e (¥(")) < h(r)/r* where

w(r) = wyu(r,z0). This implies the inequality y(roe ") < H~ (2t +log(L/r})) for
t € (0,m)\ T. Lemma A.18 now yields

dr

m dr
mod f(A) > /0 e ) = /<o,m>\r H-'(2t +1log(L/R))

m dr m dr
> > .
- /m H*1(2t+1og(L/r(2))) - /M/an H*1(2t+log(L/r(2)))

Finally, letting L = M /7, we obtain (A.2.14).

The remaining case is that zp = 0. Let ¢(z) = 1/z be the inversion. Let {1 be the
complex dilatation of the map g = @ o f o @. Then Dy, ¢(z) = Dy o(1/z). Now the
required inequality immediately follows from the previous one. a

Proof of Theorem A.9. Let f, be the canonical approximating sequence for . First,
suppose that u satisfies assumption (2) at zo € C. Since

HoDy,;(z) <max {HoDy_(z), H(1)} (A.2.15)

for the dominating factor H, the sequence

M, — / e P (@) qo7(7) (A.2.16)
B(ZO!’U)
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satisfies

lim M,, = e PuaD)des (2) < M = M(z)

n—yeo B(z9,r0)

by Lebesgue’s dominating convergence theorem. Set M, = sup{My;k > n}. We now
see from Lemma A.19 that

mod f;, (A(zo,re™ ", 1)) >

/m dr (zo,re™™,7)
pu— A :: n Z b) b
J12 H-1(2t +1og(M, /mr?)) prlco

for 0 < r <rg and m > 1/2. Then, by virtue of Lemma A.17, p,(zo,re"™,r) — oo
as m — +oo. For 7z = oo the same conclusion follows. O

In the case when u satisfies assumption (1), the situation is simpler. Since
Wu(r,z0) <M forae.0<r<r, by Lemma A.18, we obtain mod f;, (A (zo,re™",r))
>m/M for 0 < r < rgand m > 0, so we just set p,(zo,7¢",r) = m/M in this case.
For the other points (z9,7,R), we simply set p,(z0,7,R) = 0.

The sequence fi, k > n, then belongs to the class .7, for each n. By Proposition
A.20, the limit map f of any convergent subsequence of f; is homeomorphic. We
show the estimates of the modulus of continuity of f. Since case (1) is easier to
treat, we consider only case (2). Noting that f € 7%}, for each n, we obtain f € J7,_,
where pe. = lim,—e Py, By Proposition A.20, we now have

|f(z) = f(z0)] < Cexp (= pw(zo,r1e™", 1))

for |z —zo| < rie™™, |z0| < Rp and r; < min{ry(z0),Ro}, where C is a constant

depending only on t and Ry. We now obtain (A.2.9) by

m dr 7/2m+c dr
I+c 2H71(t)7

oo - > =
pes (20,11 ’rl)_/1/2H*1(2t+10g(M/7rr%))

where ¢ = log(M/nr}).

A.2.3 Existence Theorems

We first recall some regularity results (see, e.g., [56], Lemmas 4-6 and Proposition
10, and also [174, 185]) on the degenerate Beltrami equation and then use them and
Theorem A.9 to study the existence problem of the solutions to the aforementioned
equation.

Proposition A.21. Let 1 be a Beltrami coefficient in C and suppose that a home-
omorphism f : C—Cisa uniform limit of the canonical approximating sequence
fufor . If Ky € LY (C) for some p > 1, then f € Wkl)f((C), qg=2p/(1+p),and f
satisfies the Beltrami equation with |1. Moreover, f~! € Wli)f (C).
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Remark A.2. It is shown in [56, Lemma 3] that K, € L. _(C) implies the ACL
property of f.

Remark A.3. The Sobolev embedding theorem for spheres [169] or Gehring’s
oscillation inequality (see, e.g., [116, Lemma 5.2]) implies that if f: C — Cis a
u-conformal homeomorphism with K, € Lloc((C), then for every compact set E in
C, there exist constants C and a such that

Flz) = f()] = Ce /el (A2.1)
for 71,z € E with z; # z3. The same inequality is also obtained in [247, p.75] as a
consequence of the length-area principle.
Proposition A.19 together with Theorem A.9 yields the following statement:
Theorem A.10. Suppose that | is a Beltrami coefficient in C such that:

(a) Ky €Ll

loc
(b) For each point 7o € C, there exist positive constants M = M (zo) and ro = ro(z0)
so that either (1) Dy ;) < M a.e. in B(zo,10) or (2)

(C) for some p > 1.

/ e Puz0@der (z) <M, when zy € C, (A.2.2)
B(Z()J())
and
do/
/ M@ ST @) (A2.3)
B(OO r()) |Z|

holds for some dominating factor H = H of divergence type.

Then there exists a normalized homeomorphtc solutlon f: C->C of (A.2.1) such
that f € WlOC (C),qg=2p/(1+p),and f' € Wloc (C). This homeomorphism admits
the modulus of continuity estimate, either | f(z) — f(z0)| < Clz — zo|'/M or

2 H!

20

1£() — £(z0)| <Cexp{ ! ZWL@}, (A2.4)

respectively, according to case (1) or (2), for |z—zo| < r1, |20] < Ry and 1| <
min{ry(z0),Ro}, where m =1log(r1/|z—z0|), c = log(M(z0)/7r?), Ry > 0 is a fixed
number, and C is a constant depending only on [l and Ry.

Proof. Let f, be the canonical approximating sequence corresponding to the
Beltrami coefficient . From Theorem A.9, we see that f, forms a precompact
family with respect to the uniform convergence in C and every limit function f
of this family is a self-homeomorphism of C. Passing to a subsequence, we may
assume that f, — f uniformly in C and 1, —  a.e. as n — oo. Since K, eLl (C)
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for some p > 1, we see by Proposition A.21 that f € W'4(C), ¢ = 2p/(1 + p)

loc
and f satisfies (A.2.1). Moreover, f,,’1 — f~! uniformly in C as n — o and f~! €
Wli)’cz (C). The modulus of continuity estimate in (A.2.4) follows from Theorem A.9.
O

Remark A.4. Assumption (b) in Theorem A.10 implies Dy, ;, € L”(B(zo, o)) for all
p > 1. Assumption (a), however, cannot be dropped in order to have the regularity
condition f € W' (C). Indeed, for p(z) = (1+ilz|*)~'2/z, |z| < 1 and p(z) =
0, |z| > 1, the normalized p-conformal homeomorphism f : C — C has the form
f(z) =21 |g] < 1, and f(z) =z, |z| > 1. A simple calculation shows that
Du7o(Z) =l a.e.in C, and therefore, Dy, , is bounded near zq for each z € C. Hence,
assumption (b) is fulfilled, but |f;| = 1/|z|? is not locally integrable near the origin,
and thus f ¢ Wlé’c1 (C). Note that K (z) > 1/|z|* and hence K, ¢ L. .(C).

Note also that assumption (a) can be stated in terms of the radial dilatation of
. In fact, we can replace it by the condition that D_, ., belongs to L”(B(zo,r0))
for each finite zg, where p > 1 is a fixed number. This follows from the double
inequality

K L+ |uf?

2 =PuatDoa = <K
Specifying appropriate dominating factors H(x), we obtain more concrete conse-

quences from Theorem A.10. Typical choices for H(x) are nx and nx/(1 +log™ x)

for a positive constant 1. The integrability condition (A.2.2) now reduces to

/ eﬂDy,zo (@dg{ﬁ (Z) < ooy (A.2.5)
B(z0,r0)

and to the local subexponential integrability condition

NDy .z (2) } #
expy ———————— > d.F*(z) < oo, (A.2.6)
/B(Zoyro) { I+ 10g+ Dy (2) S

respectively. More examples will be given in Sect. A.2.3.
The following result can be viewed as an extended version of the corresponding
existence theorems from [56, 116]:

Theorem A.11. Let H be a dominating factor of divergence type. Suppose that a
Beltrami coefficient |t on C with ||lt]|- < 1 satisfies

/ eH(KuD) g 7% (7) < oo, (A2.7)
C

where d.o7*(z) = (14 |z|*)~2d.e/ (z) denotes the spherical area element. Then there
exists a normalized homeomorphic solution f to the Beltrami equation such that
fe Wl(l)’:’((C) forevery 1 < q <2 andthat f~' € Wl(l)’cz((C).
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Proof. Since H is of divergence type, assumption (A.2.7) implies that K, € L{;C((C)
for every 1 < p < e. On the other hand, the inequality A < K(z) a.e. and the
convergence of the integral (A.2.7) imply the local assumption (A.2.2). Hence, by

Theorem A.10, we have the required conclusion. O

Remark A.5. Condition (A.2.7) is optimal for the solvability of Beltrami equations
in the following sense:

Assume that H is a dominating factor of convergence type. We may assume that
H is smooth enough and H(1) = 1. Then, by Theorem 3.1 of [116], there exists a i
satisfying (A.2.7) for which the following holds:

1. u =0 off the unit disk B.

2. K} is locally essentially bounded in C\ {0}.

3. There are no Wkl)’cl-solutions to the Beltrami equation with u in the unit disk
which are continuous at the origin other than constant functions.

4. There is a solution f to the Beltrami equation in the weak-W'?(B) Sobolev
space, where weak-W'?(B) = ﬂl<q<2W1’q (B), which maps the punctured disk
B\ {0} homeomorphically onto the annulus A(0, 1,R) for some 1 < R < +-oco.

Corollary A.1. Suppose that | is a Beltrami coefficient in C such that, for some
n>o,

/' &Kt 7% (2) < oo, (A2.8)
JC

Then there exists a U-conformal homeomorphism f : C — C such that fe Wl(l)’cq((C)

or eve <2and f'e Wl’2 C). Moreover, for every compact set E C C, there
B ry q loc ry p
are positive constants C,C’ and a such that

-n/2

Cexp (—ﬁ) <|f(z1) = flm) <C (A.2.9)

log

|21 — 2]

Jforzi,z20 € E with 0 < |z1 — 22| < 1/e. The exponent —1 /2 is sharp.

The right-hand side of (A.2.9) can be written in the more precise form

1 +10g(M/nR2))"/2

[£(21) = f(z2)| < Cdist(Eo, E) ( log1/[z1 — 2]

for zj,z € B(0,R/2) with |71 — 22| < 1/e, where

M= / euder,
JB0.R)

Eo = f(B(0,R/2)),E, = f(C\ B(0,R)) and C is a constant depending only on 1.
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The sharpness can be seen by the following examples: Let f : C — C be the radial
stretching defined by

-B/2

o) =2 <1+glogi> (A2.10)
& BTl

for |z| <1 and f(z) = z for |z] > 1. (This example was given in [116, Sect. 11.1].)

Then K(z) =1+ (2/B)log(1/|z]) for |z| < 1. Hence, integrability condition (A.2.8)

holds for B > 7 but not for B < n. Since | f(z) — £(0)| = (1+2B 'log1/|z]) B/> ~

(log1/]z])~P/? as z — 0, the exponent 1/2 in (A.2.9) cannot be replaced by any

larger number.

Remark A.6. 1t is noted in [25] that a necessary and sufficient condition for a
measurable function K(z) > 1 to be majorized in 2 C C by a function M € BMO(C)
is that

/ K@D 7% (7) < oo (A2.11)
Q

for some positive number 1. Moreover, M can be chosen so that |M|/pmo <
C/n where C is an absolute constant. For mappings of BMO-bounded distortion,
David [70] has proved the estimate

—b/[M|Bmo

|f(z1) = f(z2)] < Allog (A2.12)

|21 — 2
for some positive constant b, which agrees with our estimate (A.2.9).

Remark A.7. Itis shownin [116] that if i has a compact support, then there exists a
number 1y > 1 such that the Beltrami equation for u satisfying (A.2.8) with n > ng
admits a unique principal solution f with f(z) —z € W1?(C).

The following consequence is due to [116, Theorem 14.2] except for the modulus
of continuity estimate. The almost same result was earlier obtained in [56] (see
Remark A.8 below).

Corollary A.2. Suppose that | is a Beltrami coefficient in C such that

NKu(2) } # -
./(CeXp{l—i—logKu(z) de/*(2) < (A2.13)

for some 1 > 0. Then there exists a homeomorf)hic solution f of (A.2.1) in C such
that f € Wkl)f((C) foreveryg<2and f~' € Wlo"c2 (C). Moreover, for every compact
set E C C, there are constants C, C' and a such that

1 -n/2
Cexp {——2} < f(@) - fle) <C <loglog—> (A2.14)
lz1 — 22| lz1 — 22|

forzi,zo € E with 0 < |71 — 22| < e °. The exponent —1 /2 is sharp.
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The modulus of continuity follows from the fact that n~'ylogy < H~!(y) for
sufficiently large y where H(x) = nx/(1 +log" x). More precisely, we have an
estimate in the form

loglog(M/R?) )n/z
)

|f(z1) = f(z2)| < Cdist(Ep, Ey) <1oglog(1/IZ1 — 2]

for z;,z2 € B(0,R/2) with |z; — z2| < e~ ¢, where

M= /OR {1—1-”10;1]((:()}(1%@’

Eo = f(B(0,R/2)),E, = f(C\ B(0,R)) and C is a constant depending only on 1.
Next, we show the sharpness by examples. Let f : C — C be the radial stretching
defined by

Z 2 e B2
- Zlogl A2.15
(@) E ( ploglog 7 |) ( )

for |z| < 1 and f(z) = z for |z| > 1. Then
e 2
K(z)_logﬂ<1+ loglog| |) for |z < 1.
z

(This example appeared in [116, Sect. 12.1]; however, there seems to be an error in
the formula for K(z).) Hence,

K(z) 2 e ( logsye/|z] ( 1 ))
S SRy +0
I+logK(z) B~ logy e/l logy e/
as z — 0 and, in particular, we see that exp{nK(z)/(1 +1ogK(z))} is integrable in

|z < 1if and only if B > 1. Therefore, the exponent 17/2 in (A.2.14) cannot be
replaced by any larger number in general.

Remark A.8. The first proof of the above statement was given in [56] under the
assumption of special behavior of K¢(z) around the point at infinity:

| K4 () = (R,
(0.8)

This assumption says that K is bounded in the sense of the mean, and hence, it
is different from (A.2.13). Theorem 14.2 in [116] contains also the quite accurate
regularity assertion

/ ¥(2)
clog(e+¥(z))log,(3+¥(2))

de*(z) < oo,

where ‘¥'(z) stands for the spherical derivative liﬁf B |Df(z)] of f.
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Next, we prove Theorem A.7 given in the Introduction, which shows that if
Sing(ut) of u is a finite set, then u can be modified without changing its absolute
value and the modified y admits a “good” solution.

Proof. Let Sing(u) = {ay,...,a,}. Without loss of generality, we will assume that
all a;’s are finite. Let & be a positive number such that the disks |z —a;| < 8,
k=1,...,n, are disjoint. Setting

Z—dag
I-a’

W(z) = |u(z)| k=1,...,n,

for [z —ax| < 6, and u'(z) = u(z) otherwise, we see that D, (z) is essentially
bounded in a sufficiently small disk B(zo, ro) for each zg € C. By Theorem A.9 and

Remark A.1, there exists a homeomorphism f : C — C which is locally quasicon-
formalin Q = C\ {ay,...,a,}, and f|g satisfies the Beltrami equation with u’. The
condition |1’ (z)| = |u(z)|, which holds a.e., is immediate by construction. O

Remark A.9. For every H € &, there exists a homeomorphism f : C-C locally
quasiconformal in C\ {aj,...,a,} with complex dilatation u such that

/ eH(Ku(D) g7 (2) = oo,
C

but weaker directional condition (A.2.2) holds.

In the above examples, the singular set of u consists of isolated points only.
In the following examples, the singular sets of u are the whole extended real axis
R=RU{eo}:

Example A.1. Define the Beltrami coefficient y in Cforae [1,2) as

2
alogﬁ

p(z)=1- , Z=x+1y,

for |y| < yo, and as i (z) = 0 for |y| > yo, where 0 < yo < e~/ is a constant. Then

integrability condition (A.2.8) with ) = 1 does not hold in any neighborhood of each
point on the extended real axis, whereas condition (A.2.5) with n = 1 still holds.
Indeed, since Ky (z) = 1+ alog(1/[y|) for |y| < yo, we see that eu(@) = e|y|~%.
Now the assumption & > 1 implies that eX# is not locally integrable at any point on
the real axis. On the other hand, writing z = re', we compute for any a € R

1-p  4u sin?6
Cl4p 14y l-p

Du7a(Z+a) :D/,(,O(Z) |y|

where the inequality 44 /(1+ @) < 2 has been used. Since the function xlogx is
bounded in (0, 1), we obtain

1
< 1+ asin® 6 (log—) ,
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eXP(Dp,a(Z-i-Cl)) < e|y|7ocsin29 < e’,focef%sinzelog(sin2 0) <cr ¢

for some constant C. Hence, for sufficiently small ry > 0, we have
ro
/ ePua@dert(7) < 2nC / F=0dr < oo,
B(a,r) Jo

Thus, condition (A.2.5) holds for each a € Re. Similarly, we verify (A.2.5) for

a = oo,

Example A.2. Another example of Beltrami coefficient u in C, for which Sing(u) =

~

R, is provided by

2
piz) =1-—————, z=x+iy,
alogmloglogﬂ

for |y| < yo, and u(z) = 0 for |y| > yo, where o is a constant with 1 < o <
2e¢/(e+1)=1.462... and y is a positive constant with yy < e’ An elementary
computation shows that integrability assumption (A.2.13) does not hold at any
neighborhood of each point lying on the real axis. On the other hand, assumption
(A.2.6) still holds. Indeed, since K, (z) = 1+ aclog(1/]y|) log,(1/]y]), |y < yo, we

obtain
log; &
1+0 ’ ‘f |
log, i

as y — 0. In particular, we see that eKu(?)/(1+102Ku(2)) js not locally integrable at
every point on the real axis. On the other hand, as in the previous case, we obtain

1 1
K, (2) _ alogmlogz ol
1+logK,(z) log, ﬁ +logs ﬁ +0(1)

1
=olog—

|

. 1 1
Dyo(z) <1+ asin® B log [ log, =

Hence, under the assumption that o;sin® 8 log(1/[y|)log,(1/]y|) is large enough, we
have

D”,O(Z)
1+1log" Dy o(2)

1+ acsin? B log ‘;—‘ {log ((x sin® 6 log ﬁ log, ﬁ) —log ((x sin? 0log, ﬁ)}

<
1+log (a sin” @ log ﬁ log, ﬁ)

.2 1 ) 1
_ 1+asinzelogi— asin’ O log 1 {log(asm 6) +log, M}
v 1+1log (a sin” @ log ﬁ log, ﬁ)
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1o L
1 oe ' log
< arsin® @log — + i
A log ((x sin® @ log ﬁ log, ﬁ)

<o (sin2 9+e’1)log|71|,

where we used the inequality —xlogx < e~! for 0 < x. This yields

D . _ _
+log Du,O(Z)

for some positive constant C. The last function in polar coordinates (r,0) is
integrable with respect to the measure rd@dr over 0 < r < 1,0 < |8] < 7 because
a(l+e ') —1<1and a/e < 1. Thus, the function exp(Dyq/(1+log" Dy 4)) is
integrable in a neighborhood of each a € Re . Similarly, we obtain the same assertion
for a = oo. Therefore, condition (A.2.6) holds for each point zy € C.

Remark A.10. For the above examples, whose Beltrami coefficients p(z) =
W (x+1y) depend on y only, we can give normalized p-conformal homeomorphisms
f:C — C in the explicit form

V1o pn)

f(z) :x—i—i.o )

A.2.4 Uniqueness

The following remark is a simple consequence of a well-known removability
theorem for analytic functions:

Proposition A.22. Let u be a Beltrami coefficient in a domain € such that the
singular set E = Sing (L) in Q is countable. Suppose that a topological embedding
f:Q— Cis locally quasiconformal in Q \ E and satisfies (A.2.1). Then f has the
property that for any homeomorphic solution f of (A.2.1) in Q \ E, there exists a
conformal map hin Q' = f(Q) such that f =ho f in Q \ E. In particular, f extends
to an embedding of Q.

Indeed, let us assume that f is another homeomorphic solution to the Beltrami
equation (A.2.1) in Q\ E. Note that |[it[|;=(q,) < 1 for every relatively compact

open subset £, of  \ E. The local integrability of the Jacobian J; = (1 — |u|?)|f;|?
of f (cf. the proof of Lemma A.18) implies that f € Wl(l)’cz(.Q \ E). Since f~! €
Wé’f(.Q’ \ f(E)), the function h = fo f~! belongs to Vl/kl)’cl (Q'\ f(E)) and satisfies
hz = 0 there. Now, Weyl’s lemma yields that /4 is an injective holomorphic map in

Q'\ f(E). Since f(E) is closed and countable in ', it is removable for such a
function, and we conclude that & can be extended to a conformal map on £2'.
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In order to apply the removability arguments for the uniqueness problem, it
seems necessary to have information on the singular set E and its image E' = f(E)
simultaneously; see, e.g., [25,133]. As Lehto [149] noted, it is reasonable to consider
totally disconnected sets E. However, this condition does not imply uniqueness in
general. We will introduce a geometric condition on totally disconnected compact
sets E and show that this condition can be combined with integrability conditions to
guarantee the uniqueness.

A positive function m(r) defined on the interval (0,0) for small § > 0 is said to
be a modulus bound for a dominating factor H of divergence type if it satisfies the
condition

m(r) dt

liminf [ —— ¢~ A2l
o H (20— 2logr) (A-2.1)

Note that m(r) — +eo as r — 0.

For example, if H(x) = nx, then m(r) = €log(1/r) is a modulus bound for
H, where € is an arbitrary positive constant. If H(x) = nx/(1 + log" x), then
m(r) = &(log(1/r))¢ is a modulus bound for H, where € > 0 and C > 1 are
arbitrary constants. More examples will be given in Sect. A.2.3. Each modulus
bound m(r) generates the family of annuli A,,(zo, ) = A(zo, re ("), r) around every
point zg € C.

The following notions describe the thinness of the boundary: Let H be a
dominating factor. A compact subset E of C is said to be H-coarse at zy9 € E if
there exists a modulus bound m(r) for H such that, for any small number § > 0,
there is an r with 0 < r < & such that A, (z0,7) NE = 0. The set E is said to be
H-coarse if E is H-coarse at each point zop € E. We will also say that E is radially
coarse at zo € E if a positive constant function can be chosen as m(r) above; more
precisely, there exists a positive number m such that, for any small number § > 0,
one can choose an 0 < r < & with A(zg,re™",r)NE = 0.

It is clear that zp € E forms a degenerate boundary component of 2 = C \EifE
is H-coarse at the point.

Theorem A.12. Let U be a Beltrami coefficient in C such that E = Sing(u) is
a totally disconnected compact subset of C. Assume that one of the following
conditions holds for each 7oy € E :

1) Dy, (2) is essentially bounded in a neighborhood of zo and E is radially coarse
at zp.

2) There is a dominating factor H = Hy, of divergence type for which E is H-coarse
at zo and

/J@%Wmﬂ@<+m (A2.2)
|4

for some open neighborhoodV of z.

Then there exists a homeomorphism f : C — C which is locally quasiconformal
in Q = C\ E and satisfies the Beltrami equation with | in Q. If f is another
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homeomorphic solution to the Beltrami equation in € with the same L, then
f =ho f for a Mobius transformation h. In particular, f can be extended to a
homeomorphism of C.

For the proof of this theorem, we need the following auxiliary lemma which is
due to Gotoh and Taniguchi [96]. A compact set E is said to be annularly coarse
at zo € E if we can find a nesting sequence of disjoint ring domains A, around zo
in C\ E with inf, modA,, > 0. Here, a sequence of disjoint ring domains A, is said
to be nesting if each A, separates A,,_; from A, ;. A compact set E is said to be
annularly coarse if E is annularly coarse at every point in E.

Lemma A.20. (Gotoh—Taniguchi). If a compact subset E of the Riemann sphere is
annularly coarse, then E is removable for conformal mappings off E.

Proof of Theorem A.12. Let f be a uniform limit of the canonical approximating
sequence for 1. Note that the existence of such an f is guaranteed by Theorem A.9.
Set E' = f(E). We show that E’ is annularly coarse. We may assume that E C C.
Let zg € E. Suppose first that case (2) occurs for zo. Then, by assumption, there is
an H € Z and a constant M with

/ e (PucgD ey (z) < M
B(ZU!’U)

for which E is H-coarse at zgp with modulus bound m : (0,8) — (0,+e<). We then
take arbitrarily small » > 0 so that A,,(z9,r) C . By Lemma A.19, we estimate

m(r) dt
12 H '(2t+log(M/mr?))’

mod f (A (z0,7)) >

It is easy to see that

/b & —0
Ja H71(2t+c—2logr)

as r — 0 for any fixed a,b, and c. Hence, by the definition of the modulus bound,
we obtain

timint [ dr fmint [ Y
Ty B2 v 0gM/md)) T e /0 H- (21 —2logr) ~

We can now find a sequence r,, with 0 < 7,1 < r,,e*'"(’") such that A,,(zo,r,) C Q
forn=1,2,... and that inf, mod /(A (z0,7)) > 0. Hence, we conclude that E” is
annularly coarse at f(zo).

If case (1) occurs for zg, then E is radially coarse at zo. Now, it easy to see that
E’ is annularly coarse at f(zo) (cf. Lemma A.18).

Assume that f is another homeomorphic solution to the Beltrami equation
(A.2.1) with p in Q. Then the function 7 = f o f~! is an injective holomorphic
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functionin C\ E’. Since E' = f(E) is removable for such a function by Lemma A.20,
we conclude that 4 extends to a Mobius transformation. Thus, the proof is complete.
O

Specifying H € &, we obtain some consequences of Theorem A.12. We only
consider the dominating factors H(x) = nx and H(x) = nx/(1 +log" x) corre-
sponding to exponential and subexponential integrability assumptions on Kj(z),
respectively.

Corollary A.3. Let E be a totally disconnected x-coarse compact subset of C.
Suppose that L is a Beltrami coefficient in C with Sing(u) C E such that

/ &Kt 7% (2) < oo (A2.3)
C

holds for a positive constant 1. Then there exists a homeomorphism f : C—C
which is locally quaszconformal inQ=C \ E and satisfies the Beltrami equation
with win Q. If f: Q — Cisa locally quasiconformal embedding whose Beltrami
coefficient agrees with L a.e., then f = ho f for a Mobius transformation h. In
particular, f extends to a homeomorphism of the Riemann sphere.

Corollary A4. Let E be a totally disconnected compact subset of C which is
x/(1 +1log* x) coarse in E. Suppose that | is a Beltrami coefficient in C with
Sing(u) C E such that

1 Y <.
/(CeXp{l—i—logKu(z) da/*(z) < oe. (A.2.4)

Then there exists a homeomorphism f : C — C which is locally quasiconformal in
Q= (C\E and satisfies the Beltrami equation with |1 in Q. If f : Q — Cisa locally
quasiconformal embedding whose Beltrami coefficient agrees with i a.e., then f =
ho f for a Mobius transformation h. In particular, f extends to a homeomorphism
of the Riemann sphere.

A.2.5 Dominating Factors and Modulus Bounds

In this section, we provide critical dominating factors H of divergence type and
their modulus bounds. The functions presented below are more or less standard. For
example, similar examples can be found in [116].

We define the functions log,,exp,,Il,  and II, for n = 0,1,2,... and for
o > 0by

logyx=x, log,x=1log(log, ;x) (n=1,2,...),

exppx =x, exp,=exp(exp,_;x) (n=1,2,...),
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IT, o (x) = x(log; x) - - - (log,,_; x) (log, x)*, and
IT,(x) =1II,1(x) (n=0,1,2,...).

In particular, log; and exp; coincide with the standard log and exp, respectively.
Note that log, is the inverse function of exp,, for each n. We also define the numbers
e, by e, = exp,, 0. Then for each n > 0, the functions log,,, I, o, and I, are defined
on (e,_1,4o0), positive on (e,,+eo), and greater than 1 on (e,1,+o°).

We consider the function H (x) = x>/TT, ¢(x) for fixed n > 0 and & > 0. Then
H'(x) = (1+0(1))H(x)/x and H"(x) = (1 + o(1))H(x)/logx when x — —eo. In
particular, (e/!)" /el = H" 4+ (H')> = (1 + o(1))(H')>. Hence, we can choose a
sufficiently large number x,, o > €, so that the function H, ¢ defined by

H(x) = if x> X0
x :

H(xy0) it0<x<xu¢q

is a dominating factor. Furthermore, H, « is of divergence type if and only if ov < 1,
since the integral

oo dx
2 S Haa(x) _/x x(logx)... (log,_; x)(log, x)*

/°° H, o (x)dx © dx
Xn,a

is divergent if and only if ov < 1. Note that the choice of x, o does not affect the

integrability condition such as / e (Pruzo)d.o7? < 400, We also write H, = H, .
v ;

Remark A.11. The dominating factor Hy = Hy ; is essentially the function x. The
dominating factor Hy = H) 1 is equivalent to H(x) = x/(1 +log™ x) in the sense that
forany 1 > 1, we have H(x) < H;(x) < nH (x) for sufficiently large x.

First, we give information on the behavior of the inverse function of H,, 4.
Lemma A.21. Foreachn > 1,0 € R and ¢ > 0, the estimate

ttna) ) = 22 (14 4 o1) ) 5 4

holds, where b =1 when n > 1 and b = o> when n = 1. Suppose further that o0 < 1
and, in addition, if n = 1, suppose that 0 < o.. Then

c

/’ dy _J -«
1 (CHn,oc)fl()’) B

clog, t+0(1) when o =1

(log,/)' =%+ 0(1) when o < 1
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ast — oo for a sufficiently large number t;. When n =1 and o < 0,

/lll (CHl,:;)l(y) - <1 foc +0(1)) (logr)! =

ast — oo be a sufficiently large number t;.

Proof. We assume that n > 2. (The same and somewhat easier method can be used
for n = 1.) Letting n = 1n(y) be a positive quantity with logn(y) = O(1) as y — oo,
we observe

log (NMT,.0(y)) = logn +logy+logyy+---+log,y+ olog, 1y

= (1 +(1 —l—o(l))ll(;g;;) logy (y— +<0).

Inductively, we then obtain that

logy (N1Ty.a(y)) = log,y- (14 (1 +o(1))log, y/logylogy y---log; y)

for every integer k > 1. Therefore,

_ cnIl, o(y)
Hna(Mha(¥)) = {5 5)) - (logu(MTTra®)))?
= cny (1—(1+o(1))%) (A2.5)

as y — +oo. We now restrict ourselves to the case when ¢n = 1+ plog,y/logy
for some constant p. Then (1 —log,y/logy)en =1+ (p—1)(140(1))log, /logy,
and since N1, o (y) > Hyo () for sufficiently large y if p > 1 and n1T, (y) <
H, o '(y) for sufficiently large y if p < 1, the asymptotic formula for the inverse
function follows.

We next show the second assertion. For simplicity, we assume that o < 1; the
case o = 1 can be absorbed in this case because H, | (y)= H,,H,o(y) for large y. By
the first assertion, we obtain

! cdy ! log, ydy
—bc+o0 /
J <ch 5=/, Tl W) J, Siogy)Plog v (ogy)°

if n > 1. For n = 1, a slight modification is needed. Since the second integral in the
right-hand side is convergent as t — +co under the assumptions on ¢, the required
asymptotic formula is obtained. a

Proof of Theorem A.8. Without loss of generality, we may assume that o < 1
(see the proof of Lemma A.21). Under the hypothesis, the integrability condition
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o ectnaKu(2)d.e7%(z) < oo holds. Since cH,, o is a dominated factor of divergence
type, we conclude from Theorem A.l1 the existence and the regularity of the
normalized homeomorphic solution f to the Beltrami equation. We now investigate
the modulus of continuity of f. From the assumption, for an arbitrary number R > 1,
it follows that

/ eHna K@) q o7 (2) < M = / ectina(Ku(@)q o7 (7) <
B(z0,1) - 0,R+1

for each point zo with |zo| < R. Setting b = log(M /), we obtain from Theorem A.10
that

1 2m+b dr

1f(z) - (ZO)|<CeXp{ 3 m} lz—z0| <1,

where m = log(1/|z — zo|) and C is a constant depending only on y,c,n, ¢, and R.
Applying Lemma A.21, in the case when n > 1, we have

2m+b c o
2/ cH,,a M 20-0) (log,(2m+b)) ~“+0(1)

= 2(1;_05) (log,(m))'~*+0(1)

as m — +oo. The case when n = 1 follows similarly from the latter part of
Lemma A.21. Thus, we have shown the estimate for the modulus of continuity of f.
Next, we construct an example; see the discussion after Theorem A.8. As we
noted, a more abstract approach for a dominated factor of convergence type can be
found in [116, Theorem 3.1].
Let M(1) = nlog(1/1)---log,(1/1)(log, 1 (1/1))* = NIl a(log(1/1)), where
n >0,n>0and o € R. Let f be the radial stretching

I Izl dr
P Js, ()

in 0 < |z] < &, where & is a sufficiently small number. Then, as is easily seen,
the pointwise maximal dilatation of f is given by K(z) = M(|z|). Note that the
function f can be continuously extended to z = 0 by setting f(0) = 0 if and only
if the integral foan dr/tM(r) diverges, namely, o < 1. In particular, when o > 1, by
Theorem A.9 (and Proposition A.22 as well), exp(H o K(z)) is not locally integrable
around the origin for every dominating factor H of divergence type. On the other
hand, we see that H o K is exponentially integrable around the origin for H = cH,, ¢,
where c is a constant satisfying ¢ < 2/n. We fix a number € with ¢n < € < 2.
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From (A.2.5), it follows that H(M(t)) = cHy (N1, o (log(1/t))) = en(1+o0(t))
log(1/t) as t — 40. Therefore, there is a number ry > 0 such that H(M(r)) <
elog(1/t) for all 0 < ¢ < ry. We now compute

/ K@ o7 (z) = 27r/r0 e MD)gr <27 /rotlfgdt < oo,
B(0,rp) 0 JO

In particular, the exponential integrability condition for H, o o K, does not imply
the existence of a homeomorphic solution in the case o > 1.

Next, we assume that & < 1. (As we noted, the case o = 1 can be included in the
case ¢ = 0.) Then the function f can be expressed in the form

S e
& =1 p((l—a)n

Since 7 can be chosen arbitrarily whenever 1 < 2/c, the sharpness is obtained. O

To state results on modulus bounds of the above dominating factors, we present
some auxiliary functions. For constants C > 1 and 3,0 > 0, and a nonnegative
integer n, we set

<1og,,+1<1/|z|>>1“) L 0<l <5

Onc (X) = €Xp, (1Ognx + 10gC)

and
1/B
Yap.6(x) = exp, ([(banV3 +6] )
for x > ey,. By definition, ¢, c = W 1 10gc, and, e.g.,

¢o.c(x) = x+1logC,
@1 c(x) =Cx, and

02 c(x) %©.
Proposition A.23. For a positive integer n, a modulus bound for H, is given by
m(r) = e@ui1.c(logl/r)

for r small enough, where € > 0 and C > 0 are constants.

Proof. From Lemma A.21, we see that

) dr
hmmf/ ——
=0 Jo  H,”'(2t—2logr)

L. .
=3 higlglf [log, | (2m(r) —2logr) —log,, (—2logr)] .
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Noting that logr = o(m(r)) as r — 0, we obtain

log, 1 (2m(r) —2logr) = log,(@x1.c(log1/r) +o(1)
=log, . (log1/r)+logC+o(1)
and log, | (m(r)) = log,, (logl/r)+o(1) as r — 0. Hence, m(r) is a modulus
bound for H,,. O
The same method yields the following result:
Proposition A.24. For a positive integer n and o € (0,1), a modulus bound for
H, o is given by
m(r) = €Y, 1-q,5(log1/r)

for r small enough, where € > 0 and 8 > 0 are constants.

A.3 The Existence and Uniqueness Theorems
of Martio—Miklyukov

Existence and uniqueness of solutions of degenerate Beltrami equation were studied
in the paper [158] under the condition that the dilatation K has an upper bound in
w2,

A.3.1 Introduction and Main Results

Let w : D — R? be a homeomorphism of a domain D C R? onto a domain 2 =
w(D) C R? and let u : D — R? be a measurable function such that | (z)| < 1 for
a.e. z € D. We say that w is a g-homeomorphismif w € Wl(l)’c1 (D) and

wz = U(z)w, forae.zeD. (A3.1)

Write

_ L+ [p@)],
R TElk

then K (z) € [1,o0] and K;;(z) < e fora.e. z € D.

By the theorem of Gehring and Lehto [91], a u-homeomorphism w is a.e.
differentiable and (A.3.1) yields ||w/(z)[|* < Ky (2)J(z,w) a.e., where ||w/(z)]| is the
operator norm ||w'(z)|| = supy,_; [w'()h| of the linear map w'(z) and J(z,w) =
detw/(z) is the Jacobian of w'(z).
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We recall that a mapping w is g-quasiconformal, 1 < g < oo, if w is a
p-homeomorphism and K (z) < ¢ for a.e. z € D. For g = 1, the mapping w is
conformal. Note that if w is g-quasiconformal, then w € Wl(l)’cz(D) and w! is
g-quasiconformal as well.

A measurable function p : D — [1,0] is said to be locally W!2-majorized in
D if for every subdomain U CC D there exists a function Ky € W!'2(U) such
that p(z) < Ky(z) a.e. in U. Note that if p is locally W!2-majorized, then the set
{z:limg_,, p(§) = oo} is of 2-capacity O (e.g., see [3, Theorem 6.2.1]).

Theorem A.13. Suppose that 1 : D — R? is a measurable function such that
|u| < 1 a.e. and that K, is locally W2 majorized in D. Then there exists a

p-homeomorphism w : D — R? onto a domain 9 = w(D) with w € Wkl)’c2 (D) and
wle Wl’z(.@).

loc
Moreover, the mapping w is unique up to conformal mappings on the w-plane.

Homeomorphic Wkl)c2 solutions of the Beltrami equation (A.3.1) with K, (z) < ¢
were first systematically studied by Morrey [176]. Bers [34] and Belinskii [30]
considered mappings with locally bounded distortion coefficients Ky, (z). The proof
for Theorem A.13 follows from the following result on t-homeomorphisms of a
disk. We let B = B(0, 1) denote the unit disk, and the space WO1 2(B) is the closure
of Cg(B) in Wh2(B).

Theorem A.14. Let u : B — R? be a measurable function such that |u| < 1
a.e. and that Ky (z) < K(z) a.e. in D, where K € WV(B). Then there exists a
w-homeomorphismw of B onto B such that w € Wkl)’c2 (B) and w=" € W2 (B). More-

loc
over, w is unique up to conformal transformations on the w-plane. If, in addition,

Ky(z) <Ky+K(z) a.e. inD, (A.3.2)

where 1 < Ky = const <o and K € WOI’Z(B), thenw € W'2(B) and w=' € W'2(B).

The case (A.3.2) of Theorem A.14 was proved by Miklyukov and Suvorov [174].
Because W2 functions belong to BMO and VMO classes (see [58, Sect.1.2]), then
quasiconformal mappings with locally W !> majorized characteristics are BMO-qc
and, respectively, VMO-qc mappings which are studied in [161, 213]. For other
results concerning degenerate quasiconformal mappings, see [70, 75,98, 133, 149,
185, 271], [116, Sect. 10], and others. For the existence, we employ the standard
method of cutting the dilatation p. However, the uniqueness is the essential feature
of the paper because without uniqueness the mappings are difficult to handle.

A.3.2  Proof of Theorem A.14

Forn=1,2,... we set

_Ju(e), iflu@|<1-1/n,
Hn(2) = {0, if [u(z)] > 1—1/n.
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There exists a mapping w,(z) from B onto B with dilatation u, [152, Sects. 1 and V].
We may assume that w,(0) =0 for all n = 1,2,.... We call such a sequence w, a
canonical approximating sequence for L.

Because wy, = (un,v,) € WH2(B) for every fixed n = 1,2,... we can find a
sequence

{w} = { (e, var) Yiy C W2 (B)NC™(B)

such that w,; — w,, in W1?(B) or, in other words,

lim | (IV (st — ) |* + [V (v — v) |*) dxdy = 0, (A3.3)
im | (Jupke — tn|* + [Vt — va|*) dxdy = 0. (A3.4)
k—o JB

We may also assume that u,; — u, and v, — v, pointwise in B. This is needed later.
Fix n and k. Let y be a nonnegative continuous function with a compact support
suppy C B. Then

’/B wJ (z,wn) dxdy — /B WJ(vank)dXdy}
= ’/B Y (Oxttndyvi — Ay vy dxdy/B Y (Oxltni Oy Vi — Oyltnjc Oy viyic) dx dy
< /B v ‘ (Oxttn — Oxttni) Oy — (Oytty — Oyt axv,,| dxdy
+ /B | et (Byvn — By — Dyt (D — Ayvy)| ddy.
Thus, from the inequality |ab + cd| < \/CZZ——I—CZ\/W, it follows that
‘/ wJ (z,wy)dxdy — / l//J(z,wnk)dxdy‘
< [ W1V )l [Vonldedy-+ [ Vil V0= ) ey,
Now, from the Cauchy inequality, we obtain

‘/BW(Z,wn)dxdy—/BW(z,wnk)dxdy‘

1/2 1/2
< (v —moPaas) ([ v pa)
B B
1/2
(fvon—wmPaxay) ([ vvuaPare)
B B

1/2
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Note that
/ Y2 Vv, 2dxdy < MZ/ |V, [dxdy,
B B
where M = maxp y, and that
2 2 2 2 2 2
/B"’ Vit 2dxdy < 2M /B|V(u,,k ) Pdxdy +2M /B|wn| dxdy.
Hence, it follows from (A.3.3) that
k—roo

/l//J(z,w,,)dxdy: lim/wl(z,wnk)dxdy. (A.3.5)
JB B

Next, we fix a sequence {K;} of C'(B) functions with
[Ki = Kllw12 =0 asl— e (A.3.6)
Let U CC B be a domain with a rectifiable boundary dU. We choose a Lipschitz

function ¢ : B — R with a compact support supp$ C B suchthat =1onU. LetV
be a subdomain of B with a smooth boundary dV and such that

U CCsupp¢p CCV CCB.

We set v = ¢°K;. Then y has a compact support in B. The function y belongs
to the Lipschitz class, so that for k,/ = 1,2,..., the Green formula and partial
integration yield

[ W maardy = [ v (@undvn = dudovne) drdy
= /9 | Vit (OxVuk dx + Ayvpi dy) — /V Witk (Oxviy — Oyvir) dxdy
— [ ok 03,y = B,y ) dedy
= — [ Doy — A drr) ddy
- /B OutniKy (950D viie — D0 Dvye) dxdy
- /B 0 (Kiydyvt — Kiydyvie) ddy,
This leads to the estimate
[ %Kiz dedy

<2 [ 0l IKi| VO Vil drdy + [ fuulg? VK| [Vl dedy:
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Letting [ — o and using (A.3.6) for a fixed k = 1,2,..., we obtain
[ 9Kz dxdy
< 2/Bq)|unk||K||Vq)| Vv | drdy + /B | 0% | VK| [V drdy. (A3.7)

Next, we employ the length and area principle (see, e.g., [247, Sect. 6, Chap. III,
Part I]). Let 7,7 € U be a pair of points with

|7 — 7| < min{1,dist*>(U,0B)}. (A.3.8)
We consider the family of circles {S'(z/,)} with center at z' and radius r,

F=l"—d | <r</="=2 V2

For fi = up or fi = v, k=1,2,..., we have the standard oscillation estimate

"

r dr
[ s T < eit(h),
where ¢ is a constant and I(f) = [5|V fi|*dxdy. This yields

%’l;lf >OSC(fk,S1 (Z/,r)) S Ci/zll/z(fk)10g71/2 |Z/l _Z/|*1/2
re(r

Now, the mappings wy; = (up, Vi) are homeomorphisms, and thus, each of
functions u,, v, is monotone in the sense of Lebesgue. The condition (A.3.8)
implies that the circles S' (2, r) lie inside B and hence

osc(fk,Bz(z/,r/)) < osc(fk,Sl(z/,r)), re (v, r").

From the previous inequalities, it follows that

(@) = (D) < )T (f)log /21" — 2712,

and hence,

Wk (") = Wi (2)] < C(wpi)log ™V /2| — |71/ (A.3.9)

forany 7,7 € U satisfying (A.3.8), and C(w,; )= 21/2c}/2 max {72 (), 1"* (Vi) }.

For fixed n, the integrals I(u,)and I(v,;) are uniformly bounded by (A.3.3).
Since the mappings w,; are uniformly bounded as well, it follows from (A.3.9)
that the sequence of mappings {w,;} is equicontinuous on U. Thus, w, — w, as
k — oo uniformly on each subdomain U of B compactly contained in B.
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For k — o in (A.3.7), the Fatou lemma implies
/ 0*KJ(z,wy)dxdy < lim inf | ¢>KJ(z, wy)dxdy
B k—es /B
< 211m/(1)|unk|K|V(1)||ank|dxdy
k—e JB
#1im [ e 6% VK] [V dxdy,
k—oo JB
and now (A.3.5) together with (A.3.3) yields
| 6Ky axdy
B
g2/B¢|un|K|V¢||an|dxdy+/B|un|q>2|VK||an|dxdy. (A.3.10)
Next, we observe that K, < K implies
Vit |* + |Vvu|* < 2Ky, J (2, wn) < 2KJ (2, W) (A3.11)
Combining (A.3.10) and the Cauchy inequality
2
e, 1,
lab| < ?a + 2—8219 , (A.3.12)
we have
/¢2 (IVetn2 + | V) dxdy < 2/¢2K1(z,w,,)dxdy
JB B
g4/Bq)|un|K|V(1)||an|dxdy+2/B|un|q)2|VK||an|dxdy
2
<362 [ 07|V, Pardy+ = [ unPK2|V9Pdxdy
B e’ /s
1
23 [ P2V Pdxay,
We choose € > 0 such that 3¢% < 1, e.g. € =1/2. Then
/B¢2 (IVetn[? + [V ?) dxdy

<ate) / K VoPardy-+ [ 1o, Po?IVkParay ).

where ¢,(€) =2 / (1—3¢?)). Since ¢ = 1 on U, we have proved
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Lemma A.22. Under the conditions of Theorem A.14, for each subdomainU CC B
and each Lipschitz function ¢ : B— R, ¢ =1 on U and supp ¢ C B, we have

/U(|Vu,,|2+|Vv,,|2)dxdySC3/ b (4 [VKP)axdy, (A3.13
P

sup,
where c3 = ¢, esssupmax{¢>(z),|Vo(z)|>}.
ZEB

Next, we consider the convergence of w;, as n — . From (A.3.13) and the
inequality |w,| < 1, it follows that

/U(|Vun|2—|—|an|2)dxdy§C3 /B(K2+|VK|2)dxdy.

Similarly, as in (A.3.9) for 7,7” € U with |7/ — /| < min{1,dist>(U,dB)},
we thus have

W (") = wa(2)| < calog ™' 2" = |72, (A3.14)

where ¢4 is independentof n = 1,2,.. ..

The estimate (A.3.14) means that the sequence {w,}_, is equicontinuous on
every compact subset of B. By the standard diagonal process, we can now choose a
subsequence {w,, } which converges locally uniformly to some continuous mapping
wo : B — R%. We shall show that the limit mapping wq is a homeomorphism.

Let w,y(w) be the dilatation coefficient of the inverse mapping to w = w,(z).
Since Ky, (w) (W (2)) = Ky, (2), we see that

/BK (W) (w)J(w,w;l)dudv = /BK,JH, (z)dxdy

1/2
m'/? </ KZ,(z)dxdy>
B n
1/2
n'/? (/Kz(z)dxdy> < oo,
JB

Now, the quasiconformality of the inverse mapping (x,/,y,) to w, yields,
a.e.in B,

IN

IN

xﬁ’u +xi/v +yﬁ’u +yﬁ’v < 2Kll,,/ (W)J(W7 W;'l)’
and hence,

1/2
/B(|Vx,,/|2+|Vy,,/|2) dudy < 27!/ (/BKZ(z)dxdy> < oo, (A.3.15)



274 A Archives of the Existence Theorems

As in (A.3.14), it follows from (A.3.15) that the family {w;,l} of inverse
mappings is uniformly continuous on any compact subset of B, and since w,,;(0) =0
for each n’, the limit mapping wg of w,, is a homeomorphism.

Sequences {w,y } and {w;,l} converge to w and w™ !, respectively. Using (A.3.13)
and (A.3.15), we conclude that w € Wkl)c2 (B) andw™! e W'2(2), 2 = w(B).

Next, we employ [98, Proposition 3.1]:

Lemma A.23. Let a measurable function | : D — R? satisfy |u| < 1 a.e. Suppose
that a homeomorphismw : D — R? is a uniform limit of the canonical approximating
sequence wy, for L. If w € Wl(l)’c2 (D), then w is a W-homeomorphism a.e. in D.

The domain 2 = w(B) is simply connected, contains the point w = 0, and is
contained in B. If 2 # B, then we use an auxiliary conformal mapping f : ¥ — B,
f(0) =0, and consider the mapping w = f ow. Since f is conformal, f is locally
bi-Lipschitz and thus w € W% (B). It easily follows that w—" € W, (B).

It remains to consider uniqueness. Assume that f : B — B and ¢ : B — B
are two (-homeomorphisms. Because f € Wkl)’c2 (B) and g~ ! € Wl(l)’cz(B), then the
superposition f og~! belongs to Wl(l)’c1 (B), and a.e. in B has the dilatation u = 0.
Therefore, the mapping f o g~ is conformal [116, Corollary 5.3.1].

Finally, we prove that the condition K, (z) < Ko+ K(z) with K € WO1 2 (B) implies
that w,w~! € W!2(B). For this, observe that K, = Ky, W = f ow, and hence, we
can consider the mapping w instead w. Now, this and (A.3.11) yield

/ (|Vun|2+ |an|2) dxdy < Z/K”J(Z,wn)dxdy
B B
< 2K0/J(z,w,,)dxdy—i—Z/KJ(z,w,,)dxdy.
B B

The estimate (A.3.10) can now be used with ¢ = 1 because K € WOI’Z(B). It
follows that

/ (Ve + [Vv[?) dxdy < 2K0n+2/ KJ(z,wa) dxdy
JB JB
< 2K07r+2/ lita| [VK]| V] dxdy
JB
and, from |u,| < 1 and from (A.3.12), we obtain
2 2 2 2 1 2
/B(|Vun| +[Vval?) dxdy < 2Kom + & /B|VK| dxdy+8—2/B|an| dedy.
Choose & such that 1/ < 1. Now,

1 [ .
(1——2)/ (IVu,,|2+Ianlz)dxdy§2K0n+sz/ |VK|? dxdy,
e/ Js Js

and thus, the limit mapping w belongs to W'2(B). Because Ky, _, (w(z)) = Ku(2),
it is easy to see that w=! € W!2(B) as well. The theorem follows.
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A.3.3 Proof of Theorem A.13

Let {D,}:_, be an expanding sequence of subdomains of D which exhaust D and
D, is compactly contained in D, i.e.,

D CCDyCC--CCDy-+, and |JD,=D.

n=1

Set R, = max 5, |z| and define

— ,U(Z), fOI'ZEDn,
Hn(2) = {O, forz € R?\ D,,.

It is easy to see that Theorem A.14 holds also for the dilatation p given in any
disk |z| < R. Fix a point z; € Dy, z; # 0. The condition K, < Ky a.e.inU CC D
enables us to use Theorem A.14. Then there exists a homeomorphism w = w,(z),
wy(0) = 0, from the disk |z| < R, onto some disk |w| < r, having the dilatation ,
almost everywhere on |z| < R, and w € Wkl)’c2 (B(R,)), w™! € Wlé’cz (B(rn)) Using an
additional similarity of |w| < r,, we choose r, so that w,(z;) = z;.

In each fixed domain D,,,, the mappings w, (z), n > ng, can be represented in
the form wy, = ¢, 0wy, (z), where ¢, are conformal mappings in Dy, = wy,(Dy,)-
Because ¢,(0) =0 and ¢,(z;) = z;, Theorem 4.1 [152] guarantees that there is a
subsequence {¢,/} locally uniformly convergent in Dno to a conformal mapping
¢ : Dy, — R2. Therefore, {w,} contains a subsequence {w,/} of quasiconformal
mappings which converges locally uniformly on D, to the homeomorphism wy =
¢ owy,. By Lemma A.23, the mapping wy has the dilatation i a.e. in Dy,

Using the well-known diagonal process, we find a subsequence {w,,» } uniformly
inside D convergent to some homeomorphism w : D — R? with the dilatation u.
Clearly, the mapping w satisfies both conditions w € Wl})‘f (D) and w=! € W'?(2).

loc
This mapping is unique in the indicated class up to conformal transformations.

A.4 The Existence Theorems of Miklyukov—Suvorov

In this section, we give a translation of the known paper [174].

A.4.1 Notations

L*(D) is the space of all real-valued functions given in a domain D of the complex
plane z = x + iy which are integrable with degree o > 1 and ordinary norm.
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WOIC (D) is the space of functions in D having generalized partial derivations in the
Sobolev sense of the class L% (D) with norm

1/a 1/a

lullyy = /(u§+u§)“/zdoz - /|Vu|ad6z
D D

The notation W) (D) is kept also for the space of complex-valued functions w =
f(z) = u(x,y) +iv(x,y) with norm

/o

£y = | [ (¥l 199) " do
D
1
‘X/a (D) is the everywhere dense subspace of W) (D) of all infinitely differentiable
functions in W, (D) with a compact support in D.
Note that here we consider only plane one-sheeted mappings w = f(z) of the unit
disk D = {z € C:|z| < 1} onto itself.

A.4.2 The main result

Let p(z), 6(z) be characteristics of quasiconformal mappings f in the Lavrentieff
sense: p(z) > lisdefineda.e.inD, 8(z),0 < 0(z) < &, a.e. inthe set {z: p(z) > 1}.!
The classical theory of quasiconformal mappings considers the case

esssupp(z) < g < oo.
D

We call such mappings here, as usual, g-quasiconformal.

The basis of the theory of these mappings and the first existence and uniqueness
theorem under some functional constraints on the characteristics p and 0 originate
with Lavrent’ev [144]. Such a theorem in the general case was proved in the
papers [31,43].

The authors had in mind the characteristics first introduced in [144]:

el e ()
el = bwel ~ T @)’

p(2)

where [ (z) = wsz/w; and 0(z) = (m +arg(z)) /2. They appear from infinitesimal considerations:
dw = dw; (dz+ p(z)dz) = w.eel® (1+ p(z)e 29) where dz = €', i.e., the infinitesimal circle
|dz| = € centered at the point z is transferred under the differential dw to an infinitesimal ellipse
& = &, ¢. The geometric sense of p(z) > 1 is the ratio between the principal axes of &, and 6(z) is
the angle between the great axis of & and the real axis.
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The authors know only two results for the case of the essentially nonbounded
characteristics p: the existence and uniqueness theorem of Belinski obtained for
locally bounded p (the result was not published) and the theorem of Pesin [185,186]
under the condition of a “sufficiently strong” integrability of p.>

Note that, in the latter theorem, the existence is established in a wider (not usual)
class: f € W) forall @ <2, f~! € W) and

[explpdo. <M<, m 1.
D

The question as to the uniqueness in the given class remains open.

It is known that a g-quasiconformal mapping belongs to the space Wolc with
some o/(q) > 2.> However, many important properties of such mappings (absolute
continuity by Banach, uniqueness etc.) are guaranteed by their (and £~ ') property
to belong to the space WZI. In this connection, the question about finding a class of
nonbounded characteristics with the existence theorem in the class Wz1 is natural.

The following theorem in the given direction is proved in this work:

Theorem A.15. Let p(z) and 0(z) be measurable functions giving a distribution of
Lavrentieff’s characteristics in D, and let

p(z) <qo+po(z) ae., (A4.D)
ol
where qq is a constant and po € W (D).
Then there is the unique mapping f(z) of the disk D onto itself, f(0) =0,
J(1) = 1, with the given Lavrentieff’s characteristics such that f and f “le W21 (D).

Moreover, we give here a simple proof of an existence theorem (Theorem A.16),
generalizing the theorem of Pesin, where the class of admissible characteristics is
extended, however, with extending the space of mappings. The uniqueness theorem
most likely does not hold. In the conclusion, we discuss the possibility of further
generalizations of our results.

A.4.3 The main lemma

Lemma A.24. If w = f(2) is a g-quasiconformal mapping of D onto itself with
smooth characteristics p(z) and 0(z), and p(z) satisfies (A.4.1), then

171155 <2(go+ D7+ polly, (A42)

2Note that the Belinskii theorem mentioned by the authors was published later as Theorem 9 in the
book [30].

3See [44].
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and
1A~y < (qo+ D+ [pol - (A4.3)
Proof. We obtain

d (u,v)

2 < 1 / (,7) 4 Ad44
||f||W21 = (q0+ )7l'+ Po a(x,y) O ( )
D
from (A.4.1) and the equality
1\ 9 (u,v)
Vul? + szz(p—i——) L,
[Vul*+ (¥ p/ 9 (xy)
1
Note that py is integrable as a function in ‘/i}/ «(D). Integrating by parts, we derive
d d
/ o (,v) do, = — / y 2(Po:) do.. (A.4.5)
a(x,y) J o d(xy)
D
Hence,
o (u,v
[ o (42) 46, < [ 1119001941 do
J 770 (x,y)
D D
< X [ (Vo2 + 9v?) do, < & 2 4 Lge
< 5 [ (VpoP +[Vv)do. < 3 llpolldy +5 1713,
D

Thus, we obtain (A.4.2) from here and (A.4.4).
If p*(w) is a characteristic of f~!(w), then

~ 1 d(x,y) d (x,y)
T - * < *
I7 ”Wzl /<p +P*) d (u,v) dow_n+/p d (u,v) do
D D
< 7r+/p*doz = n+qon+/p0 do, (A.4.6)
D D

because p*(w) = p[f~'(w)], and thus, (A.4.3) follows from (A.4.6). O

A.4.4  Proof of Theorem A.15

Let {(pn,6,)} (n=1,2,...) be a sequence of smooth characteristics converging
a.e. to (p,0). By the existence theorem for g-quasiconformal mappings, there is a
sequence of mappings of I onto itself, f,,(0) =0, f,(1) = 1, whose characteristics
coincide a.e. with p, and 8,, respectively.
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The condition (A.4.1) holds for p, too, and we conclude on the base of
Lemma A.24 that the sequences of mappings f;, and f, ! have equibounded Dirichlet
integrals. Hence, the family { f, } is equicontinuous and equiopen inside ID (and even
in D, see [247], p- 75) and, by Theorem 22 in [247], p. 139, there is a subsequence
{fx}, k=1,2,... that converges uniformly on compact sets in ID to a topological
mapping w = fo(z) of D onto itself, f5(0) =0, fo(1) = 1, such that fy and f, ' € W,

Repeating word for word the arguments of the Bers theorem (see, e.g., [153],
p. 197), it is shown that a.e.

po(z) = lim pi(z) = p(z), 6o(z) = lim 6 (z) = O(z).
k—yoo k—yo0
To complete the proof, it suffices to establish the uniqueness of a mapping with the
given characteristics if £ and £~! belong to the Sobolev class Wzl.

Let f;(z) (fj(0) =0, fj(1) =1, j = 1,2) be two mappings f;, fj*1 € W, whose
characteristics coincide a.e. with p(z) and 6(z), respectively.

The mapping 7 = T(w) = fi[f, '(w)] belongs to W' (see [153], p. 159) and
consequently is absolutely continuous on almost every straight line, which is
parallel to axes. Moreover, it has a.e. in D the circular property. Thus, T is a g-
quasiconformal mapping with ¢ = 1, i.e., T is conformal,* and by the normalization
T (w) = w, and the proof is complete. O

A.4.5 One more theorem

Theorem A.16. Let measurable functions p(z) and 0(z) give the distinction of the
Lavrentieff characteristics in D such that

(a)
px)eLF (D), B>1;
(b) i
o dr — oo, X —>oo, (A.4.7)
5 [plzo+e)dg
0

at all points 7o € D.

4See, e.g., Weyl’s lemma in [9].
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Then there is a mapping f of the disk D onto itself, f(0) =0, f(1) =1, whose
characteristics coincide a.e. in D with p and 0, respectively, and

<./2m , A48
£ .., < V2P ls (A48)

i.e. f €Wy p5,1y(D) and f~1 € Wy (D).
In (A.4.7), p(z) is extended by a constant outside of D.

Proof of Theorem A.16. The proof is a combination of known arguments, and
hence, we restrict ourselves by an idea.

We construct cutoff {py(z)} of p and consider N-quasiconformal mappings
{fn(z)} of the disk D onto itself with characteristics py and 6. Then there exist
constants a, b, ¢, and d such that, under |z — 79| < a,

—112
£

X - ——
P |z — z0[?

< |fv(2) = fv(20)|

- —1)2
d
dr
<c
= 2 .
e=20| [ pn (20 +1el?)1d¢
i 0
- ~12
In I J
o) dr
<e — . (A49)
ml [ pn(zo+e?)de
| 0

The first inequality is known (see inequality (32) in [247], p. 75), and the latter is
a simple version of known inequality (see, e.g., the second inequality in (1) in [265],
p. 76).

The condition (a) together with inequalities (A.4.6), (A.4.9) and condition (b)
show that the family {fy} is equicontinuous and equiopen at every point zg € D.
From here, similarly to the proof of Theorem A.15, we conclude that there is a
subsequence { fy, } which converges uniformly on compact sets in ID to a topological
mapping fp of the disk D onto itself and such that { I, 1} also converges uniformly
on compact sets in D to f~! € WZI.

Next, we have

B/p+1

/(|WN|2+|VVN|2)B/<3+1>dGZ - 2ﬁ/ﬁ+1/ oy 2N:vy) do.
: d(x,y)

D D

(B+1)

< (2m)/B+! / pPdo,
D
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We conclude from here that || fNHWlﬁ/ﬁ are bounded. Applying the uniform
2B/B+1

convergence of {fy,} to fo, we obtain that f, € WZIB /B+1 by a known theorem
(see [230], p. 342). a

The convergence of the characteristics is established similarly to the proof of
Theorem A.15.

A.4.6 The final conclusions

The condition (b) in Theorem A.16 holds if the characteristic p is integrable in
a strong enough way. In such cases, we can determine a degree of equicontinuity
of quasiconformal mappings by revising expressions on the right in inequalities
(A.4.9) which, under the conditions of Theorem A.16, are retained as N — oo. Let
us illustrate it by the example of the above theorem of J.N. Pesin.

With this aim, let us establish that the condition

/exp [p(z)]"do, <M <o, m>1 (A.4.10)
D

implies the conditions (a) and (b) in Theorem A.16. The property (a) is obvious in
this case. Let us prove divergence of the integral (A.4.7) for the case zo = 0. The
consideration of other points is reduced to this case.

Denoting A(r) = foz "rp (rei‘/’) de and applying the Jensen inequality for the
convex functions, we obtain

/exp [p(z)]"do, > Zn/lrexp {%]mdr

r
D 0
and, consequently,
A m
/rexp [ﬁ} dr <Mj <oo. (A4.11)
2rr
0
Setting
A(r) ™ 1
E,—{re [t,l]:exp[27r } Zm},
we have
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From here, in view of (A.4.11), we obtain that

Mt
1+Mt

mes E; < (A4.12)

On the set [t, 1]\ E;, we have that

1/m
A(r) <2mr {log I—J .
r

Hence,

/1 dr S / dr S 1 / dr
Alr) ~ Alr) ~ 21 1/m
; A0 [t 1\E: ) i [IOg #}

Noting that the integrand is decreasing on [¢, 1] and taking into account (A.4.12), we
have

1

1
/‘ dr 1 / dr
A 2 1
1 () Tct+meSE; 2 [log 75}

Y%

(m=1) (m—1)

> m lo 1—i—lo L+ Mt - m lo H
= —) %2 T T M My mm—1) | F1

2w (m
(A.4.13)

Consequently, the integral diverges as r — oo and (A.4.13) can be used to
concretize the estimate in (A.4.9).

Thus, (A.4.10) guarantees the conditions of Theorem A.16. Since (A.4.10)
implies that p is integrable with any degree, we obtain from (A.4.8) that fy €
Wzlﬁ/(ﬁJr1> for any B # oo, i.e., f € W, for all o < 2. Thus, all conclusions of the
theorem of J.N. Pesin hold in our case.

A.5 One Example of Iwaniec—-Martin

Here, we present a section devoted to one example from [117]; cf. also [116].

Theorem A.17. Let o/ : [1,00) — [1,00) be a smooth increasing function with
A(1)=1, tA'(1) > 1, and such that

17 42%1(2 T)

dt < . (A5.1)
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Then there is a Beltrami coefficient L compactly supported in the unit disk D,
|t (x)| < 1, with the following properties:

1. The distortion function

1 uG)
K& =10

satisfies

‘/gwmknén@)<ax (A5.2)
D

2. The only Wli’cl (D) solutions to the Beltrami equation

f=uf; aeD (A.5.3)

which are continuous at the origin are the constant functions.

Proof. Given a function .« satisfying (A.5.1), we define a function K (s), 0 < s < 1,
via the functional relation

K (s)eMK0) = (A5.4)

e
s

As the map K — Ke(X) is monotone increasing, we see that the solution K (s) is
well defined and unique with K (1) = 1. In fact, the solution is decreasing and

K(s) K(s)

KO =~ arkar®e) 2 s (A5.5)
as K (s) &’ (K (s)) > 1. Hence,
d
p (tK(¢)) >0,

and so upon integration from s to 1, we obtain
1

K(s) < —. (A.5.6)
s

Then
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From this, we deduce that forall 0 <r <1

b/ﬂ?zs) S.O/SJZ/I((ili)ge/S) :.a/,cf(i)drgl/ﬁf(z)dr,

where a = o/~ (loge/t) > &/~! (1) = 1. The next lemma, which follows from
integration by parts and a minor estimate, asserts this last integral is finite. a

Lemma A.25. If o/ is an increasing positive function, then
[ (T)dT o/ (t)dT
/(—2)<oo if and only if /L<oo'
] T / T

Thus,

is a well-defined bounded increasing function. Next,

1 1 oo
R e N
0 1

D 0

so function K is subexponentially integrable. Now, set

fz)= ép (1)), (AS5.7)
where
t
d
p (1) = exp / _uss) . (A5.8)
0

Then f is aradial stretching, defined on D\ {0}. We compute (away from the origin)
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(i)
‘](Zaf) - K(Z)|Z|27

 zK(z)—1
H) ==k FT

Notice here that the function f is not continuous at the origin. However, near the
origin we have p (|z|) ~ 1, and therefore, the formula for |Df| gives us the bounds
1 C

T <D< (A5.9)
2| 2|

which yields our bounded solution in weak-W!-2.

Notice that w = f (z) is a C* diffeomorphism away from the punctured disk onto
the annulus 1 < |[@] < R = p (1), and we have “cavitation” at the origin.

Finally, we wish to show that there are no nonconstant continuous solutions in
W, (D). To this end, let & > 0 and set r = p (). Note that r — 1 as £ — 0. Let g

loc

c a ’ N solution to . wit = as above. Set
be a W"! (D) N C (D) soluti (A.5.3) with i = 17 as above. S

loc
pa)=gof ' {r<ld <R} —g({e<lzd<1}).

As @ € W ({r < |z| < R}), a simple computation shows d¢ = 0, and the Weyl
lemma gives ¢ holomorphic. This is true for every € > 0, and so we are provided
with an analytic function for which

pof(z)=g(z), ze€D\{0}.

This equation implies the function ¢ has the limit g (0) as |z| — 1. Hence, both
¢ and g are constant.

The existence and uniqueness theorems of Iwaniec—Martin in the Orlich—Sobolev
classes can be found in the monographs [26, 116, 117]; see also the corresponding
comments in Sects. 4.6 and 8.7 above.
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solution, 239
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