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Preface

The book is a summation of many years’ work on the study of general Beltrami
equations with singularities. This is not only a summary of our own long-term
collaboration but also with that of many other authors in the field. We show that our
geometric approach based on the modulus and capacity developed by us makes it
possible to derive the main known existence theorems, including sophisticated and
more general existence theorems that have been recently established.

The Beltrami equation plays a significant role in geometry, analysis, and
physics, and, in particular, in the theory of quasiconformal mappings and their
generalizations, Kleinian groups, and Teichmüller spaces. There has been renewed
interest and activity in these areas and, in particular, in the study of degenerate and
alternating Beltrami equations since the early 1990s.

In this monograph, we restrict ourselves to the study of very basic properties of
solutions in the degenerate and in the alternating cases like existence, uniqueness,
distortion, boundary behavior, and mapping problems that can be derived by
extremal length methods. The monograph can serve as a textbook for a one- or
two-semester graduate course.

Donetsk, Ukraine Vladimir Gutlyanskii
Donetsk, Ukraine Vladimir Ryazanov
Haifa, Israel Uri Srebro
Holon, Israel Eduard Yakubov
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Chapter 1
Introduction

1.1 The Beltrami Equation

Let C be the complex plane. In the complex notation w = u+ iv and z = x+ iy, the
Beltrami equation in a domain D ⊂ C has the form

wz = μ(z)wz, (B)

where μ : D →C is a measurable function and

wz = ∂w =
1
2
(wx + iwy) and wz = ∂w =

1
2
(wx − iwy)

are formal derivatives of w in z and z, while wx and wy are partial derivatives of
w in the variables x and y, respectively. For the geometric interpretation of μ , see
Appendix A.4.5.

In the real variables x,y,u, and v, (B) can be written in the form of the system

{
vy = αux +β uy

−vx = β ux + γuy,
(B′)

where α,β , and γ are given measurable functions in x and y; see, e.g., [263]. For
μ ≡ 0, (B′) reduces to the Cauchy–Riemann system, i.e., (B′) with β ≡ 0 and α =
γ ≡ 1.

This book is devoted mainly to the Beltrami (B). In addition to the theory of the
Beltrami (B), there is a theory of the Beltrami equation of the second kind

wz̄ = ν(z) ·wz, (S)

with applications to many problems of mathematical physics; see, for instance,
[136]. The Beltrami equation of the second type also plays a significant role in the
theory of harmonic mappings in the plane; see, e.g., [59, 201]. Hence, we give also

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 1,
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1



2 1 Introduction

some results on the Beltrami equation with two characteristics:

wz̄ = μ(z) ·wz + ν(z) ·wz . (T)

The existence problem for degenerate Beltrami (B) when

Kμ(z) : =
1+ |μ(z)|
1−|μ(z)| /∈ L∞

is currently an active area of research; see, e.g., [26, 48–50, 56, 57, 65, 66, 70, 76,
77, 99, 117, 140, 147, 159, 160, 174, 212–214, 238, 254, 271]. The study of such
homeomorphisms started from the theory of the so-called mean quasiconformal
mappings; see, e.g., [5, 41, 94, 95, 100, 133, 134, 138, 139, 141, 185, 187, 204, 206,
243, 244, 257, 273, 274], and related to the modern theory of mappings with finite
distortion; see, e.g., [25, 42, 104, 105, 112–114, 116, 118, 125–130, 132, 155, 161–
165, 181–183, 192–195, 207–209, 225].

1.2 Historical Remarks

The system (B′) first appeared in [86] in connection with finding isothermal
coordinates on a surface. Local coordinates u and v on a given surface are called
isothermal if the curves u = const are orthogonal to the curves v = const or,
equivalently, if the length element ds is given by

ds2 = Λ(u,v) (du2 + dv2).

The transition from given local coordinates x and y to isothermal coordinates u and
v is an injective mapping (x,y)→ (u,v) satisfying

a(x,y) dx2 + 2b(x,y) dxdy+ c(x,y) dy2 = Λ(du2 + dv2), Λ > 0,

where u and v are solutions of the Beltrami system (B′) with

α =
b√
Δ
, β =

a√
Δ
,γ =

c√
Δ

and Δ = ac− b2 ≥ Δ0 > 0.

Gauss in [86] proved the existence and uniqueness of a solution in the case of
real analytic α,β , and γ , or, equivalently, when μ is real-analytic. The equation
then appeared in the Beltrami studies on surface theory; see [32]. There is a
long list of names associated with proofs of existence and uniqueness theorems
for more general classes of μ’s. Among them we mention A. Korn [124] and
L. Lichtenstein [154] (Hölder continuous μ’s, 1916) and M.A. Lavrent’ev [144]
(continuous μ’s, 1935). C.B. Morrey [176] was the first to prove the existence and
uniqueness of a homeomorphic solution for a measurable μ (1939). Morrey’s proof
was based on PDE methods. In the mid-1950s, L. Ahlfors [6], B. Bojarski [43, 44],
and I.N. Vekua [263] proved the existence in the measurable case by singular
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integral methods. L. Ahlfors and L. Bers [7] established the analytic dependence
of solutions on parameters; cf. the paper [44] and its English translation in [47], and
the corresponding discussion in the monograph [51].

1.3 Applications of Beltrami Equations

The Beltrami equation was first used in various areas such as differential geometry
on surfaces (see Sect. 1.2), hydrodynamics, and elasticity. Most applications of the
Beltrami equation are based on the close relation to quasiconformal (qc) mappings.
Plane qc mappings appeared already implicitly in the late 1920s in papers by
Grötzsch [97]. The relation between qc mappings and the Beltrami equation was
noticed by Ahlfors [4] and Lavrent’ev [144] in the 1930s. The significant connection
between the theory of the Beltrami equation and the theory of plane qc mappings
has stimulated intensive study and enriched both theories. Most notable is the
contribution of qc theory to the modern development of Teichmüller spaces and
Kleinian groups.

The Beltrami equation turned out to be useful in the study of Riemann surfaces,
Teichmüller spaces, Kleinian groups, meromorphic functions, low dimensional
topology, holomorphic motion, complex dynamics, Clifford analysis, control the-
ory, and robotics. The following list is only a partial list of references: [2,4–6,8–11,
22, 23, 26, 27, 33–38, 45, 60, 72, 78, 80–82, 90, 117, 135–137, 143, 146, 151, 157, 232,
242, 245, 246, 263]. Part of the list consists of books and expository papers where
further references can be found. For the classical theory of the Beltrami equation
and plane qc mappings, we refer to [9, 30, 44, 152].

1.4 Classification of Beltrami Equations

We say that μ is bounded in D if ||μ ||∞ < 1 and that μ is locally bounded in D if μ |A
is bounded whenever A is a relatively compact subdomain of D. The study of the
Beltrami equation is divided into three cases according to the nature of μ(z) in D:

(1) The classical case: ||μ ||∞ < 1.
(2) The degenerate case: |μ |< 1 almost everywhere (a.e.) and ||μ ||∞ = 1.
(3) The alternating case: |μ | < 1 a.e. in a part of D and 1/|μ | < 1 a.e. in the

remaining part of D.

1.5 ACL Solutions

By writing f : D → C, we assume that D is a domain in C, which is an open
and connected set and that f is continuous. A mapping f : D → C is absolutely
continuous on lines (ACL), f ∈ ACL, if for every rectangle R,R⊂D, whose sides are
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parallel to the coordinate axes, f is absolutely continuous on almost every horizontal
and almost every vertical line; see, e.g., [9] or [152]. A function f : D → C is a
solution of (B), if f is ACL in D, and its ordinary partial derivatives, which exist a.e.
in D, satisfy (B) a.e. in D.

Some authors (cf. [99,116]) include in the definition of a solution the assumption
that f belongs to the Sobolev class W 1,1

loc and that (B) holds in the sense of

distributions. If f ∈ W 1,1
loc and f is continuous, then f ∈ ACL, and the generalized

(distributional) partial derivatives coincide with the ordinary partial derivatives. In
general, an ACL function need not belong to W 1,1

loc . For some μ’s, however, every

ACL solution is just a W 1,1
loc solution.

A solution f : D→C of (B) which is a homeomorphism of D into C is called a μ-
homeomorphism or μ-conformal mapping. In the above cases (1) and (2), a solution
f : D → C of (B) will be called elementary if f is open and discrete, meaning that
f maps every open set onto an open set and that the preimage of every point in
D consists of isolated points. Elementary solutions of (B) are also called by us μ-
regular mappings.

If f : D → C is open and has partial derivatives a.e. in D, then by a result of
Gehring and Lehto (see [9, 91, 152]), see also with the earlier Menchoff result for
homeomorphisms in [172,255,256], f is differentiable a.e. in D. It thus follows that
every elementary solution is differentiable a.e.

Let f : D →C be an elementary solution. The complex dilatation of f is defined
by

μ f (z) = μ(z) = ∂ f (z)/∂ f (z), (1.5.1)

if ∂ f (z) 	= 0 and by μ(z) = 0 if ∂ f (z) = 0. For such a mapping, the dilatation is

Kf (z) := Kμ(z) =
1+ |μ(z)|
1−|μ(z)| . (1.5.2)

Note that Kf < ∞ a.e. if and only if |μ(z)| < 1 a.e., and that Kf ∈ L∞ if and only if
||μ ||∞ < 1.

1.6 Ellipticity of the Beltrami Equation

In the classical case (1) in Sect. 1.4, the system (B) is uniformly or, in a different
terminology, strongly elliptic, i.e.,

Δ = αγ −β 2 ≥ Δ0 > 0, (1.6.1)

and in the relaxed classical case (2) in Sect. 1.5, (B) is elliptic, i.e.,

Δ = αγ −β 2 ≥ 0. (1.6.2)



Chapter 2
Preliminaries

2.1 BMO Functions in C

The class BMO was introduced by John and Nirenberg in the paper [122] and soon
became an important concept in harmonic analysis, partial differential equations,
and related areas; see, e.g., [21, 24, 84, 103, 200] and [239].

A real-valued function u in a domain D in C is said to be of bounded mean
oscillation in D, u ∈ BMO(D), if u ∈ L1

loc(D), and

‖u‖∗ := sup
B

1
|B|
∫

B

|u(z)− uB| dm(z)< ∞, (2.1.1)

where the supremum is taken over all discs B in D, dm(z) corresponds to the
Lebesgue measure in C, |B| is the Lebesgue measure of B, and

uB =
1
|B|
∫

B

u(z) dm(z).

We write u ∈ BMOloc(D) if u ∈ BMO(U) for every relatively compact subdomain
U of D (we also write BMO or BMOloc if it is clear from the context what D is).

A function ϕ in BMO is said to have vanishing mean oscillation (abbreviated
as ϕ ∈ VMO), if the supremum in (2.1.1) taken over all disks B in D with |B| < ε
converges to 0 as ε → 0. VMO was introduced by Sarason in [227]. A large number
of papers are devoted to the existence, uniqueness and properties of solutions
for various kinds of differential equations and, in particular, of elliptic type with
coefficients of the class VMO; see, e.g., [61, 119, 166, 184, 190].

If u ∈ BMO and c is a constant, then u + c ∈ BMO and ‖u‖∗ = ‖u + c‖∗.
Obviously L∞ ⊂ BMO.

John and Nirenberg [122] established the following fundamental fact (see
also [103]):

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 2,
© Springer Science+Business Media, LLC 2012

5



6 2 Preliminaries

Lemma 2.1. If u is a nonconstant function in BMO(D), then

|{z ∈ B : |u(z)− uB|> t}| ≤ ae
− b

‖u‖∗ ·t · |B| (2.1.2)

for every disc B in D and all t > 0, where a and b are absolute positive constants
which do not depend on B and u. Conversely, if u ∈ L1

loc and if for every disc B in D
and for all t > 0

|{z ∈ B : |u(z)− uB|> t}|< ae−bt |B| (2.1.3)

for some positive constants a and b, then u ∈ BMO(D).

We will need the following lemma which follows from Lemma 2.1:

Lemma 2.2. If u is a nonconstant function in BMO(D), then

|{z ∈ B : |u(z)|> τ}| ≤ Ae−β τ · |B| (2.1.4)

for every disc B in D and all τ > |uB|, where

β = b/‖u‖∗ and A = aeb|uB|/‖u‖∗ , (2.1.5)

and the constants a and b are as in Lemma 2.1.

Proof. For t > 0, let τ = t + |uB|, D1 = {z ∈ B : |u(z)| > τ}, and D2 =
{z ∈ B : |u(z)− uB| > t}. Then, by the triangle inequality, D1 ⊂ D2, and hence,
by (2.1.2),

|D1| ≤ |D2| ≤ aeb|uB|/‖u‖∗ · e−τb/‖u‖∗ · |B|,

which implies (2.1.4) with A and β as in (2.1.5). �	
Proposition 2.1. BMO ⊂ Lp

loc for all p ∈ [1,∞).

Proof. Let u ∈ BMO. Then by (2.1.4),∫
B
|u(z)|pdm(z)≤ |B|{|uB|p +A

∞∫
|uB|

t pe−β tdt}< ∞. �	

Remark 2.1. Given a domain D, D ⊂C, there is a nonnegative real-valued function
u in D such that u(z) ≤ Q(z) a.e. for some Q(z) in BMO(D) and u /∈ BMO(D).
For D =C, one can take, for instance, Q(x,y) = 1+ | log |y|| and u(x,y) = Q(x,y) if
y > 0 and u(x,y) = 1 if y ≤ 0.

2.2 BMO Functions in C

Later on, we will need also several facts about BMO functions on C and their
relations to BMO functions on C.
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We identify C with the unit sphere

S2 = {x ∈ R3 : |x|= 1}

and the functions on C with the functions on S2. This is done with the aid of
the stereographic projection P of S2 onto C which is given for (x1,x2,x3) ∈ S2 \
(0,0,1) by

z = P(x1,x2,x3) =
x1 + ix2

1− x3
.

A real-valued measurable function u in a domain D ⊂ C is said to be in BMO(D),
if u is locally integrable with respect to the spherical area and

‖u‖∗σ = sup
B

1
σ(B)

∫

B

|u− uB|dσ < ∞, (2.2.1)

where the supremum is taken over all spherical discs B in D. Here, σ(B) denotes
the spherical area of B, dσ = 4dx1dx2/(1+ x2

1+ x2
2)

2, and

uB =
1

σ(B)

∫

B

udσ . (2.2.2)

The following two lemmas enable one to decide whether a function u in a domain
D ⊂C belongs to BMO(D) (in the spherical sense) by considering the restriction u0

of u to D0 = D\ {∞} (see [200], p. 7):

Lemma 2.3. u ∈ BMO(D) if u0 ∈ BMO(D0). Furthermore,

c−1‖u0‖∗ ≤ ‖u‖∗σ ≤ c‖u0‖∗, (2.2.3)

where c is an absolute constant.

The following lemma is a consequence of Lemmas 2.2 and 2.3:

Lemma 2.4. If either u ∈ BMO(D) or u0 ∈ BMO(D0), then for τ > γ,

σ{z ∈ B : |u(z)|> τ} ≤ αe−β τ (2.2.4)

for every spherical disc B in D where the constants α, β , and γ depend on B as well
as on the function u.

Proof. If B ∈ C, then by Lemma 2.3, we have (2.1.4), and since σ(E) ≤ 4|E| for
every measurable set E ⊂C, (2.2.4) follows. If ∞ ∈ B, then for suitable rotation R of
S2, ∞ is exterior to B′, B′ = R(B), and the assertion follows by Lemma 2.3 and the
validity of (2.2.4) with B′ and û = u ◦R−1 instead of B and u. Now, in view of the
invariance of the spherical area with respect to rotations, by Lemmas 2.2 and 2.3,
we have again (2.2.4). �	
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2.2.1 Removability of Isolated Singularities of BMO Functions

The following lemma holds for the BMO functions and cannot be extended to the
BMOloc functions (see [200], p. 5):

Lemma 2.5. Let E be a discrete set in a domain D, D ⊂ C, and let u be a function
in BMO(D\E). Then any extension û of u on D is in BMO(D) and ‖u‖∗ = ‖û‖∗.

2.2.2 BMO Functions, qc Mappings, qc Arc, and Symmetric
Extensions

We say that a Jordan curve E in C is a K-quasicircle if E = f (∂Δ) for some
K-quasiconformal map f : C → C; see Sect. 3.1 below. A curve E is a qc curve
if it is a subarc of a quasicircle. The following lemma is a special case of a theorem
by Reimann on the characterization of quasiconformal maps in Rn, n ≥ 2, in terms
of the induced isomorphism on BMO (see [199], p. 266):

Lemma 2.6. If f is a K-qc map of a domain D in C onto a domain D′ and
u ∈ BMO(D′), then v = u ◦ f belongs to BMO(D), and

‖v‖∗ ≤ c‖u‖∗
where c is a constant which depends only on K.

The next lemma can be found in [121].

Lemma 2.7. Let D be a Jordan curve such that ∂D is a K-quasicircle, and let u be
a BMO(D) function. Then u has an extension û on C which belongs to BMO(C)
and

‖û‖∗ ≤ c‖u‖∗,
where c depends only on K.

The following lemmas, which concern symmetric extensions of BMO functions,
will be needed in studying the reflection principle and boundary behavior of
the so-called BMO-quasiconformal and BMO-quasiregular mappings in Chap. 5.
It should be noted that these lemmas cannot be extended to BMOloc functions
(see [200], p. 8).

Lemma 2.8. If u ∈ BMO(D) and û is an extension of u on C, which satisfies the
symmetry condition

û(t) =

{
u(z) if z ∈ D,

u(z/|z|2) if z ∈ C\D,

then û ∈ BMO(C) and ‖u‖∗ = ‖û‖∗.
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Similarly, one can prove the following lemma:

Lemma 2.9. Let D be a domain in C, E a free boundary arc in ∂D which is either
a line segment or a circular arc, D∗ a domain which is symmetric to D with respect
to the corresponding line or circle such that D∩D∗ = /0 and Ω = D∪D∗ ∪E. If
u∈ BMO(D) and û is an extension of u on Ω which satisfies the symmetry condition

û(z) =

{
u(z) if z ∈ D,

u(z∗) if z ∈ D∗,

then û ∈ BMO(Ω) and ‖û‖∗ = ‖u‖∗.

2.3 FMO Functions

Let D be a domain in the complex plane C. Following [112] and [113], we say that
a function ϕ : D → R has finite mean oscillation at a point z0 ∈ D if

dϕ(z0) = lim
ε→0

−
∫

B(z0,ε)
|ϕ(z)−ϕε(z0)| dm(z) < ∞, (2.3.1)

where

ϕε(z0) =−
∫

B(z0,ε)
ϕ(z) dm(z) (2.3.2)

is the mean value of the function ϕ(z) over the disk B(z0,ε). Condition (2.3.1)
includes the assumption that ϕ is integrable in some neighborhood of the point z0.
We call dϕ(z0) the dispersion of the function ϕ at the point z0. We say also that a
function ϕ : D → R is of finite mean oscillation in D, abbreviated as ϕ ∈ FMO(D)
or simply ϕ ∈ FMO, if ϕ has a finite dispersion at every point z∗ ∈ D.

Remark 2.2. Note that if a function ϕ : D→R is integrable over B(z0,ε0)⊂D, then

−
∫

B(z0,ε)
|ϕ(z)−ϕε(z0)| dm(z) ≤ 2 ·ϕε(z0), (2.3.3)

and the left-hand side in (2.3.3) is continuous in the parameter ε ∈ (0,ε0] by the
absolute continuity of the indefinite integral. Thus, for every δ0 ∈ (0,ε0),

sup
ε∈[δ0,ε0]

−
∫

B(z0,ε)
|ϕ(z)−ϕε(z0)| dm(z) < ∞. (2.3.4)

If (2.3.1) holds, then

sup
ε∈(0,ε0]

−
∫

B(z0,ε)
|ϕ(z)−ϕε(z0)| dm(z) < ∞. (2.3.5)
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The value of the left-hand side of (2.3.5) is called the maximal dispersion of the
function ϕ in the disk B(z0,ε0).

Proposition 2.2. If, for some collection of numbers ϕε ∈R, ε ∈ (0,ε0],

lim
ε→0

−
∫

B(z0,ε)
|ϕ(z)−ϕε | dm(z) < ∞, (2.3.6)

then ϕ is of finite mean oscillation at z0.

Proof. Indeed, by the triangle inequality,

−
∫

B(z0,ε)
|ϕ(z)−ϕε(z0)| dm(z) ≤ −

∫
B(z0,ε)

|ϕ(z)−ϕε | dm(z) + |ϕε −ϕε(z0)|

≤ 2 ·−
∫

B(z0,ε)
|ϕ(z)−ϕε | dm(z) . �	

Choosing in Proposition 2.2, in particular, ϕε ≡ 0, ε ∈ (0,ε0], we obtain the
following:

Corollary 2.1. If, for a point z0 ∈ D,

lim
ε→0

−
∫

B(z0,ε)
|ϕ(z)| dm(z) < ∞, (2.3.7)

then ϕ has finite mean oscillation at z0.

Recall that a point z0 ∈ D is called a Lebesgue point of a function ϕ : D → R if
ϕ is integrable in a neighborhood of z0 and

lim
ε→0

−
∫

B(z0,ε)
|ϕ(z)−ϕ(z0)| dm(z) = 0. (2.3.8)

It is known that, for every function ϕ ∈ L1(D), almost every point in D is a Lebesgue
point. We thus have the following corollary:

Corollary 2.2. Every function ϕ : D → R, which is locally integrable, has a finite
mean oscillation at almost every point in D.

Remark 2.3. Note that the function ϕ(z) = log(1/|z|) belongs to BMO in the unit
disk Δ (see, e.g., [191], p. 5) and hence also to FMO. However, ϕε (0)→∞ as ε → 0,
showing that condition (2.3.7) is only sufficient but not necessary for a function ϕ
to be of finite mean oscillation at z0. Clearly, BMO(D) ⊂ BMOloc(D) ⊂ FMO(D)
and BMO(D) �= BMOloc(D). Also, BMOloc(D) �= FMO(D) as is clear from the
following examples.
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2.3.1 Examples of Functions ϕ ∈ FMO\BMOloc

Set zn = 2−n, rn = 2−pn2
, p > 1, cn = 22n2

, Dn = {z ∈C : |z− zn|< rn}, and

ϕ(z) =
∞

∑
n=1

cnχDn(z),

where χE denotes the characteristic function of a set E, i.e.,

χE(z) =

{
1, z ∈ E ,
0, otherwise.

It is evident by Corollary 2.1 that ϕ ∈ FMO(C\ {0}).
To prove that ϕ ∈ FMO(0), fix N such that (p − 1)N > 1, and set ε = εN =

zN + rN . Then
⋃

n≥N Dn ⊂ D(ε) := {z ∈ C : |z|< ε} and

∫

D(ε)

ϕ = ∑
n≥N

∫

Dn

ϕ = π ∑
n≥N

cnr2
n

= ∑
n≥N

22(1−p)n2
< ∑

n≥N
22(1−p)n

< C · [2(1−p)N]2 < 2Cε2.

Hence, ϕ ∈ FMO(0) and, consequently, ϕ ∈ FMO(C).
On the other hand,

∫

D(ε)

ϕ p = π ∑
n>N

cp
n · r2

n = ∑
n>N

1 = ∞.

Hence, ϕ /∈ Lp(D(ε)), and therefore, ϕ /∈ BMOloc by Proposition 2.1.
We conclude this section by constructing functions ϕ : C → R of the class

C∞(C\{0}) which belongs to FMO but not to Lp
loc for any p > 1 and hence not

to BMOloc. In the following example, p = 1+δ with an arbitrarily small δ > 0. Set

ϕ0(z) =

{
e

1
|z|2−1 , if |z|< 1,

0, if |z| ≥ 1.
(2.3.9)

Then ϕ0 belongs to C∞
0 and hence to BMOloc. Consider the function

ϕ∗
δ (z) =

{
ϕk(z), if z ∈ Bk,

0, if z ∈ C\⋃Bk,
(2.3.10)



12 2 Preliminaries

where Bk = B(zk,rk), zk = 2−k, rk = 2−(1+δ )k2
, δ > 0, and

ϕk(z) = 22k2
ϕ0

(
z− zk

rk

)
, z ∈ Bk, k = 2,3, . . . . (2.3.11)

Then ϕ∗
δ is smooth in C \ {0} and thus belongs to BMOloc(C \ {0}) and hence to

FMO(C\ {0}).
Now, ∫

Bk

ϕk(z) dm(z) = 2−2δk2
∫

C

ϕ0(z) dm(z). (2.3.12)

Hence,

lim
ε→0

−
∫

B(ε)
ϕ∗

δ (z) dm(z) < ∞. (2.3.13)

Thus, ϕ ∈ FMO by Corollary 2.1.
Indeed, by setting

K = K(ε) =
[

log2
1
ε

]
≤ log2

1
ε
, (2.3.14)

where [A] denotes the integral part of the number A, we have

J =−
∫

D(ε)
ϕ∗

δ (z) dm(z)≤ I ·
∞

∑
k=K

2−2δk2
/π2−2(K+1), (2.3.15)

where I =
∫
C

ϕ(z) dm(z). If Kδ > 1, i.e., K > 1/δ , then

∞

∑
k=K

2−2δk2 ≤
∞

∑
k=K

2−2k = 2−2K
∞

∑
k=0

(
1
4

)k

=
4
3
·2−2K, (2.3.16)

i.e., J ≤ 16I/3π .
On the other hand,

∫

Bk

ϕ1+δ
k (z) dm(z) =

∫

C

ϕ1+δ
0 (z) dm(z) (2.3.17)

and hence ϕ∗
δ /∈ L1+δ (U) for any neighborhood U of 0.
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2.4 On Sobolev’s Classes

We recall the necessary definitions and basic facts on Lp, p ∈ [1,∞], and the
Sobolev spaces W l,p l = 1,2, . . .. Given an open set U in Rn and a positive integer
l, Cl

0(U) denotes a collection of all functions ϕ : U → R with compact support
having all partial continuous derivatives of order at least l in U ; ϕ ∈ C∞

0 (U) if
ϕ ∈Cl

0(U) for all l = 1,2, . . .. A vector α = (α1, . . . ,αn) with natural coordinates is
called a multi-index. Every multi-index α is associated with the differential operator
Dα = ∂ |α |/∂xα1

1 · · ·∂xαn
n , where |α|= α1 + · · ·+αn.

Now, let u and v : U →R be locally integrable functions. The function v is called
the distributional derivative Dα u of u if

∫

U

uDαϕ dx = (−1)|α |
∫

U

vϕ dx ∀ ϕ ∈C∞
0 (U), (2.4.1)

where the notation dx corresponds to the Lebesgue measure in Rn.
The concept of the generalized derivative was introduced by Sobolev in [231].

The Sobolev class W l,p(U) consists of all functions u : U → R in Lp(U), p ≥ 1,
with generalized derivatives of order l summable of order p. A function u : U → R

belongs to W l,p
loc (U) if u ∈ W l,p(U∗) for every open set U∗ with compact closure

U∗ ⊂ U. A similar notion is introduced for vector functions f : U → Rm in the
componentwise sense.

A function ω : Rn → R with a compact support in the unit ball Bn is called a
Sobolev averaging kernel if ω is nonnegative and belongs to C∞

0 (R
n) and

∫

Rn

ω(x) dx = 1. (2.4.2)

The well-known example of such a function is ω(x) = γϕ(|x|2 − 1
4 ), where

ϕ(t) = e1/t for t < 0 and ϕ(t) ≡ 0 for t ≥ 0, and the constant γ is chosen so that
(2.4.2) holds. Later on, we use only ω depending on |x|.

Let U be a nonempty bounded open subset of Rn and f ∈ L1(U). Extending f by
zero outside of U, we set

fh = ωh ∗ f =
∫

|y|≤1

f (x+ hy)ω(y)dy =
1
hn

∫

U

f (z)ω
(

z− x
h

)
dz, (2.4.3)

where fh = ωh ∗ f , ωh(y) = ω (y/h) , h > 0, is called the Sobolev mean functions for
f . It is known that fh ∈C∞

0 (R
n), ‖ fh‖p ≤ ‖ f‖p for every f ∈ Lp(U), p ∈ [1,∞], and

fh → f in Lp(U) for every f ∈ Lp(U), p ∈ [1,∞); see, e.g., 1.2.1 in [170]. It is clear
that if f has a compact support in U, then fh also has a compact support in U for
small enough h.
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A sequence ϕk ∈ L1(U) is called weakly fundamental if

lim
k1,k2→∞

∫

U

Φ(x)
(
ϕk1(x)−ϕk2(x)

)
dx = 0 ∀ Φ ∈ L∞(U). (2.4.4)

It is well known that the space L1(U) is weakly complete, i.e., every weakly
fundamental sequence ϕk ∈ L1(U) weakly converges in L1(U), i.e., there is a
function in ϕ ∈ L1(U) such that

lim
k→∞

∫

U

Φ(x) ϕk(x) dx =
∫

U

Φ(x) ϕ(x) dx ∀ Φ ∈ L∞(U); (2.4.5)

see, e.g., Theorem IV.8.6 in [73]:
Recall also the following statement (see, e.g., Theorem 1.2.5 in [110]).

Proposition 2.3. Let f and g ∈ L1
loc(U). If

∫
f ϕ dx =

∫
gϕ dx ∀ ϕ ∈C∞

0 (U), (2.4.6)

then f = g a.e.

The following fact is known for the Sobolev classes W 1,p(U), p > 1; see, e.g.,
Lemma III.3.5 in [202], also Theorem 4.6.1 in [79]. Note that this fact for p = 2 was
known long ago in the plane for the so-called mappings with the bounded Dirichlet
integral; see, e.g., Theorem 1 in [247].

Lemma 2.10. Let U be a bounded open set in Rn and let fk : U →R be a sequence
of functions of the class W 1,p(U), p > 1. Suppose that the norm sequence ‖ fk‖1,p is
bounded and fk → f as k → ∞ in L1(U). Then f ∈W 1,p(U) and ∂ fk/∂x j → ∂ f/∂x j

as k → ∞ weakly in Lp(U).

Here we apply instead of Lemma 2.10, which is not valid for p= 1, the following
lemma; see, e.g., [222] or [220].

Lemma 2.11. Let U be a bounded open set in Rn and let fk : U → R be a
sequence of functions of the class W 1,1(U). Suppose that fk → f as k → ∞ weakly
in L1(U), ∂ fk/∂x j, k = 1,2, . . ., j = 1,2, . . . ,n are uniformly bounded in L1(U)
and their indefinite integrals are absolutely equicontinuous. Then f ∈W 1,1(U) and
∂ fk/∂x j → ∂ f/∂x j as k → ∞ weakly in L1(U).

The proof of Lemma 2.11 is based on Proposition 2.3 and the above mentioned
criterion of weak convergence in the space L1.

Remark 2.4. The weak convergence fk → f in L1(U) implies that

sup
k

‖ fk‖1 < ∞ ;
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see, e.g., IV.8.7 in [73]. The latter together with

sup
k

‖∂ fk/∂x j‖1 < ∞,

j = 1,2, . . . ,n, implies that fk → f by the norm in Lq for every 1 ≤ q < n/(n− 1),
the limit function f belongs to BV (U), the class of functions of bounded variation,
but, generally speaking, not to the class W 1,1(U); see, e.g., Remark in 4.6 and
Theorem 5.2.1 in [79]. Thus, the additional condition of Lemma 2.11 on absolute
equicontinuity of the indefinite integrals of ∂ fk/∂x j is essential; cf. also Remark to
Theorem I.2.4 in [197].

Proof of Lemma 2.11. It is known that the space L1 is weakly complete; see Theorem
IV.8.6 in [73]. Thus, it suffices to prove that the sequences ∂ fk/∂x j are weakly
fundamental in L1(U).

Indeed, by the definition of generalized derivatives, we have that

∫

U

ϕ(x)
∂ fk

∂x j
dx = −

∫

U

fk(x)
∂ϕ
∂x j

dx ∀ ϕ ∈C∞
0 (U). (2.4.7)

Note that the integrals on the right-hand side in (2.4.7) are bounded linear
functionals in L1(U) and the sequence fk is weakly fundamental in L1(U) because
fk → f weakly in L1(U). Hence, in particular,

∫

U

ϕ(x)
(

∂ fk1

∂x j
− ∂ fk2

∂x j

)
dx → 0 ∀ ϕ ∈C∞

0 (U)

as k1 and k2 → ∞.
Now, let Φ ∈ L∞(U). Then ‖Φh‖∞ ≤‖Φ‖∞ and Φh →Φ in the norm of L1(U) for

its Sobolev mean functions Φh, and hence, Φh → Φ in measure as h → 0. Set ϕm =
Φhm , where Φhm → Φ a.e. as m → ∞. Considering restrictions of Φ to compacta in
U, we may assume that ϕm ∈ C∞

0 (U). By the Egoroff theorem, ϕm → Φ uniformly
on a set S ⊂ U such that |U \ S|< δ , where δ > 0 can be arbitrary small; see, e.g.,
III.6.12 in [73]. Given ε > 0, we have that

∣∣∣∣∣∣
∫

S

(Φ(x)−ϕm(x))

(
∂ fk1

∂x j
− ∂ fk2

∂x j

)
dx

∣∣∣∣∣∣
≤ 2 ·max

x∈S
| Φ(x)−ϕm(x) | · sup

k=1,2,...

∫

U

∣∣∣∣ ∂ fk

∂x j

∣∣∣∣ dx ≤ ε
3

for all large enough m. Choosing one such m, we have that
∣∣∣∣∣∣
∫

U

ϕm(x)

(
∂ fk1

∂x j
− ∂ fk2

∂x j

)
dx

∣∣∣∣∣∣ ≤
ε
3
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for k1 and k2 large enough. By absolute equicontinuity of the indefinite integrals of
∂ fk/∂x j, there is δ > 0 such that

∫

E

∣∣∣∣ ∂ fk

∂x j

∣∣∣∣ dx ≤ 1
12

ε
‖Φ‖∞

for all k = 1,2, . . . and every measurable set E ⊂ U with |E| < δ ; see IV.8.10 and
IV.8.11 in [73]. Setting E =U \ S, we obtain that

∣∣∣∣∣∣
∫

U

Φ(x)

(
∂ fk1

∂x j
− ∂ fk2

∂x j

)
dx

∣∣∣∣∣∣ ≤ I1 + I2 + I3,

where

I1 =

∣∣∣∣∣∣
∫

E

(Φ(x)−ϕm(x))

(
∂ fk1

∂x j
− ∂ fk2

∂x j

)
dx

∣∣∣∣∣∣,

I2 =

∣∣∣∣∣∣
∫

S

(Φ(x) − ϕm(x))

(
∂ fk1

∂x j
− ∂ fk2

∂x j

)
dx

∣∣∣∣∣∣,

I3 =

∣∣∣∣∣∣
∫

U

ϕm(x)

(
∂ fk1

∂x j
− ∂ fk2

∂x j

)
dx

∣∣∣∣∣∣,

and hence, by the above arguments,

∣∣∣∣∣∣
∫

U

Φ(x)

(
∂ fk1

∂x j
− ∂ fk2

∂x j

)
dx

∣∣∣∣∣∣ ≤ ε

for large enough k1 and k2. Thus, (∂ fk)/(∂x j) is weakly fundamental in L1(U) and
hence (∂ fk)/(∂x j) converges weakly in L1(U) just to (∂ f )/(∂x j) by (2.4.7); see
Proposition 2.3. �	

Recall that a function f : D → C is absolutely continuous on lines, abbreviated
as f ∈ ACL, if, for every closed rectangle R in D whose sides are parallel to the
coordinate axes, f |R is absolutely continuous on almost all line segments in R which
are parallel to the sides of R. In particular, f is ACL (possibly modified on a set of
Lebesgue measure zero) if it belongs to the Sobolev class W 1,1

loc of locally integrable
functions with locally integrable first generalized derivatives and, conversely, if
f ∈ ACL has locally integrable first partial derivatives, then f ∈ W 1,1

loc ; see, e.g.,
1.2.4 in [170].
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A continuous one-to-one mapping f between domains D and D′ in C is called
a homeomorphism if its inverse mapping f−1 is also continuous. Recall also that a
mapping f : D → C is open if f (A) is open whenever A is open, and f is discrete if
the preimage of every point consists of isolated points in D.

Let f : D→C be an ACL open mapping. Since f is ACL, it has partial derivatives
f in x and y and the formal derivatives

∂ f = fz =
1
2
( fx − i fy) and ∂ f = fz̄ =

1
2
( fx + i fy),

a.e. in D, and since, in addition, f is open, it is differentiable a.e. in D by
the Gehring–Lehto result in [91]; see also the corresponding Menchoff result for
homeomorphisms in [172], Theorem III.3.1 in [152] and Lemma II.B.1 in [9]. At
points z in D where f is differentiable, the dilatation μ(z) = μ f (z) is defined by

μ(z) = ∂ f (z)/∂ f (z),

if ∂ f (z) �= 0 and by μ(z) = 0 if ∂ f (z) = 0. If, in addition, f is sense preserving (s.p.)
i.e., its Jacobian Jf (z) = | fz|2 −| fz̄|2 ≥ 0 a.e., then |μ(z)| ≤ 1 a.e. and the dilatation
of f is

Kf (z) = Kμ(z) =
1+ |μ(z)|
1−|μ(z)| ≥ 1 a.e. (2.4.8)

An ACL embedding with a given μ a.e. is called a μ-homeomorphism. In some
places, as in [70] and [254], the term is more restricted. Note that a μ-homeomor-
phism f is quasiconformal (qc), if ||μ ||∞ < 1, or equivalently if Kμ ∈ L∞(D).

Given a measurable function Q : D → [1,∞) and an ACL s.p. open discrete
mapping f : D → C, we say that f is Q(z)-quasiregular (Q(z)-qr) if Kf (z) ≤ Q(z)
a.e. in D. For completeness, constant mappings are considered as Q(z)-qr mappings.
If, in addition, f is injective, we say that f is Q(z)-quasiconformal (Q(z)-qc). An
ACL s.p. open discrete mapping f : D → C is BMO-quasiregular (BMO-qr) if it is
Q(z)-qr for some Q in BMO(D), i.e.,

Kf (z)≤ Q(z) a.e., Q ∈ BMO(D), (2.4.9)

with Kf (z) as in (2.4.8). If, in addition, f is injective, it is BMO-quasiconformal
(BMO-qc).

More generally, if f : D → C is Q(z)-qc, and Q belongs to a given class F of
functions, we say that f is F -quasiconformal (F -qc), and F -qr maps are defined
similarly. For example, a mapping f : D→C is called FMO-quasiconformal (FMO-
qc), if f is Q(z)-qc with some Q in FMO(D).

Proposition 2.4. Every homeomorphic ACL solution f of the Beltrami equation
(B) with Kμ ∈L1

loc belongs to W1,1
loc . If Kμ ∈ Lp

loc, p ∈ [1,∞], then f ∈ W 1,s
loc where

s = 2/(1+ 1/p)∈ [1,2]. In particular, f ∈W 1,2
loc if Kμ ∈ L∞.
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Proof. Indeed, if f is a homeomorphic ACL solution f of the Beltrami equation (B),
then f has partial derivatives fx and fy a.e., and its Jacobian Jf (z) = | fz|2 −| fz|2 is
nonnegative a.e. and, moreover,

| ∂ f | ≤ | ∂ f | ≤ | ∂ f | + | ∂ f | ≤ K1/2
μ (z) · J1/2

f (z) a.e. (2.4.10)

Recall that if a homeomorphism f : D →C has finite partial derivatives a.e., then

∫

B

Jf (z) dm(z) ≤ | f (B)| (2.4.11)

for every Borel set B ⊆ D, where |A| denotes the Lebesgue measure of a set A in C;
see, e.g., Lemma III.3.3 in [152]. Consequently, applying successively the Hölder
inequality and the inequality (2.4.11) to (2.4.10), we get

‖∂ f‖s ≤ ‖Kμ‖1/2
p · | f (C)|1/2, (2.4.12)

where ‖ · ‖s and ‖ · ‖p denote the Ls- and Lp-norms in a compact set C ⊂ D,
respectively. �	

Recall that a mapping f : X → Y between measurable spaces (X ,Σ ,μ) and
(X ′,Σ ′,μ ′) is said to have the Lusin (N) property if μ ′( f (S))= 0 whenever μ(S)= 0.
Similarly, f has the (N−1) property if μ(S) = 0 whenever μ ′( f (S)) = 0.

Proposition 2.5. If f ∈ ACL is a homeomorphism of a domain D ⊂ C into C with
f−1 ∈ W 1,2

loc , then f−1 is locally absolutely continuous, preserves null sets, and f is
regular a.e., i.e., it is differentiable with Jf (z) �= 0 a.e.

Proof. Indeed, the assertion on f−1 follows from the inclusion f−1 ∈ W1,2
loc ; see,

e.g., Theorem III.4.1 in [152]. As an ACL function, f has a.e. partial derivatives
and hence it has a total differential a.e. by the Menchoff theorem in [172]; see also
Theorem III.3.1 in [152] and Lemma II.B.1 in [9], cf. [91] for open mappings. Then,
by the Ponomarev result in [189], N−1 property of f is equivalent to the condition
Jf (z) �= 0 for a.e. z ∈ D.

Let us give a more direct proof of the last statement. Let E denote the set of
points of D where f is differentiable and Jf (z) = 0, and suppose that |E| > 0.
Then | f (E)| > 0, since E = f−1( f (E)) and since f−1 preserves null sets. Clearly,
f−1 is not differentiable at any point of f (E), contradicting the fact that f−1 is
differentiable a.e. �	
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2.5 Modulus and Capacity

A path γ in C is a continuous mapping γ : Δ → C, where Δ is an interval in R.
Its locus γ(Δ) is denoted by |γ|.Given a family of paths Γ in C, a Borel function
ρ : C→ [0,∞] is called admissible function for Γ , abbreviated as ρ ∈ admΓ , if

∫

γ

ρ(z) |dz| ≥ 1

for each γ ∈ Γ . The (conformal) modulus M(Γ ) of Γ is defined as

M(Γ ) = inf
ρ∈admΓ

∫

Rn

ρ2(z) dm(z)

interpreted as +∞ if admΓ = /0, where dm(z) corresponds to the Lebesgue measure
in C. Thus, every family Γ which contains a constant path is of infinite modulus.

We say that a property P holds for almost every (a.e.) path γ in a family Γ if the
subfamily of all paths in Γ for which P fails has modulus zero. We also say that Γ2

is minorized by Γ1 and write Γ2 >Γ1 if every path in Γ2 has a subpath which belongs
to Γ1. It is known that M(Γ1)≥ M(Γ2); see, e.g., [85], pp. 176–178, or Theorem 6.4
in [258].

The modulus is a conformal invariant and plays an important role in the study
of conformal, qc, and qr mappings; see, e.g., [9, 120, 152, 203, 258] and [267]. We
show that the modulus method is very useful in the study of Beltrami equations.

Given a domain D in the extended plane C = C∪ {∞} and nonempty disjoint
compact sets C0 and C1 in D, the triple (C0,C1,D) is called a condenser in D, and
its capacity is a number

cap (C0,C1,D) = inf
∫

D

|∇u|2 dm(z), (2.5.1)

where the infimum is taken over all ACL functions u : D → R with values 0 and 1
on C0 and C1, respectively. We set below (C0,C1) = (C0,C1, C̄).

Given a domain D and two sets E and F in C, Δ(E,F,D) denotes the family of all
paths γ : [a,b]→ C which join E and F in D, i.e., γ(a) ∈ E, γ(b) ∈ F and γ(t) ∈ D
for a < t < b. We set Δ(E,F) = Δ(E,F,C) if D =C. It is well known that

cap (C0,C1,D) = M(Δ(C0,C1,D)) (2.5.2)

for every condenser in D ⊂ Rn, n ≥ 2; see, e.g., [88] and [107]. Moreover,

M(Δ(C0,C1,R)) = M(Δ(C0,C1)) (2.5.3)
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for ring domains R and its complementary components C0 and C1 in C; see, e.g.,
Theorem 11.3 in [258]. Recall that a ring domain, or briefly a ring in C, is a domain
whose complement C\R consists of two connected sets.

For points z,ζ ∈ C = C
⋃{∞}, the spherical (chord) distance s(z,ζ ) between z

and ζ is given by

s(z,ζ ) =
|z− ζ |

(1+ |z|2) 1
2 (1+ |ζ |2) 1

2

if z �= ∞ �= ζ,

s(z,∞) =
1

(1+ |z|2) 1
2

if z �= ∞. (2.5.4)

Given a set E ⊂ C, δ (E) denotes the spherical diameter of E, i.e.,

δ (E) = sup
z1,z2∈E

s(z1,z2). (2.5.5)

The following basic inequality (2.5.6) will be used frequently. Let f : D → C be
a qc mapping which is Q(z)-qc for a given function Q in L1

loc, and let Γ be a path
family in D and ρ ∈ adm Γ . Then (see V(6.6) in [152] or [153])

M( fΓ ) ≤
∫

D

∫
Q(z)ρ2(z) dm(z). (2.5.6)

Below, D denotes the open unit disk in C, i.e., D= {z ∈ C : |z|< 1}.

Lemma 2.12. Let f : D→ C \ {a,b}, a,b ∈ C, s(a,b) ≥ δ > 0, be a qc mapping
which is Q(z)-qc for some Q in L1(D). Let z1 be a point in D\{0}, and suppose that
s( f (z1), f (0)) ≥ δ . Then

s( f (z), f (0)) ≥ ψ(|z|) (2.5.7)

for every point z with |z| < r = min(1− |z1|, |z1|/2), where ψ is a positive, strictly
increasing function depending only on δ and ||Q||1.

Proof. Given z2 with |z2| < r, choose a continuum E1 which meets 0 and z1 and a
continuum E2 which meets the point z2 and ∂D such that dist (E1,E2 ∪∂D) = |z2|;
see Fig. 1.

More precisely, denote by L the straight line generated by the pair of points 0 and
z1 and let C be the circle |z− z2|= |z2|. Denote by t0 the tangency point to C of the
ray starting from z1 that is opposite to z2 with respect to L (an arbitrary one of the
two possible if z2 ∈ L). Then E1 = [z1, t0]∪ γ(0, t0), where γ(0, t0) is the shortest arc
of C joining 0 and t0, E2 = [z2,z∗], where z∗ is the point (opposite t0 with respect
to L) of the intersection of ∂Bn with the straight line that is perpendicular to L and
passing through z2. Note that z2 is the nearest point in E2 for any point z in the half
plane that is opposite to z2 with respect to L. Hence, z2 is the nearest point in E2

for E1.
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z1

t0
E1

E2

z2

z*

0

T

L

C

Fig. 1 The ring domain A’

Let Γ denote the family of paths which join E1 and E2 ∪∂D. Then

ρ(z) = |z2|−1χD(z)

is admissible for Γ and, by (2.5.6),

M( fΓ )≤
∫ ∫

ρ2(z)Q(z) dm(z)≤ |z2|−2
∫

D

∫
Q(z) dm(z) =

||Q||1
|z2|2 . (2.5.8)

The ring domain A′ = f (D\(E1 ∪E2)), see Fig. 1, separates the continuum E ′
1 =

f (E1) and E ′
2 = C̄\ f (D\E2), and since

s(E ′
1)≥ s( f (z1), f (0)) ≥ δ , s(E ′

2)≥ s
(
C\ f (D)

)≥ δ

and
s(E ′

1,E
′
2)≤ s( f (z2), f (0)),

it follows by Theorem 12.7 in [258] that

M( f (Γ ))≥ λ (s( f (z2), f (0))), (2.5.9)

where λ (t) = λδ (t) is a strictly decreasing positive function with λ (t)→∞ as t → 0.
Hence, by (2.5.8) and (2.5.9), s( f (z2), f (0)) ≥ ψ(|z|) where

ψ(t) = λ−1
( ||Q||

t2

)

has the required properties. �	
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The following lemma will be also useful later on:

Lemma 2.13. Let D be a domain in C, z0 ∈ D, f a homeomorphism of
D0 = D \ {z0} into C, C0 = {z ∈ C : |z − z0| = ε0}, 0 < ε0 < dist (z0,∂D),
Cε = {z ∈ C : |z− z0|= ε}, ε ∈ (0,ε0), and Aε = {z ∈ C : ε < |z− z0|< ε0}. Then

δ (E) ≤ 32
δ (F)

· exp

(
− 2π

M(Δ( fCε , fC0))

)
, (2.5.10)

where E is the connected component of C\ f Aε containing the cluster set

C(z0, f ) = {w ∈C : w = lim
n→∞

f (zn), zn ∈ D0}

and F is the rest of C\ f Aε .

Proof. Indeed, first of all, we have that

cap (E,F) ≥ cap RT

(
1

δ (E)δ (F)

)
, (2.5.11)

where δ (E) and δ (F) denote the spherical diameters of the continua E and F,
respectively, and RT(t) is the Teichmüller ring

RT(t) = C\ ([−1,0]∪ [t,∞]), t > 1; (2.5.12)

see, e.g., 7.37 in [267]. It is known that

cap RT(t) =
2π

logΦ(t)
, (2.5.13)

where the function Φ admits the good estimates

t + 1 ≤ Φ(t)≤ 16 · (t+ 1)< 32 · t, t > 1; (2.5.14)

see, e.g., (7.19) and (7.22) in [267]. Hence, the inequality (2.5.11) implies that

cap (E,F) ≥ 2π
log 32

δ (E)δ (F)
. (2.5.15)

Thus,

δ (E) ≤ 32
δ (F)

exp

(
− 2π

cap (E,F)

)
, (2.5.16)

which implies the desired estimate (2.5.10) because the family of paths Δ(E,F) is
minorized by Δ( fCε , fC0); see also (2.5.2) and (2.5.3). �	
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We adopt the following conventions: Given a set E ∈C and a path γ : Δ →C, we
identify γ ∩E with γ(Δ)∩E. If γ is locally rectifiable, we set

l(γ ∩E) = |Eγ |, (2.5.17)

where
Eγ = lγ (γ−1(E)). (2.5.18)

Here, |A| means the length (Lebesgue) measure of a set A ⊂ R and lγ : Δ → Δγ is as
in Sect. 2.1. In general for sets A in C, |A| will denote the Lebesgue measure of A.
Note that

Eγ = γ−1
0 (E), (2.5.19)

where γ0 : Δγ → C is the natural parametrization of γ and that

l(γ ∩E) =

∫

Δ

χE(γ(t)) γ ′(t) dt =

∫

Δγ

χEγ (s) ds. (2.5.20)

We say that γ ∩E is measurable on γ if Eγ is measurable in Δγ .

Remark 2.5. The definition of the modulus immediately implies that:

1) Almost every path in C is rectifiable.
2) Given a Borel set B in C of measure zero,

l (γ ∩B) = 0 (2.5.21)

for a.e. rectifiable path γ in C.
3) For every Lebesgue measurable set E in Rn, there exist Borel sets B∗ and B∗ in

Rn such that B∗ ⊂ E ⊂ B∗ and |B∗ \B∗| = 0, and thus, by 2), Eγ and χEγ is a
measurable set, respectively, and a measurable function in the length interval Δγ
for a.e. γ in C.

The following lemma extends Theorem 33.1 in [258] from Borel sets to arbitrary
sets (cf. also Theorem 3 in [85]) and is based on 3):

Lemma 2.14. Let E be a set in a domain D ⊂ C. Then E is measurable if and only
if γ ∩E is measurable for a.e. path γ in D. Moreover, |E|= 0 if and only if

l (γ ∩E) = 0 (2.5.22)

on a.e. path γ in D.

Proof. Suppose first that E is measurable. Then by 3) in Remark 2.5, γ ∩ E is
measurable for a.e. path γ in D.

For the other direction, let C be a closed cube in D with edges parallel to the
coordinate axes. By the assumption, γ ∩ E is measurable for a.e. line segment γ
joining opposite faces of C and parallel to the edges. Thus, by the Fubini theorem,
E is measurable.
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Next, suppose that |E| = 0. Then there is a Borel set B such that |B| = 0 and
E ⊂ B. By Remark 2.5, (2.5.21) and hence (2.5.22) hold for a.e. path γ in D.

The sufficiency of (2.5.22) follows from the corresponding result in Theorem
33.1 in [258] by virtue of 3) in Remark 2.5 This completes the proof. �	

Given a Lebesgue measurable function ρ : C→ [0,∞], there is a Borel function
ρ∗ : C→ [0,∞] such that ρ∗ = ρ a.e. in Rn; see, e.g, 2.3.5 in [83] and [224], p. 69.
This suggests an alternative definition of the modulus. A Lebesgue measurable
function ρ : C → [0,∞] is extensively admissible for a path family Γ in C,
abbreviated as ρ ∈ ext admΓ , if

∫

γ

ρ(z) |dz| ≥ 1 for a.e. γ ∈ Γ . (2.5.23)

Note that (2.5.23) includes the assumption that the function s �→ ρ(γ(s)) is
measurable in the interval [0, l(γ)]; the path is parametrized by arc length. The
extensive modulus M(Γ ) of Γ is defined as

M(Γ ) = inf
∫

C

ρ2(z) dm(z), (2.5.24)

where the infimum is taken over all ρ ∈ ext admΓ . It is easy to see that

M(Γ ) = M(Γ ). (2.5.25)

Further, we use the Hausdorff metric between compact sets in the plane

h(E,F) = max

{
sup
z1∈E

inf
z2∈F

|z1 − z2|; sup
z2∈F

inf
z1∈E

|z1 − z2|
}
. (2.5.26)

Let us give here an elementary proof of the following lemma that will be useful
for further applications:

Lemma 2.15. Let D be a domain in C, E and F be mutually disjoint compact sets
in D, and let Ek and Fk, k = 1,2, . . . , be sequences of continua in D such that Ek →E
and Fk → F as k → ∞ in the Hausdorff metric. Then

M (Δ (E,F ;D)) ≤ liminf
k→∞

M (Δ (Ek,Fk;D)). (2.5.27)

Proof. If either E or F is degenerated into a point, then M (Δ (E,F ;D)) = 0 and
(2.5.27) is obvious. Hence, we may assume with no loss of generality that d (Ek)>
d (E)/2 > 0 and d (Fk)> d (F)/2 > 0. If the right-hand side in (2.5.27) is equal to
∞, then (2.5.27) is trivial. Consequently, we may also assume later on that the finite
limit is

lim
k→∞

M (Δ (Ek,Fk;D)) ≤ M0 < ∞. (2.5.28)
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Moreover, we may assume that, for all k = 1, 2, . . . ,

rk := h(E,Ek)< ro := min(dist(E,F) , dist(E,∂D) , diam E/2)

and

r∗k := h(F,Fk)< r∗o := min(dist(E,F) , dist(F,∂D) , diam F/2) .

In view of (2.5.28), we may assume that M (Γk)<Mo+1, where Γk=Δ (Ek,Fk;D) ,
k = 1, 2, . . . . Then, for every k = 1, 2, . . . , there is ρk ∈ adm Γk such that

∫

D

ρ2
k dm(z) < M (Γk) +

1
k

< M : = M0 + 2. (2.5.29)

Now, let γ be an arbitrary curve in the family Γ := Δ (E,F ;D) and let z0 be the
end of γ in E. Then dist(z0,Ek) ≤ h(E,Ek) and, by the above choice of rk, every
circle |z− z0| = r with r ∈ (rk,r0) intersects γ as well as Ek and belongs to D. By
(2.5.29) and the Jensen inequality, we have

M >

∫

B0

ρ2
k dm(z)≥

r0∫

rk

⎛
⎜⎝

∫

|z−z0|=r

ρ2 |dz|

⎞
⎟⎠dr

=

r0∫

rk

(
−
∫
|z−z0|=r

ρ2 |dz|
)

2πr dr ≥
r0∫

rk

(
−
∫
|z−z0|=r

ρ |dz|
)2

2πr dr

=

r0∫

rk

⎛
⎜⎝

∫

|z−z0|=r

ρk |dz|

⎞
⎟⎠

2

dr
2πr

≥ 1
2π

log
r0

rk
inf

r∈(rk,r0)

⎛
⎜⎝

∫

|z−z0|=r

ρk |dz|

⎞
⎟⎠

2

,

where B0 = {z : |z− z0|< r0}. We obtain from here that there is a circle |z− z0|= r
with r ∈ (rk,r0) that intersects γ and Ek and

∫

|z−z0|=r

ρk |dz|< δk := 2

√
2πM
log r0

rk

,

where δk → 0 as k → ∞. Thus, the curve γ can be joined with Ek by an arc γk of a
circle such that ∫

γk

ρk |dz|< δk → 0 as k → ∞ .

Similarly, the curve γ can be joined with Fk by an arc γ ∗
k in D such that

∫

γ∗k

ρk |dz|< δ ∗
k → 0 as k → ∞,
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where

δ ∗
k = 2

√√√√ 2πM

log
r∗0
r∗k

.

One can construct a curve αk ∈ Γk consisting of the arcs γk,γ ∗
k , and pieces of the

curve γ such that ∫

αk

ρk |dz|<
∫

γ

ρk |dz|+ δk + δ ∗
k ,

and then ∫

γ

ρk |dz|> 1− δk − δ ∗
k

because ρk ∈ adm Γk. Thus,

ρ∗
k : =

ρk

1 − δk − δk∗ ∈ adm Γ

because the choice of δk → 0 and δ ∗
k → 0 was independent on γ ∈ Γ . Hence,

M (Δ (E,F ;D)) ≤
∫
D

ρ2
k dm(z)

(
1 − δk − δ ∗

k

)2

and, finally, by (2.5.29) we obtain (2.5.27). �	
Remark 2.6. The main idea for the proof of Lemma 2.15 for extremal lengths is due
to Professor P.M. Tamrazov; see Theorem 1 in [251]. In fact, the equality

lim
k→∞

M (Δ (Ek,Fk;D)) = M (Δ (E,F ;D)) (2.5.30)

was even proved there and under more general conditions; cf. also [87, 101] and
[270]. However, we just use only (2.5.27).

2.6 Convergence Theorems for Homeomorphisms

The following convergence theorem plays a significant role in our scheme on
deriving existence theorems for the Beltrami equation (B); see [222] or [220].

Theorem 2.1. Let D be a domain in C and let fn be a sequence of sense-preserving
ACL homeomorphisms of D into C with complex dilatations μn such that

1+ |μn(z)|
1−|μn(z)| ≤ Q(z) ∈ L1

loc(D) ∀ n = 1,2, . . . . (2.6.1)
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If fn → f uniformly on each compact set in D, where f : D → C is a homeomor-
phism, then f ∈ ACL and ∂ fn and ∂ fn converge weakly in L1

loc(D) to ∂ f and ∂ f ,
respectively. Moreover, if in addition μn → μ a.e., then ∂ f = μ∂ f a.e.

Proof of Theorem 2.1. To prove the first part of the theorem it suffices to show
that ∂ fn and ∂ fn are uniformly bounded in L1

loc(D) and have locally absolute
equicontinuous indefinite integrals. So, let C be a compact set in D and let V be
an open set with their compact closure V in D such that C ⊂ V, say V = {z ∈ D :
dist(z,C)< r} where r < dist(C,∂D). Note that

| ∂ fn| ≤ | ∂ fn| ≤ | ∂ fn|+ | ∂ fn| ≤ Q1/2(z) · J1/2
n (z) a.e.,

where Jn is the Jacobian of fn. Consequently, by the Hölder inequality and Lemma
III.3.3 in [152]

∫

E

| ∂ fn| dm(z)≤
∣∣∣∣∣∣
∫

E

Q(z) dm(z)

∣∣∣∣∣∣
1/2

| fn(C) |1/2

for every measurable set E ⊆C. Hence, by the uniform convergence of fn to f on C,

∫

E

| ∂ fn| dm(z) ≤
∣∣∣∣∣∣
∫

E

Q(z) dm(z)

∣∣∣∣∣∣
1/2

| f (V ) |1/2 (2.6.2)

for large enough n and, thus, the first part of the proof is complete.
Now, assume that μn(z) → μ(z) a.e. Set ζ (z) = ∂ f (z)− μ(z)∂ f (z) and show

that ζ (z) = 0 a.e. Indeed, for every disk B with B ⊂ D, by the triangle inequality

∣∣∣∣∣
∫

B

ζ (z)dxdy

∣∣∣∣∣≤ I1(n)+ I2(n),

where

I1(n) =

∣∣∣∣∣
∫

B

(
∂ f (z)− ∂ fn(z)

)
dxdy

∣∣∣∣∣
and

I2(n) =

∣∣∣∣∣
∫

B

(μ(z)∂ f (z)− μn(z)∂ fn(z)) dxdy

∣∣∣∣∣.
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Note that I1(n)→ 0 because ∂ fn → ∂ f weakly in L1
loc by the first part of the proof.

Next, I2(n) = I′2(n)+ I′′2 (n), where

I′2(n) =

∣∣∣∣∣
∫

B

μ(z)(∂ f (z)− ∂ fn(z))dxdy

∣∣∣∣∣
and

I′′2 (n) =

∣∣∣∣∣
∫

B

(μ(z)− μn(z))∂ fn(z)dxdy

∣∣∣∣∣.

Again, by the weak convergence ∂ fn → ∂ f in L1
loc(D), we have that I′2(n) → 0

because μ ∈ L∞(D). Moreover, given ε > 0, by (2.6.2)
∫

E

| ∂ fn(z)| dm(z)< ε, n = 1,2, . . . , (2.6.3)

whenever E is every measurable set in B with |E|< δ for small enough δ > 0.
Further, by the Egoroff theorem (see, e.g., III.6.12 in [73]), μn(z) → μ(z)

uniformly on some set S ⊂ B such that |E| < δ , where E = B \ S. Hence,
|μn(z)− μ(z)|< ε on S and

I′′2 (n) ≤ ε
∫

S

| ∂ fn(z)| dm(z)+ 2
∫

E

| ∂ fn(z)| dm(z)

≤ ε

⎧⎪⎨
⎪⎩

⎛
⎝∫

B

Q(z) dm(z)

⎞
⎠

1/2

· | f (λ B)|1/2 + 2

⎫⎪⎬
⎪⎭

for some λ > 1 and for all large enough n, i.e., I′′2 (n)→ 0, because ε > 0 is arbitrary.
Thus,

∫
B ζ (z)dxdy = 0 for all disks B with B ⊂ D. Finally, by the Lebesgue theorem

on the differentiability of an indefinite integral (see, e.g., IV(6.3) in [224]), ζ (z) = 0
a.e. in D. �	
Remark 2.7. In fact, under the condition (2.6.1), fn belongs to W 1,1

loc (D) by Proposi-

tion 2.4 and f in W 1,1
loc (D) by Lemma 2.11; see also (2.6.2). Moreover, if in addition

Q ∈ Lp
loc(D), then fn belongs to W 1,s

loc (D) where s = 2/(1+1/p) by Proposition 2.4.
Similar to (2.4.12) and (2.6.2), we have that

‖∂ f‖s ≤ ‖∂ f‖s ≤ ‖Q‖1/2
p · | f (λ B)|1/2 (2.6.4)

in every ball B such that B̄ ⊂ D and some λ > 1 and large enough n. Hence, in the
case by the known criterion of weak compactness in the spaces Ls, s ∈ (1,∞) (see,
e.g., Corollary IV.8.4 in [73]), ∂ fn → ∂ f and ∂ fn → ∂ f weakly in Ls

loc(D). Finally,
note that f is a Q(z)-qc mapping (see, e.g., [212]), although we no longer need the
latter fact.
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Proposition 2.6. Let D be a domain in C and fn : D →C, n = 1,2, . . ., a sequence
of homeomorphisms such that fn → f uniformly on compact sets in D with respect
to the spherical (chordal) metric. If the limit function f is discrete, then f is a
homeomorphism.

Proof. Indeed, suppose that f (z1) = f (z2) for some z1 �= z2 in D. For small
t > 0, let Dt be a disk of spherical radius t centered at z1 such that Dt ⊂ D
and z2 /∈ Dt . Then for all n, fn(∂Dt ) separates fn(z1) from fn(z2) and, hence,
s( fn(z1), fn(∂Dt)) < s( fn(z1), fn(z2)). Thus, for every such t, there is ζn(t) ∈ ∂Dt

such that s( fn(z1), fn(ζn(t)) < s( fn(z1), fn(z2)). Moreover, there is a subsequence
ζnk(t) → ζ0(t) ∈ ∂Dt because the circle ∂Dt is a compact set. However, the
locally uniform convergence fnk → f implies that fnk (ζnk(t)) → f (ζ0(t)); see,
e.g., [74], p. 268. Consequently, s( f (z1), f (ζ0(t)) ≤ s( f (z1), f (z2)). Then, since
f (z1) = f (z2), there is a point zt = ζ0(t) on ∂Dt such that f (z1) = f (zt ) for every
small t, contradicting the discreteness of f . �	
Corollary 2.3. Let D be a domain in C and fn : D →C, n = 1,2, . . ., a sequence of
quasiconformal mappings which satisfies (2.6.1). If fn → f locally uniformly, then
either f is constant or f is an ACL homeomorphism, and ∂ fn and ∂̄ fn converge
weakly in L1

loc(D \ { f−1(∞)}) to ∂ f and ∂̄ f , respectively. If in addition μn → μ
a.e., then ∂̄ f = μ∂ f a.e.

Proof. Consider the case when f is not constant in D. Let us first show that then no
point in D has a neighborhood of the constancy for f . Indeed, assume that there is
at least one point z0 ∈ D such that f (z)≡ c for some c ∈C in a neighborhood of z0.
Note that the set Ω0 of such points z0 is open. The set Ec = {z ∈ D : s( f (z),c) > 0},
where s is the spherical (chord) distance in C, is also open in view of continuity
of f and not empty in the considered case. Thus, there is a point z0 ∈ ∂Ω0 ∩ D
because D is connected. By continuity of f , we have that f (z0) = c. However, by the
construction, there is a point z1 ∈Ec =D\Ω0 such that |z0−z1|< r0 = dist (z0,∂D),
and thus, by the lower estimate of the distance s( f (z0), f (z)) in Lemma 2.12, we
obtain a contradiction for z ∈ Ω0. Then again, by Lemma 2.12, we obtain that the
mapping f is discrete and hence f is a homeomorphism by Proposition 2.6. All
other assertions follow from Theorem 2.1. �	

The kernel of a sequence of open sets Ωn ⊆ C, n = 1,2, . . . is the open set

Ω0 = Kern Ωn : =
∞⋃

m=1

Int

(
∞⋂

n=m

Ωn

)
,

where Int A denotes the set consisting of all inner points of A; in other words, Int A
is the union of all open disks in A with respect to the spherical distance.
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Proposition 2.7. Let hn : D → D′
n, D′

n = hn(D), be a sequence of homeomorphisms
given in a domain D ⊆ C. If hn converges as n → ∞ locally uniformly with respect
to the spherical (chordal) metric to a homeomorphism h : D → D′ ⊆ C, then
D′ = h(D)⊆ KernD′

n.

Proof. Indeed, set Bs(z0,ρ) = {z∈C : s(z,z0)< ρ}, where z0 ∈ D and ρ is less than
the spherical distance from z0 to ∂D. Then

r0 : = min
z∈∂Bs(z0,ρ)

s(h(z0),h(z)) > 0.

Since hn → h uniformly on the compact set ∂Bs(z0,ρ) = {z ∈ C : s(z,z0) = ρ},
there is a large enough integer N such that, for all n ≥ N, hn(z0) ∈ Bs(h(z0),r0/2)
and simultaneously

Bs(h(z0),r0/2) ∩ hn(∂Bs(z0,ρ)) = Bs(h(z0),r0/2) ∩ ∂hn(Bs(z0,ρ)) = /0.

Hence, by the connectedness of the disk Bs(h(z0),r0/2),

Bs(h(z0),r0/2) ⊆ hn(Bs(z0,ρ)) ∀ n ≥ N

and, thus, h(z0) ∈ Kern D′
n, i.e. D′ ⊆ Kern D′

n by arbitrariness of ζ0 = h(z0) ∈ D′.
�	

Remark 2.8. In particular, Proposition 2.7 implies that h(D) ⊆ C if hn(D) ⊆ C for
all n = 1,2, . . . .

Lemma 2.16. Let D be a domain in C and let fn : D → C be a sequence of
homeomorphisms from D into C such that fn → f as n → ∞ locally uniformly
with respect to the spherical metric to a homeomorphism f from D into C. Then
f−1
n → f−1 locally uniformly in f (D), too.

Proof. Set gn = f−1
n and g = f−1. The locally uniform convergence gn → g is

equivalent to the so-called continuous convergence, meaning that gn(un) → g(u0)
for every convergent sequence un → u0 in f (D); see [74], p. 268. So, let un ∈ f (D),
n = 0,1,2, . . . , and un → u0 as n → ∞. Let us show that zn := g(un)→ z0 := g(u0)
as n → ∞. It is known that every metric space is L ∗ space, i.e., a space with a
convergence (see, e.g., Theorem 2.1.1 in [142]), and the Uhryson axiom in the
compact spaces says that zn → z0 as n → ∞ if and only if, for every convergent
subsequence znk → z∗, the equality z∗ = z0 holds; see, e.g., the Definition 20.1.3 in
[142]. Hence, it suffices to prove that the equality z∗ = z0 holds for every convergent
subsequence znk → z∗ as k → ∞. Let D0 be a subdomain of D such that z0 ∈ D0 and
D0 is a compact subset of D. Then by Proposition 2.7, f (D0) ⊆ Kern fn(D0) and
hence u0 together with its neighborhood belongs to fnk (D0) for all k ≥ K. Thus,
with no loss of generality, we may assume that unk ∈ fnk(D0), i.e., znk ∈ D0 for all
k = 1,2, . . . , and consequently z∗ ∈ D. Then, by the continuous convergence fn → f ,
we have that fnk (znk)→ f (z∗), i.e., fnk(gnk(unk)) = unk → f (z∗). The latter implies
that u0 = f (z∗), i.e., z∗ = z0. The proof is complete. �	
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Corollary 2.4. Let D be a domain in C and fn : D →C, n = 1,2, . . ., a sequence of
quasiconformal mappings which satisfies (2.6.1). If fn → f locally uniformly where
f is a homeomorphism, then f−1 ∈W 1,2

loc .

Proof. By Lemma 2.16, it follows that gn = f−1
n → f−1 = g locally uniformly.

By Proposition 2.4, fn and gn ∈ W 1,2
loc and hence a change of variables further is

permitted; see, e.g., Lemmas III.2.1 and III.3.2 and Theorems III.3.1 and III.6.1 in
[152]. Thus (see also formulas I.C(3) in [9]), we obtain that for large n

∫

B

|∂gn|2 dudv =
∫

gn(B)

dm(z)
1−|μn(z)|2 ≤

∫

B∗
Q(z) dm(z) < ∞, (2.6.5)

where B∗ and B are relatively compact domains in D and f (D), respectively, such
that g(B̄) ⊂ B∗. This estimate implies that the sequence gn is bounded in W1,2(B)
and, consequently, f−1 ∈ W1,2

loc( f (D)) by Lemma 2.10. �	

2.7 Ring Q-Homeomorphisms at Inner Points

Motivated by the ring definition of quasiconformality in [89], the following notion
was introduced in [214, 215]: Let D be a domain in C, z0 ∈ D, and Q : D →
[0,∞] a measurable function. A homeomorphism f : D → C is called a ring
Q-homeomorphism at the point z0 if

M(Δ( fC1, fC2, f D)) ≤
∫

A

Q(z) ·η2(|z− z0|) dm(z) (2.7.1)

for every ring

A = A(z0,r1,r2) = {z ∈ C : r1 < |z− z0|< r2}, 0 < r1 < r2 < dist(z0,∂D),

and every measurable function η : (r1,r2)→ [0,∞] such that

r2∫

r1

η(r) dr = 1 (2.7.2)

and where C1 = {z ∈C : |z− z0|= r1} and C2 = {z ∈C : |z− z0|= r2}.
Recall a criterion of ring Q-homeomorphisms obtained as Theorem 2.1 in [208];

see also Theorem 7.2 in [165]. Further, we use the standard conventions a/∞ = 0
for a �= ∞ and a/0 = ∞ if a > 0 and 0 ·∞ = 0; see, e.g., [224], p. 6.

Lemma 2.17. Let D be a domain in C and Q : D → [0,∞] a measurable function.
A homeomorphism f : D → C is a ring Q-homeomorphism at a point z0 ∈ D if and
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only if, for every 0 < r1 < r2 < d0 = dist(z0,∂D),

M(Δ( fC1, fC2, f D)) ≤ 2π
I
, (2.7.3)

where C1 = {z ∈ C : |z− z0|= r1}, C2 = {z ∈ C : |z− z0|= r2}, and

I = I(r1,r2) =

r2∫

r1

dr
rqz0(r)

, (2.7.4)

where qz0(r) is the mean value of Q(z) over the circle |z− z0|= r .

Note that the infimum from the right-hand side in (2.7.1) holds for the function

η0(r) =
1

Irqz0
(r)

. (2.7.5)

In what follows, we call a homeomorphism f : D →C of the class W 1,1
loc a regular

homeomorphism if Jf (z) > 0 a.e. Note that every regular homeomorphism satisfies
a Beltrami equation (B). Given a point z0 in D, the tangential dilatation of f as well
as the corresponding Beltrami equation (B) with respect to z0 is the function

KT
μ (z,z0) =

∣∣∣1− z−z0
z−z0

μ(z)
∣∣∣2

1−|μ(z)|2 ; (2.7.6)

see [214, 215], cf. the corresponding terms and notations in [13, 14, 18, 66, 99, 147]
and [198]. For the geometrical sense of the dilatation, see Sect. 6.1; here, note
only that

KT
μ (z,z0) =

| fθ (z)|2
r2Jf (z)

, where z = z0 + reiθ . (2.7.7)

The following theorem was proved in the paper [225]:

Theorem 2.2. Let f : D → C be a regular homeomorphism. Then f is a ring
Q-homeomorphisms at a point z0 ∈ D with Q(z) = KT

μ (z,z0), μ = μ f .

Proof. Without loss of generality, we may assume that z0 = 0 ∈ D. Consider the
ring R = {z ∈ C : r1 < |z|< r2}. Then there is a conformal map h mapping the ring
f R onto a ring R∗ = {w : 1 < |w|< L}.

Let Γ ∗ be the family of paths joining boundary components |w|= 1 and |w|= L
of the ring R∗. Then, in view of conformal invariants of modulus, M(Γ ∗) = M(Γ ),
where Γ is the family of all paths joining the boundary components of the ring
f R. Thus,

M(Γ ) =
4π2

∫
R∗

dudv
|w|2

.
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Denote by Cr, r1 < r < r2 circles {z : |z| = r}. For g = h ◦ f , we have that g ∈
W 1,1

loc (R), and hence g is a.e. differentiable and absolutely continuous on Cr for a.e.

r ∈ (r1,r2). The latter follows from the invariance of the class W 1,1
loc under locally

quasi-isometric transformations of coordinates; see, e.g., 1.1.7 in [169]. Note that

r2∫

r1

2π∫

0

Jg(reiθ )

|g(reiθ )|2 r dr dθ ≤
∫

R∗

dudv
|w|2 =

(2π)2

M(Γ )
, (2.7.8)

where w = u+ iv, Jg is the Jacobian of g; see, e.g., Lemma III.3.3 in [152].
Now, we have

2π ≤
∫

Cr

|dargg|=
∫

Cr

|dg(z)|
|g(z)| =

2π∫

0

|gθ (reiθ )|
|g(reiθ )| dθ

for a.e. r ∈ (r1, r2), and applying the Schwarz inequality (see, e.g., Theorem I.4 in
[29]), we obtain that

(2π)2 ≤
⎛
⎝

2π∫

0

|gθ (reiθ )|
|g(reiθ )| dθ

⎞
⎠

2

≤
2π∫

0

|gθ (reiθ )|2
J(reiθ )

dθ
2π∫

0

J(reiθ )

|g(reiθ )|2 dθ ,

i.e.,

2π

r 1
2π
∫ 2π

0
|gθ (reiθ )|2
r2J(reiθ )

dθ
≤ r

2π∫

0

J(reiθ )

|g(reiθ )|2 dθ . (2.7.9)

Setting (see (2.7.7)),

k(r) =
1

2π

∫ 2π

0

|gθ (reiθ )|2
r2J(reiθ )

dθ =
1

2πr

∫

Cr

KT
μ (z,z0) |dz|,

and integrating both sides of the inequality (2.7.9) over r ∈ (r1, r2), we see that

2π
r2∫

r1

dr
r k(r)

≤
r2∫

r1

r dr

2π∫

0

J(reiθ )

|g(reiθ )|2 dθ .

Combining the last inequality and (2.7.8), we have by the Fubini theorem that

r2∫

r1

dr
r k(r)

≤ 2π
M(Γ )

.
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Thus,

M(Γ )≤ 2π
r2∫
r1

dr
r k(r)

.

Finally, applying Lemma 2.1, we obtain the conclusion of the theorem. �	
Corollary 2.5. Every regular homeomorphism f : D → C is a ring Q-homeomor-
phism with Q(z) = Kμ(z), μ = μ f , at each point z0 ∈ D.

Thus, the theory of ring Q-homeomorphisms can be applied to regular homeo-
morphisms of the Sobolev class W 1,1

loc in the plane; see, e.g., Chap. 7 in [165].

2.8 On Some Equivalent Integral Conditions

The main existence theorems for the Beltrami equation (B) are based on integral
restrictions on the dilatations Kμ(z) and KT

μ (z,z0). Here, we establish equivalence
of a series of the corresponding integral conditions.

For this goal, we use the following notions of the inverse function for monotone
functions: For every nondecreasing function Φ : [0,∞]→ [0,∞], the inverse function
Φ−1 : [0,∞]→ [0,∞] can be well defined by setting

Φ−1(τ) = inf
Φ(t)≥τ

t. (2.8.1)

Here, inf is equal to ∞ if the set of t ∈ [0,∞] such that Φ(t) ≥ τ is empty. Note that
the function Φ−1 is nondecreasing too.

Remark 2.9. It is evident immediately by the definition that

Φ−1(Φ(t)) ≤ t ∀ t ∈ [0,∞] (2.8.2)

with the equality in (2.8.2) except intervals of constancy of the function ϕ(t).

Similarly, for every nonincreasing function ϕ : [0,∞]→ [0,∞], we set

ϕ−1(τ) = inf
ϕ(t)≤τ

t. (2.8.3)

Again, here inf is equal to ∞ if the set of t ∈ [0,∞] such that ϕ(t)≤ τ is empty. Note
that the function ϕ−1 is also nonincreasing.

Lemma 2.18. Let ψ : [0,∞] → [0,∞] be a sense-reversing homeomorphism and
ϕ : [0,∞]→ [0,∞] a monotone function. Then

[ψ ◦ϕ ]−1(τ) = ϕ−1 ◦ψ−1(τ) ∀τ ∈ [0,∞] (2.8.4)
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and
[ϕ ◦ψ ]−1(τ) ≤ ψ−1 ◦ϕ−1(τ) ∀τ ∈ [0,∞] (2.8.5)

and, except for a countable collection of τ ∈ [0,∞],

[ϕ ◦ψ ]−1(τ) = ψ−1 ◦ϕ−1(τ). (2.8.6)

The equality (2.8.6) holds for all τ ∈ [0,∞] if the function ϕ : [0,∞] → [0,∞] is
strictly monotone.

Remark 2.10. If ψ is a sense-preserving homeomorphism, then (2.8.4) and (2.8.6)
are obvious for every monotone function ϕ . Similar notations and statements
also hold for other segments [a,b], where a and b ∈ [−∞,+∞], instead of the
segment [0,∞].

Proof of Lemma 2.18. Let us first prove (2.8.4). If ϕ is nonincreasing, then

[ψ ◦ϕ ]−1 (τ) = inf
ψ(ϕ(t))≥τ

t = inf
ϕ(t)≤ψ−1(τ)

t = ϕ−1 ◦ψ−1(τ) .

Similarly, if ϕ is nondecreasing, then

[ψ ◦ϕ ]−1 (τ) = inf
ψ(ϕ(t))≤τ

t = inf
ϕ(t)≥ψ−1(τ)

t = ϕ−1 ◦ψ−1(τ) .

Now, let us prove (2.8.5) and (2.8.6). If ϕ is nonincreasing, then applying the
substitution η = ψ(t), we have

[ϕ ◦ψ ]−1 (τ) = inf
ϕ(ψ(t))≥τ

t = inf
ϕ(η)≥τ

ψ−1(η) = ψ−1

(
sup

ϕ(η)≥τ
η

)

≤ ψ−1
(

inf
ϕ(η)≤τ

η
)

= ψ−1 ◦ϕ−1 (τ),

i.e., (2.8.5) holds for all τ ∈ [0,∞]. It is evident that here strict inequality is possible
only for a countable collection of τ ∈ [0,∞] because an interval of constancy of ϕ
corresponds to every such τ. Hence, (2.8.6) holds for all τ ∈ [0,∞] if and only if ϕ
is decreasing.

Similarly, if ϕ is nondecreasing, then

[ϕ ◦ψ ]−1 (τ) = inf
ϕ(ψ(t))≤τ

t = inf
ϕ(η)≤τ

ψ−1(η) = ψ−1

(
sup

ϕ(η)≤τ
η

)

≤ ψ−1
(

inf
ϕ(η)≥τ

η
)

= ψ−1 ◦ϕ−1 (τ),

i.e., (2.8.5) holds for all τ ∈ [0,∞], and again strict inequality is possible only for a
countable collection of τ ∈ [0,∞]. In that case, (2.8.6) holds for all τ ∈ [0,∞] if and
only if ϕ is increasing. �	
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Corollary 2.6. In particular, if ϕ : [0,∞]→ [0,∞] is a monotone function and ψ = j
where j(t) = 1/t, then j−1 = j and

[ j ◦ϕ ]−1(τ) = ϕ−1 ◦ j(τ) ∀τ ∈ [0,∞], (2.8.7)

i.e.,

ϕ−1(τ) = Φ−1(1/τ) ∀τ ∈ [0,∞], (2.8.8)

where Φ = 1/ϕ ,

[ϕ ◦ j]−1(τ) ≤ j ◦ϕ−1(τ) ∀τ ∈ [0,∞], (2.8.9)

i.e., the inverse function of ϕ(1/t) is dominated by 1/ϕ−1, and except for a
countable collection of τ ∈ [0,∞],

[ϕ ◦ j]−1(τ) = j ◦ϕ−1(τ). (2.8.10)

1/ϕ−1 is the inverse function of ϕ(1/t) if and only if the function ϕ is strictly
monotone.

Further, the integral in (2.8.13) is understood as the Lebesgue–Stieltjes integral
and the integrals in (2.8.12) and (2.8.14)–(2.8.17) as the ordinary Lebesgue
integrals. In (2.8.12) and (2.8.13), we complete the definition of integrals by ∞ if
Φ(t) = ∞, respectively, H(t) = ∞, for all t ≥ T ∈ [0,∞).

Theorem 2.3. Let Φ : [0,∞]→ [0,∞] be a nondecreasing function and set

H(t) = logΦ(t). (2.8.11)

Then the equality
∞∫

σ

H ′(t)
dt
t

= ∞ (2.8.12)

implies the equality
∞∫

σ

dH(t)
t

= ∞ (2.8.13)

and (2.8.13) is equivalent to

∞∫

σ

H(t)
dt
t2 = ∞ (2.8.14)



2.8 On Some Equivalent Integral Conditions 37

for some σ > 0, and (2.8.14) is equivalent to each of the equalities

δ∫

0

H

(
1
t

)
dt = ∞ (2.8.15)

for some δ > 0,
∞∫

σ∗

dη
H−1(η)

= ∞ (2.8.16)

for some σ∗ > H(+0),
∞∫

δ∗

dτ
τΦ−1(τ)

= ∞ (2.8.17)

for some δ∗ > Φ(+0).
Moreover, (2.8.12) is equivalent to (2.8.13) and hence (2.8.12)–(2.8.17) are

equivalent to each other if Φ is in addition absolutely continuous. In particular, all
the conditions (2.8.12)–(2.8.17) are equivalent if Φ is convex and nondecreasing.

Remark 2.11. It is necessary to give one more explanation. From the right-hand
sides in the conditions (2.8.12)–(2.8.17), we have in mind +∞. If Φ(t) = 0 for
t ∈ [0, t∗], then H(t) = −∞ for t ∈ [0, t∗], and we complete the definition H ′(t) = 0
for t ∈ [0, t∗]. Note, the conditions (2.8.13) and (2.8.14) exclude that t∗ belongs to the
interval of integrability because in the contrary case, the left-hand sides in (2.8.13)
and (2.8.14) are either equal to −∞ or indeterminate. Hence, we may assume in
(2.8.12)–(2.8.15) that σ > t0 where t0 : = supΦ(t)=0 t, t0 = 0 if Φ(0) > 0, and
δ < 1/t0, respectively.

Proof. The equality (2.8.12) implies (2.8.13) because, with the exception of the
mentioned special case,

T∫

σ

dΨ(t) ≥
T∫

σ

Ψ ′(t) dt ∀ T ∈ (Δ , ∞),

where

Ψ(t) : =

t∫

σ

dH(τ)
τ

, Ψ ′(t) =
H ′(t)

t

(see, e.g., Theorem 7.4 of Chap. IV in [224], p. 119), and hence,

T∫

σ

dH(t)
t

≥
T∫

σ

H ′(t)
dt
t

∀ T ∈ (Δ , ∞).
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The equality (2.8.13) is equivalent to (2.8.14) by integration by parts (see, e.g.,
Theorem III.14.1 in [224], p. 102). Indeed, again except for the mentioned special
case, through integration by parts, we have

T∫

σ

dH(t)
t

−
T∫

σ

H(t)
dt
t2 =

H(T + 0)
T

− H(σ − 0)
σ

∀ T ∈ (σ , ∞)

and, if

liminf
t→∞

H(t)
t

< ∞,

then the equivalence of (2.8.13) and (2.8.14) is obvious. If

lim
t→∞

H(t)
t

= ∞,

then (2.8.14) obviously holds, H(t)
t ≥ 1 for t > t0 and

T∫

t0

dH(t)
t

=

T∫

t0

H(t)
t

dH(t)
H(t)

≥ log
H(T )
H(t0)

= log
H(T )

T
+ log

T
H(t0)

→ ∞

as T → ∞, i.e., (2.8.13), holds too.
Now, (2.8.14) is equivalent to (2.8.15) by the change of variables t → 1/t.
Next, (2.8.15) is equivalent to (2.8.16) because by the geometric sense of

integrals as areas under graphs of the corresponding integrands,

δ∫

0

Ψ(t) dt =

∞∫

Ψ (δ )

Ψ−1(η) dη + δ ·Ψ(δ ),

where Ψ(t) =H(1/t), and because by Corollary 2.6 the inverse function for H (1/t)
coincides with 1/H−1 at all points except a countable collection.

Further, set ψ(ξ ) = logξ . Then H =ψ ◦Φ and by Lemma 2.18 and Remark 2.10
H−1 = Φ−1 ◦ ψ−1, i.e., H−1(η) = Φ−1(eη ), and by the substitutions τ = eη ,
η = log τ , we have the equivalence of (2.8.16) and (2.8.17).

Finally, (2.8.12) and (2.8.13) are equivalent if Φ is absolutely continuous; see,
e.g., Theorem IV.7.4 in [224], p. 119. �	

2.9 One More Integral Condition

In this section, we establish a useful connection of the integral conditions from the
last section with one more condition.
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Recall that a function ψ : [0,∞]→ [0,∞] is called convex if ψ(λ t1 +(1−λ )t2)≤
λ ψ(t1)+ (1−λ )ψ(t2) for all t1 and t2 ∈ [0,∞] and λ ∈ [0,1].

In what follows, D denotes the unit disk in the plane C,

D = { z ∈ C : |z| < 1 }. (2.9.1)

Lemma 2.19. Let Q : D → [0,∞] be a measurable function and let Φ : [0,∞] →
[0,∞] be a nondecreasing convex function. Then

1∫

0

dr
rq(r)

≥ 1
2

∞∫

N

dτ
τΦ−1(τ)

, (2.9.2)

where q(r) is the average of the function Q(z) over the circle |z|= r and

N =

∫

D

Φ(Q(z)) dm(z). (2.9.3)

The more complicated version of the estimate (2.9.2) can be found in Lemma 6.2.

Proof. Note that the result is obvious if N = ∞. Hence, we assume further that
N < ∞. Consequently, we may also assume that Φ(t)< ∞ for all t ∈ [0,∞) because
in the contrary case, Q ∈ L∞(D), and then the left-hand side in (2.9.2) is equal to ∞.
Moreover, we may assume that Φ(t) is not constant (because in the contrary case
Φ−1(τ) ≡ ∞ for all τ > τ0 and hence the right-hand side in (2.9.2) is equal to 0),
Φ(t) is (strictly) increasing, convex, and continuous in a segment [t∗,∞] for some
t∗ ∈ [0,∞) and

Φ(t) ≡ τ0 = Φ(0) ∀ t ∈ [0, t∗]. (2.9.4)

Next, setting

H(t) : = log Φ(t), (2.9.5)

we see by Proposition 2.18 and Remark 2.10 that

H−1(η) = Φ−1(eη) , Φ−1(τ) = H−1(log τ). (2.9.6)

Thus, we obtain that

q(r) = H−1
(

log
h(r)
r2

)
= H−1

(
2log

1
r
+ log h(r)

)
∀ r ∈ R∗, (2.9.7)

where h(r) : = r2Φ(q(r)) and R∗ = {r ∈ (0,1) : q(r) > t∗}. Then also

q(e−s) = H−1 (2s + log h(e−s)
) ∀ s ∈ S∗, (2.9.8)

where S∗ = {s ∈ (0,∞) : q(e−s) > t∗}.
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Now, by the Jensen inequality,

∞∫

0

h(e−s) ds =

1∫

0

h(r)
dr
r

=

1∫

0

Φ(q(r)) rdr

≤
1∫

0

⎛
⎝ 1

2π

2π∫

0

Φ(Q(reiϑ )) dϑ

⎞
⎠ rdr =

N
2π

, (2.9.9)

and then

|T | =
∫

T

ds ≤ 1
2
, (2.9.10)

where T = { s ∈ (0,∞) : h(e−s) > N/π}. Let us show that

q(e−s) ≤ H−1
(

2s + log
N
π

)
∀ s ∈ (0,∞)\T∗, (2.9.11)

where T∗ = T ∩S∗, (0,∞)\T∗ = [(0,∞)\S∗]∪ [(0,∞)\T ] = [(0,∞)\S∗]∪ [S∗ \T ].
The inequality (2.9.11) holds for s∈ S∗ \T by (2.9.8) because H−1 is a nondecreasing
function. Note also that by (2.9.4),

e2s N
π

= e2s−
∫
D

Φ(Q(z)) dm(z)> Φ(0) = τ0 ∀ s ∈ (0,∞). (2.9.12)

Hence, since the function Φ−1 is nondecreasing and Φ−1(τ0 + 0) = t∗, we have by
(2.9.6) that

t∗ < Φ−1
(

N
π

e2s
)
= H−1

(
2s + log

N
π

)
∀ s ∈ (0,∞). (2.9.13)

Consequently, (2.9.11) holds for s ∈ (0,∞)\ S∗ too. Thus, (2.9.11) is true.
Since H−1 is nondecreasing, we have by (2.9.10) and (2.9.11) that

1∫

0

dr
rq(r)

=

∞∫

0

ds
q(e−s)

≥
∫

(0,∞)\T∗

ds
H−1(2s+Δ)

≥
∞∫

|T∗|

ds
H−1(2s+Δ)

≥
∞∫

1
2

ds
H−1(2s+Δ)

=
1
2

∞∫

1+Δ

dη
H−1(η)

,

(2.9.14)
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where Δ = logN/π . Note that 1+Δ = log N + log e/π < log N. Thus,

1∫

0

dr
rq(r)

≥ 1
2

∞∫

logN

dη
H−1(η)

(2.9.15)

and, after the replacement η = log τ , we obtain (2.9.2). �	

Theorem 2.4. Let Q : D→ [0,∞] be a measurable function such that

∫

D

Φ(Q(z)) dm(z) < ∞, (2.9.16)

where Φ : [0,∞]→ [0,∞] is a nondecreasing convex function such that

∞∫

δ0

dτ
τΦ−1(τ)

= ∞, (2.9.17)

for some δ0 > τ0 : = Φ(0). Then

1∫

0

dr
rq(r)

= ∞, (2.9.18)

where q(r) is the average of the function Q(z) over the circle |z|= r.

Remark 2.12. Note that (2.9.17) implies that

∞∫

δ

dτ
τΦ−1(τ)

= ∞ (2.9.19)

for every δ ∈ [0,∞), but (2.9.19) for some δ ∈ [0,∞), generally speaking, does not
imply (2.9.17). Indeed, for δ ∈ [0,δ0), (2.9.17) evidently implies (2.9.19) and, for
δ ∈ (δ0,∞), we have that

0 <

δ∫

δ0

dτ
τΦ−1(τ)

≤ 1
Φ−1(δ0)

log
δ
δ0

< ∞ (2.9.20)

because Φ−1 is nondecreasing and Φ−1(δ0)> 0. Moreover, by the definition of the
inverse function Φ−1(τ) ≡ 0 for all τ ∈ [0,τ0], τ0 = Φ(0), and hence (2.9.19) for
δ ∈ [0,τ0), generally speaking, does not imply (2.9.17). If τ0 > 0, then

τ0∫

δ

dτ
τΦ−1(τ)

= ∞ ∀ δ ∈ [0,τ0). (2.9.21)
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However, (2.9.21) gives no information on the function Q(z) itself and, conse-
quently, (2.9.19) for δ < Φ(0) cannot imply (2.9.18) at all.

By (2.9.19), the proof of Theorem 2.4 is reduced to Lemma 2.19. Combining
Theorems 2.3 and 2.4, we also obtain the following conclusion:

Corollary 2.7. If Φ : [0,∞] → [0,∞] is a nondecreasing convex function and Q
satisfies the condition (2.9.16), then each of the conditions (2.8.12)–(2.8.17) implies
(2.9.18).

2.10 On Weakly Flat and Strongly Accessible Boundaries

The notions of strong accessibility and weak flatness at boundary points of a domain
in C, defined first in [131] (see also [132]), are localizations and generalizations
of the corresponding notions introduced in [162–164]; cf. with the properties P1

and P2 by Väisälä in [258] and also with the quasiconformal accessibility and
the quasiconformal flatness by Näkki in [178]. The significance of such a type of
domain is that conformal and quasiconformal mappings as well as many of their
generalizations between them admit continuous and homeomorphic extensions to
the boundary, respectively. Lemma 2.20 further establishes the relation of weak
flatness formulated in terms of moduli of path families with the general topological
notion of local connectedness on the boundary; see, e.g., [131] and [207].

Recall that a domain D ⊂ C is said to be locally connected at a point z0 ∈ ∂D
if, for every neighborhood U of the point z0, there is a neighborhood V ⊆ U of z0

such that V ∩D is connected (in other words, for every ball B0 = B(z0,r0), there
is a component of connectivity of B0 ∩D which includes B∩D where B = B(z0,r)
for some r ∈ (0,r0)), see Fig. 2. Note that every Jordan domain D in C is locally
connected at each point of ∂D; see, e.g., [268], p. 66.

The boundary ∂D is called weakly flat at a point z0 ∈ ∂D if, for every
neighborhood U of the point z0 and every number P > 0, there is a neighborhood
V ⊂U of z0 such that

M(Δ(E,F ;D)) ≥ P (2.10.1)

for all continua E and F in D intersecting ∂U and ∂V . We say that the boundary ∂D
is weakly flat if it is weakly flat at every point in ∂D, see Fig. 3.

A point z0 ∈ ∂D is also called strongly accessible if, for every neighborhoodU of
the point z0, there exists a compactum E , a neighborhood V ⊂U of z0 and a number
δ > 0 such that

M(Δ(E,F ;D)) ≥ δ (2.10.2)

for all continua F in D intersecting ∂U and ∂V . It is said that the boundary ∂D is
strongly accessible if every point z0 ∈ ∂D is strongly accessible.
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Fig. 2 Local connectedness

Fig. 3 Weak flatness

Note that in the definitions of strongly accessible and weakly flat boundaries,
one can take as neighborhoods U and V of a point z0 only balls (closed or open)
centered at z0 or only neighborhoods of z0 in another fundamental system of its
neighborhoods. These conceptions can also in a natural way be extended to the case
of C and z0 = ∞. Then we must use the corresponding neighborhoods of ∞.

Proposition 2.8. If a domain D in C is weakly flat at a point z0 ∈ ∂D, then the point
z0 is strongly accessible from D.

Proof. Indeed, let U = B(z0,r0) where 0< r0 < d0 = supz∈D |z−z0| and P0 ∈ (0,∞).
Then by the condition, there is r ∈ (0,r0) such that

M(Δ(E,F ;D)) ≥ P0 (2.10.3)

for all continua E and F in D intersecting ∂B(z0,r0) and ∂B(z0,r). Choose an
arbitrary path connecting ∂B(z0,r0) and ∂B(z0,r) in D as a compactum E. Then,
for every continuum F in D intersecting ∂B(z0,r0) and ∂B(z0,r), the inequality
(2.10.3) holds. �	
Corollary 2.8. Weakly flat boundaries of domains in C are strongly accessible.

Lemma 2.20. If a domain D in C is weakly flat at a point z0 ∈ ∂D, then D is locally
connected at z0.
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Proof. Indeed, let us assume that the domain D is not locally connected at the point
z0. Then there is a positive number r0 < d0 = supz∈D |z− z0| such that, for every
neighborhood V ⊆U := B(z0,r0) of z0, one of the following two conditions holds:

a) V ∩D has at least two connected components K1 and K2 with z0 ∈ K1 ∩K2.
b) V ∩ D has a sequence of connected components K1, K2, . . . , Km, . . . such that

zm → z0 as m → ∞ for some zm ∈ Km. Note that Km ∩∂V �= /0 for all m = 1,2, . . .
in view of the connectivity of D.

In particular, this is true for the neighborhood V = U = B(z0,r0). Let r∗ be an
arbitrary number in the interval (0,r0). Then, for all i �= j,

M(Δ(K∗
i ,K

∗
j ;D)) ≤ M0 :=

|D∩B(z0,r0)|
[2(r0 − r∗)]n

< ∞, (2.10.4)

where K∗
i = Ki ∩B(z0,r∗) and K∗

j = Kj ∩B(z0,r∗). Note that the following function
is admissible for the path family Γi j = Δ(K∗

i ,K
∗
j ;D):

ρ(z) =

{
1

2(r0−r∗) for z ∈ B0 \B∗ ,
0 for z ∈ C\ (B0 \B∗) ,

where B0 = B(z0,r0) and B∗ = B(z0,r∗) because Ki and Kj as components of
connectivity for D∩B0 cannot be connected by a path in B0 and hence every path
connecting K∗

i and K∗
j must go through the ring B0 \B∗ at least twice.

However, in view of a) and b), we obtain a contradiction between (2.10.4) and the
condition of weak flatness of ∂D at z0. Indeed, by the condition, there is r ∈ (0,r∗)
such that

M(Δ(E,F ;D)) ≥ 2M0 (2.10.5)

for all continua E and F in D intersecting the spheres |z− z0|= r∗ and |z− z0|= r.
By a) and b) there is a pair of components Ki0 and Kj0 of D∩B0 which intersect
both spheres. Let us choose points z0 ∈ Ki0 ∩B and ζ0 ∈ Kj0 ∩B where B = B(z0,r)
and connect them by a path C in D. Let C1 and C2 be the components of C∩K∗

i0
and

C∩K∗
j0

, including the points z0 and ζ0, respectively. Then by (2.10.4),

M(Δ(C1,C2;D)) ≤ M0,

and by (2.10.5),
M(Δ(C1,C2;D)) ≥ 2M0.

The contradiction disproves the assumption that D is not locally connected at z0. �	
Corollary 2.9. A domain D in C with a weakly flat boundary is locally connected
at each of its boundary points.
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We show further that all theorems on a homeomorphic extension to the boundary
of quasiconformal mappings are valid for the so-called strong ring solutions of the
Beltrami equation (B) under the condition of weak flatness of boundaries (2.10.1);
see Chaps. 7 and 8. The condition of strong accessibility (2.10.2) plays a similar role
for a continuous extension of such solutions to the boundary.



Chapter 3
The Classical Beltrami Equation ||μ ||∞<1

3.1 Quasiconformal Mappings

Consider the Beltrami equation (B) in Sect. 1.1 with ||μ ||∞ < 1, and let f : D → C

be its homeomorphic solution. Since |μ | < 1 a.e., f is sense preserving, and since
||μ ||∞ < 1, f is a quasiconformal mapping.

There are several equivalent definitions of quasiconformality and some of them
have been extended to mappings between metric spaces; see, e.g., [104] and [102].
For an extension to IRn, see [89, 90, 145, 258, 259], and to Banach spaces, see [260,
261]. According to the analytic definition, a sense-preserving embedding f : D →C

is quasiconformal if f is ACL and there exists k ∈ [0,1) such that a.e. in D:

|∂ f (z)| ≤ k|∂ f (z)|. (3.1.1)

At points z ∈ D where f is differentiable,

K(z) = Kμ(z) =
1+ |μ(z)|
1−|μ(z)| = lim

r→0

max
|w−z|=r

| f (z)− f (w)|
min

|w−z|=r
| f (z)− f (w)| (3.1.2)

is the dilatation of f at z. Then the maximal dilatation of f in D which is defined by

Kf = esssup
z∈D

K(z) (3.1.3)

satisfies:

Kf =
1+ ||μ ||∞
1−||μ ||∞ . (3.1.4)

The other two basic types of definitions of quasiconformality are geometric,
which use the quasi-invariance of certain conformal invariants like the modulus

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 3,
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of path families (see, e.g., [5, 152, 188] and [258]), and a metric definition, which
is based, roughly speaking, on the extent of roundedness of the image of balls
(see, e.g., [104, 258]). If f : D → C is a homeomorphic solution of (B) and h is
holomorphic in f (D), then g = h◦ f is a solution. Indeed, g is ACL, and ∂g and ∂g
satisfy ∂ g = μ(z)∂g a.e. in D. Note that since nonconstant holomorphic mappings
are open and discrete, so is g. By Stoilow’s factorization theorem [240], every open
and discrete mapping g : D → C can be written as a composition h ◦ f , where f is
a homeomorphism and h is a nonconstant holomorphic mapping in f (D). In view
of Stoilow’s factorization theorem, it is not hard to see that if g is an elementary
solution (see Sect. 1.5), then g = h ◦ f , where f is a homeomorphic solution of (B)
and h is holomorphic.

3.2 The Main Problems

The main problems in the classical case concerning solutions are:

• Existence
• Uniqueness
• Regularity
• Representation of the solution set
• Removability of isolated singularities
• Boundary behavior
• Mapping properties

3.3 Integrability

Let f : D → C be a homeomorphic solution of (B). Then by using the local
integrability of the Jacobian J of f in D and the dilatation inequality,

(|∂ f (z)|+ |∂ f (z)|)2 ≤ 1+ |μ(z)|
1−|μ(z)| J(z), (3.3.1)

which can be easily verified, one can conclude that f belongs to the Sobolev class
W 1,2

loc (D) and that the partial derivatives ∂ f and ∂ f are a.e. the generalized W 1,2
loc

derivatives of f . In particular, every homeomorphic solution belongs to W 1,1
loc (D).

Bojarski [44] showed that in fact f ∈W 1,p
loc (D) for some p > 2 which depends on

k = ||μ ||∞ or equivalently on K. Settling a long-standing conjecture by Gehring and
Reich [93], Astala [22] proved that if f : D →C is qc and E is a Borel set in D, then

| f (E)| ≤ M|E|1/K
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with a constant M = M(K) = 1+ O(K − 1). As a consequence, Astala settled a
long-standing conjecture by Gehring and Lehto, proving that f ∈ W 1,p

loc for every
p < p0 where

p0 =
2K

K − 1
= 1+

1
k

(3.3.2)

and p0 is best possible; see [23].
It should be noted that a W 1,2

loc mapping which satisfies the Beltrami equation with
||μ ||∞ ≤ k is a K-quasiregular mapping with K = (1+ k)/(1− k), according to the
notation in [203], or a mapping of bounded distortion, according to the notation in
[202]. Note that such solutions are elementary in our notation; see the definition
in 1.5.

Astala [23] proved that every W 1,q
loc solution of the Beltrami equation (B) with

q > q0 = 1+ k (3.3.3)

belongs to W 1,2
loc and hence is elementary. Iwaniec and Martin [116] showed that

q0 is the best lower bound, i.e., given k ∈ [0,1), there is a measurable μ : C → C

with ||μ ||∞ = k such that the (B) has a nonelementary solution f which belongs to
W 1,q

loc (C) for every q < q0, and does not belong to W 1,2
loc (C).

3.4 The Classical Existence and Uniqueness Theorem

One of the main theorems in the theory of Beltrami equations in the classical
case, and hence in the theory of plane quasiconformal mappings, is the following
existence and uniqueness theorem:

Theorem 3.1. Let μ(z) be a complex valued measurable function in a domain D in
the complex plane C with ||μ ||∞ < 1. Then:

(i) Equation (B) has a sense-preserving homeomorphic solution f : D → C.
(ii) f is unique up to a postcomposition by a conformal mapping.

The following corollary can be derived from Theorem 3.1 and Stoilow’s factor-
ization theorem. The corollary says that every homeomorphic solution of (B) in the
case ||μ ||∞ < 1 generates the set of all elementary solutions.

Corollary 3.1. Let h : D → C be a homeomorphic solution of (B) with ||μ ||∞ <
1 and f an elementary solution of (B). Then there exists a unique holomorphic
function g in h(D) such that f = g ◦ h.

In view of the corollary, the homeomorphic solutions may be viewed as prime
solutions.

Remark 3.1. Given μ as in Theorem 3.1, the measurable metric ds = |dz+ μ dz̄|
defines a complex structure in D and makes D a Riemann surface thus, every
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homeomorphic solution of (B) becomes a conformal mapping from D with this
conformal structure. For this reason, Theorem 2.11 is known as the measurable
Riemann mapping theorem; see [7].

3.5 Methods of Proof of Uniqueness and Existence

In this section, we survey some of the methods in the proofs of existence and
uniqueness of homeomorphic solutions.

3.5.1 Uniqueness

Let f and g be two homeomorphic solutions in D. Then f and g are in W 1,2
loc , and

hence, h = g◦ f−1 ∈W 1,1
loc , and since the partial derivatives of h satisfy the Cauchy–

Riemann equations, h is conformal by Weyl’s lemma (see [9]), and the uniqueness
follows.

3.5.2 Existence

3.5.2.1 Local Solutions

The standard approach in finding a local solution at a point z0 ∈ D goes as follows;
cf. [152]. One approximates μ in a certain neighborhood U of z0 by a sequence of
“nice” functions μn, like polynomials in z and z̄. For each μn, one finds a normalized
homeomorphic solution fn : Un → C,Un ⊂U , say by substituting a power series in
z and z̄, where one has much freedom in choosing some of the coefficients. Then
one verifies that V = ∩Un is a neighborhood of z0. Next, with the aid of suitable
distortion theorems for quasiconformal mappings, equicontinuity of the sequence
fn is obtained, and one deduces that there is a subsequence which converges locally
uniformly to a homeomorphic solution f of (B) in V . A similar method can be
applied in the relaxed classical case.

3.5.2.2 Global Solutions via Local Solutions

In view of Theorem 3.1(ii) (see also Remark 3.1), it suffices to find a local solution
of (B) at every point z ∈ D. Then the existence of a global homeomorphic solution
follows by the uniformization theorem. Indeed, since every homeomorphic ACL
solution is in W 1,2

loc , it follows that if f and g are two local homeomorphic



3.5 Methods of Proof of Uniqueness and Existence 51

solutions of, say in subdomains U and V , respectively, then g ◦ f−1 is conformal in
f (U ∩V ). It thus follows that the set of all local homeomorphic solutions defines a
conformal structure in D, which makes D a planar Riemann surface. By the classical
uniformization theorem (cf. [80]), there is a conformal mapping F of D (endowed
with the conformal structure which is defined by the local solutions of (B)) into
C, meaning if f : U → C,U ⊂ D, is a local homeomorphic solution of (B), then
h = F ◦ f−1 is conformal in f (U), and F|U = h ◦ f . Since a postcomposition of a
solution by a conformal mapping is again a solution, it follows that F is a global
solution of (B) in D.

3.5.2.3 Global Solutions Directly

There are two basic methods of finding global homeomorphic solutions directly.
One of them is based on PDE methods and the other one on singular integral
methods.

3.5.2.4 PDE Methods

Following [176], consider the system (B) first for smooth coefficients. Define a
boundary value problem for u(z) = Ref(z) and get the existence of u and then of
v. Finally, by using approximation, one gets a global homeomorphic solution in
W 1,2

loc for the original μ .

3.5.2.5 Singular Integral Methods

Here, we follow [9], [44], and [263]. Consider (B) with a measurable μ in a domain
D in C with ||μ ||∞ = k < 1. Extend μ on C by setting μ = 0 on C \D. Then the
extended function, denoted again by μ , is measurable in C and has the same L∞

norm k. Obviously, the existence of a homeomorphic solution of (B) in C yields a
homeomorphic solution in D. Therefore, it suffices to consider (B) in C.

We first consider the case where μ ∈ C1
0(D), i.e., μ has continuous partial

derivatives and a compact support in C. A homeomorphic solution f : C → C

in this case is conformal outside of a certain compact and hence extends to a
homeomorphism of C onto itself with f (∞) = ∞. Since a composition of a solution
with a function of a form z → az+b,a,b ∈C is again a solution, we may look for a
solution f : C→ C which has the Laurent expansion:

f (z) = z+ g(z) = z+
∞

∑
n=1

anz−n (3.5.1)

in a neighborhood of ∞.
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Setting (3.5.1) in (B), we get

gz̄ = μ(z)[1+ gz]. (3.5.2)

Then gz = fz − 1 is in the class Lp(C) for every p ≥ 1. In each of these classes, the
inverse of the operator ∂ = ∂

∂ z̄ is given by the Cauchy transform:

P : Lp → Lp, (3.5.3)

which is defined by

Ph(z) =− 1
π

∫
h(ζ )
ζ − z

dm(ζ ) (3.5.4)

where the singular integral is defined over C as a principal value integral.
By applying P to (3.5.2), we obtain

g = Pgz̄ = Pμ(1+ gz) (3.5.5)

and hence

gz = T μ(1+ gz), (3.5.6)

where

T =
∂
∂ z

P =− 1
π

∫
h(ζ )

(ζ − z)2 dm(ζ ). (3.5.7)

Thus, h := gz satisfies the equation:

h = T μ(1+ h). (3.5.8)

Since ||T ||p → 1 as p → 2, it follows that there is p0 such that for 2 < p < p0,

||T μ ||p = ||T ||p||μ ||∞ < 1,

and hence, by the fixed point theorem for contracting operators, (3.5.8) has a
solution h ∈ Lp which can be found by successive approximations. Thus,

f = z+Pμ(1+ h) (3.5.9)

is a solution of (B).
Next, one shows that f is a local homeomorphism in C and hence a homeomor-

phism of C onto itself; see [9] and [44]. One can normalize f so that it fixes the
points 0,1, and ∞. The normalized solution is denoted by f μ .

The case where μ is measurable with compact support is obtained by approxi-
mation; see [152].
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To obtain a solution in the general case, suppose first that μ is measurable in C

and that μ = 0 in D. Then

μ1(z) = μ
(

1
z

)
z2

z̄2

is measurable, ||μ1||∞ = ||μ ||∞ and μ1 = 0 in C\D. Then (B) with μ1 instead of μ
has a normalized solution g.

Finally, given a measurable function μ in C with ||μ ||∞ < 1, we look for a
mapping h such that f = h ◦ g where g is a homeomorphic solution of (B) with
μ(z)χ(z) instead of μ , χ being the characteristic function of C \D. Then μh can
be computed, and since μh = 0 in C \D, a homeomorphic solution of (B) with μh

instead of μ exists. This completes the proof of existence.

3.5.3 Smoothness of the Solutions

Shabat [228] showed that for n > 0 and 0 < α < 1 if μ ∈ Cn,α(D), i.e., the partial
derivatives of order n of μ are α-Hölder continuous in D, and f is a solution of (B),
then f ∈Cn+1,α(D), and if α = 1, then for all ε > 0, f ∈Cn+2−ε .

3.5.4 Analytic Dependence on Parameters

Ahlfors and Bers [7] examined the dependence of a normalized solution of (B) on
a parameter. They showed that if μ as an element of L∞ depends analytically on
a complex parameter τ , then the normalized solution of (B) in C as an element of
W 1,p

loc depends analytically on τ (cf. [44]); see also a discussion of this subject in the
monograph [51].



Chapter 4
The Degenerate Case

Recall that in our notation, a μ-homeomorphism in a domain D,D ⊂ C is an ACL
homeomorphic solution of (B) in D; see Sect. 1.5. For some functions μ with
|μ(z)| ≤ 1 a.e. and ||μ ||∞ = 1, there are no μ-homeomorphisms, i.e., homeomorphic
solutions of (B), as illustrated below in Sects. 4.1.1 and 4.1.2. Even when a
μ-homeomorphism exists, it is not known whether it is unique and generates the
set of all elementary solutions. As in the classical case, by an elementary solution,
we mean an open and discrete solution.

Contrary to the classical case where every ACL solution belongs to W 1,2
loc , even to

W 1,p
loc with some p > 2, in the relaxed classical case, an ACL solution need not be in

W 1,2
loc . Recall that the W 1,1

loc property implies the ACL property but not vice versa.
The main problems in the theory of μ-homeomorphisms are as in the classical

case; see (3.1.1).
Approximation theorems like Theorem 2.1 and Corollary 2.3 in Chap. 2 are

crucial in many existence proofs.

4.1 Examples

The following two examples show that the assumption K ∈ Lp for some p ≥ 1, or
even that K belongs to Lp, for all 1 ≤ p < ∞, does not guarantee the existence of
μ-homeomorphisms.

4.1.1 Example One

Let

μ(reiθ ) =− e2iθ

1+ 2r

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 4,
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in D= {|z|< 1}. Then

K = 1+
1
r
∈ L1(D).

We shall show that (B) has no μ-homeomorphic solution in D. Indeed, consider the
mapping

g(reiθ ) = (1+ r)eiθ .

It is easy to see that g is a μ-homeomorphism of D\ {0} onto 1 < |w|< 2.
Suppose that (B) has a homeomorphic solution f : D→ C. Then, since f and g

are locally quasiconformal in D\{0}, it follows by the classical uniqueness theorem
that h= g◦ f−1 is conformal in f (D)\ f (0) and thus can be extended to f (D), which
is impossible.

4.1.2 Example Two

Let

μ(reiθ ) =−e2iθ
1 + 1

log1/r − 1
log2 1/r

1 + 1
log1/r + 1

log2 1/r

.

in D(1/e) = {z ∈ C : |z|< 1/e}. Then

K = log2 1
r
+ log

1
r
∈

⋂

1≤p<∞
Lp(D(1/e)).

We shall show that (B) has no μ-homeomorphic solution in D(1/e).
Indeed, consider the mapping

g(reiθ ) =

(
1+

1

log 1
r

)
eiθ .

It is easy to see that g is a μ-homeomorphism of D(1/e) \ {0} onto 1 < |w| < 2.
Then the assertion follows as in the previous example.

Remark 4.1. Contrary to the classical case, in the relaxed classical case as well as in
the alternating case, the existence and nature of a solution may depend not only on
the behavior of |μ | but also on arg μ . For instance, let μ be as in Sect. 4.1.1. Then
(B) has no homeomorphic solutions in D. However, if μ is replaced by μ̃ = −μ ,
then (B) with μ̃ instead of μ has a solution f (reiθ ) = re1−1/reiθ which maps D

homeomorphically onto itself.
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Furthermore, as a consequence of Proposition 3.25 in [99], Gutlyanskii, Martio,
Sugawa, and Vuorinen show that given μ which is locally bounded in D \ {0},
there is an ACL homeomorphic solution of (B) in D where μ is replaced by
μ̃(z) = |μ(z)|z̄/z.

The effect of arg μ is noticed in [15, 264, 265] and [198] in the classical case, in
[28,148,149,234,237,238], and [99] in the relaxed classical case, and in [233,236,
271] in the alternating case.

In the following sections, we present various conditions on μ(z) or on K(z) which
yield the existence of homeomorphic solutions and some of their properties.

4.2 The Singular Set

Given a measurable function μ in D with ||μ ||∞ ≤ 1, the singular set E of μ is the
set of all points z ∈ D such that ||μ |D∩U ||∞ = 1 for every neighborhood U =U(z)
of z. Note that

z0 ∈ E ⇔ lim
ε→0

esssup
|z−z0|<ε

K(z) = ∞.

The study of μ-homeomorphisms in the relaxed classical case can be divided into
the following cases:

(1) E is specified and E ⊂ ∂D.
(2) E is specified and E ⊂ D.
(3) E is not specified.

4.3 Auxiliary Results

Throughout this chapter, for a point a ∈R and r > 0, I = I(a,r) denotes the interval
(a− r,a+ r), S = S(a,r) = {(x,y) : |x− a|< r, |y|< r} denotes the square centered
at a with side of length 2r, and S+ = S+(a,r) = S∩H.

Let r > 0 and ρ be measurable a.e. positive in (0,r). We say that ρ is locally
bounded away from 0 if ρ |A ≥ ρ0(A) > 0 a.e. for all relatively compact subsets A
of (0,r). We say that ρ(t)→ 0 a.e. as t → 0+, if ρ → 0 as t → 0+, t ∈ (0,r)\A for
some set A of linear measure zero.

Let E be an open set in R and U a neighborhood of E in C. We say that
|μ(x,y)| → 1 a.e. uniformly in U as y → 0+, x ∈ E, if U has a subset A with
m2(A) = 0 such that for all x ∈ E,

lim
y→0+

|μ(x,y)|= 1, (x,y) ∈U \A, (4.3.1)
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and there exists C > 1 such that for all (x1,y) and (x2,y) in U \A

1
C

≤ 1−|μ(x1,y)|
1−|μ(x2,y)| ≤C. (4.3.2)

Note that (4.3.2) is equivalent to the following condition:

1
2C

≤ K(x1,y)
K(x2,y)

≤ 2C. (4.3.3)

Let μ be a locally bounded complex-valued measurable function in H , and let g
be an embedding of H into C, and suppose that g is locally quasiconformal. The
deformation g ∗ μ of μ which is induced by g is defined in g(H) by

g ∗ μ(w) =
Aμ −B

Ā− B̄μ
◦ g−1(w), w ∈ g(H), (4.3.4)

where A = ∂g and B = ∂̄g are the partial derivatives of g.

Lemma 4.1. Let μ and g be as in Sect. 4.3. Then:

(i) g ∗ μ is measurable and locally bounded in g(H).
(ii) If h is a locally quasiconformal embedding of g(H) into C with complex

dilatation μh = g ∗ μ a.e. in g(H), then f = h ◦ g is locally quasiconformal
with complex dilatation μ f = μ a.e. in H .

Proof. (i) The functions A, Ā,B, B̄, and μ are measurable in H and hence so
is (Aμ − B)/(Ā− B̄μ). Now, g is locally quasiconformal and thus preserves
measurable sets. Consequently, g∗μ is measurable in g(H). Furthermore, since
g is locally quasiconformal, and μ is locally bounded, so is μg = B/A, and
hence, by a simple estimate, it follows that g ∗ μ is locally bounded in g(H).

(ii) Since g and h are locally quasiconformal embeddings, so is f . Therefore, for
almost all z in H, g is differentiable at z and h at g(z), and at these points an
application of the chain rule yields

μ f =
Ā(μh ◦ g)−B
B̄(μh ◦ g)+A

. (4.3.5)

If we now set μh = g∗μ and apply (4.3.5), we get μ f = μ a.e. in H, as asserted.
��

Lemma 4.2. Let a be a point in R, r > 0 and μ(x,y) a locally bounded measurable
function in the rectangle S+ = S+(a,r). If |μ(x,y)| → 1 a.e. uniformly in S+ as
y → 0+, x ∈ (a− r,a+ r), then there are measurable functions ρ(y) : (0,r)→ R+

and M : S+ →R, such that ρ(y) is a.e. positive and locally bounded away from 0 in
(0,r), and ρ(y)→ 0 a.e. in R+ as y → 0+, and M satisfies

1
C

≤ M(x,y)≤C a.e. in S+ (4.3.6)
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for some C > 1, and such that for a.e. (x,y) ∈ S+

1−|μ(x,y)|= ρ(y)M(x,y). (4.3.7)

Proof. Recall that by (4.3.1), there is a set A in S+ with m2(A) = 0 such that
|μ(x,y)| → 1 as y → 0+, (x,y) ∈ S+ \ A. For x ∈ E, let A(x) = A ∩ l(x), where
l(x) is the vertical line, which contains the point (x,0). Then, by Fubini’s theorem,
m1(A(x)) = 0 for a.e. x ∈ (a− r,a+ r).

Let x1 be a point in (a− r,a+ r) such that |μ(x1,y)| < 1 for a.e. (x1,y) ∈ l(x1),
|μ(x1,y)| → 1 as y → 0+ and such that m1(A(x1)) = 0. Set ρ(y) = 1− |μ(x1,y)|.
Then ρ is a measurable function in an interval (0,r). Clearly, ρ(y)→ 0 a.e. in (0,r)
as y → 0+, and ρ is a.e. positive in (0,r). Then ρ has a measurable extension on R,
denoted again by ρ , which is positive a.e. in R+. Furthermore, ρ is locally bounded
in (0,r), since μ is locally bounded in H.

For (x,y) ∈ S+, set

M(x,y) =
1−|μ(x,y)|
1−|μ(x1,y)| .

Then the assertion of the Lemma follows by (4.3.2). ��
Lemma 4.3. Let a be a point in R, U a neighborhood of a in C, and θ be a
continuously differentiable function with bounded partial derivatives in U+ =U∩H

such that |θ (z)| ≤ θ0 < π/2 for all z = x+ iy ∈U+. Then:

(i) There is a square S = S(a,r), r > 0, S ⊂U such that the equation

∂ξ
∂x

sinθ − ∂ξ
∂y

cosθ = 0 (4.3.8)

has a unique solution ξ (x,y) in S+, which has a continuous extension to
S+∪ I, I = I(a− r,a+ r), satisfying the initial condition

ξ (x,0) = x, x ∈ I. (4.3.9)

(ii) The mapping

g1(x,y) =

{
(ξ (x,y),y), for (x,y) ∈ S+

(x,0), for (x,y) ∈ I
(4.3.10)

is an embedding of S+∪ I into C, which is a C1-diffeomorphism of S+ into H

and the identity on I.

Proof. Consider the differential equation

dx
dy

=−m(x,y) :=− tanθ , x+ iy ∈U+. (4.3.11)
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In view of the assumptions on θ , m(x,y) is continuously differentiable with bounded
derivatives in U+ and hence has a continuous extension to U+, and the coefficient
function m(x,y) is Lipschitz in U+ with respect to y. Therefore, there exists δ0 > 0
such that for every ξ ∈ (a− δ0,a+ δ0), (4.3.11) has a unique solution x = ϕ(ξ ,y),
0 ≤ y ≤ δ0, which satisfies the initial condition

ϕ(ξ ,0) = ξ . (4.3.12)

Since m(x,y) is bounded in U+, there exists δ ∈ (0,δ0) such that the mapping z =
G(ζ ),z = x+ iy,ζ = ξ + iη , which is given by

{
x = ϕ(ξ ,η),
y = η ,

(4.3.13)

is well defined in the closed rectangle

Q = {(ξ ,η) : |ξ − a| ≤ δ ,0 ≤ η ≤ δ}.

Clearly, G|[a−δ ,a+δ ] = id, and by the classical existence and uniqueness theorem
for first-order ordinary differential equations, G is an embedding of Q into C. Since
m ∈ C1, it follows that ϕ(ξ ,η) and hence also G is continuously differentiable in
Q = intQ; see [108, Theorem 3.1.2]. Furthermore (see [108, 3.1.16]),

∂x
∂ξ

= exp

⎛

⎝−
η∫

0

∂m
∂x

(ϕ(ξ ,η),s)ds

⎞

⎠ > 0,

and thus the Jacobian JG of G satisfies

JG =
∂ (x,y)
∂ (ξ ,η)

=
∂x
∂ξ

> 0 (4.3.14)

in Q. Therefore, G is a sense-preserving homeomorphism in Q, and G(Q) ⊂ H .
Then there exists r > 0 such that S+(a,r)⊂ G(Q).

Let g1 =G−1|S+(a,r). Then g1 is a sense-preserving homeomorphism which is a
diffeomorphism, and hence locally quasiconformal in S+(a,r), and g1 maps S+(a,r)
into Q. Furthermore, by (4.3.12),

g1|(a− r,a+ r) = id. (4.3.15)

Now, (4.3.13) and the fact that x = ϕ(ξ ,y) is a solution of (4.3.11) imply

∂ξ
∂x

sinθ − ∂ξ
∂y

cosθ = 0. (4.3.16)
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Indeed,
(

ξx ξy

ηx ηy

)
=

(
xξ xη
yξ yη

)−1

=

(
xξ −m
0 1

)−1

=

(
1

xξ
m
xξ

0 1

)
.

Hence, ξy/ξx = m = tanθ , which yields (4.3.16). ��
Lemma 4.4. Let r1 > 0, I1 = (a− r1,a+ r1) and S1 = S(a,r1) and let ρ be an a.e.
positive measurable function in (0,r1), such that ρ is a.e. locally bounded away
from 0 in (0,r1) and such that ρ(t)→ 0 a.e. in (0,r1) as t → 0+. Then the mapping
g2 : S+1 ∪ I1 →H ∪ I1, which is defined by

g2(ξ ,η) = (ξ ,R(η)), (4.3.17)

where

R(η) =
η∫

0

ρ(t)dt (4.3.18)

is an embedding, it is locally quasiconformal in S+1 and the identity on I1.

Proof. Since ρ is measurable and a.e. positive in (0,r1), g2 is injective and, hence,
an embedding in S+1 . Clearly, g2 is an ACL and, hence, g2 is a.e. differentiable in
S+1 ∪J. Since ρ is locally bounded away from 0 in (0,r1), and μg2 = (1−ρ)/(1+ρ)
a.e. in S+1 , it follows that g2 is locally quasiconformal in S+1 . Obviously, g2|I1 = id.

��

Lemma 4.5. Let U,U ⊂C be a neighborhood of a point a ∈R and let μ(x,y) be a
complex-valued measurable function in U+ =U ∩H. If μ is locally bounded in U+

and:

(a) |μ(x,y)| → 1 a.e. uniformly in U+ as y → 0+, x ∈U ∩R,
(b) argμ is continuously differentiable with bounded partial derivatives in U+,
(c) |arg μ | ≤ 2θ0 < π in U+,

then there are a square S0 = S(a,r0) and an embedding g0 of S+0 ∪ I0, where I0 =
(a− r0,a+ r0), into H, which is locally quasiconformal in S+0 and is the identity on
I0 such that the deformation μ2 = g0 ∗ μ of μ which is induced by g0 is bounded in
g0(S

+
0 ).

Proof. In view of condition (a) of the lemma, by Lemma 4.2, there are measurable
functions ρ : (0,r)→R+ and M : S+ →R such that for a.e. (x,y) ∈ S+,

μ(x,y) = eiarg μ(x,y)[1−ρ(y) ·M(x,y)], (4.3.19)

and such that (4.3.6) and (4.3.7) hold.
Set θ (z) = arg μ(z)/2. Then θ satisfies the assumptions of Lemma 4.3. Let r > 0,

S = S(a,r), I = I(a,r), and g1 be as in Lemma 4.3. Then g1 is the identity on
I and maps S+ homeomorphically into H. Next, choose r′ > 0 such that S

′+ ⊂
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g1(S+), where S′ = S(a,r′) and let I′ = S′ ∩R. Choose r1 ∈ (0,r′) such that for
S1 = S(a,r1),S

+
1 ⊂ g1(S′).

Now, let A1 = ∂g1/∂ z,B1 = ∂g1/∂ z̄ and

C1 = A1eiθ −B1e−iθ . (4.3.20)

Then

A1 =
1
2
[ξx + 1− iξy], B1 =

1
2
[ξx − 1+ iξy],

ℑ C1 = ξx sinθ − ξy cosθ , (4.3.21)

and thus, in view of (4.3.8), C1 is real.
By (4.3.20), |C1| ≥ |A1|− |B1|> 0, and since |A1|2 −|B1|2 = Jg1 > 0, it follows

that C1 �= 0, and thus, by straightforward computations,

eiθ
(

A1

C1
+

B̄1

C̄1

)
=

Jg1

C1C̄1
= Jg1 |C1|−2 > 0. (4.3.22)

Let μ1 = g1 ∗ μ be the deformation of the dilatation μ , which is induced by g1.
By setting in (4.3.4) the expression for μ which is given in (4.3.19), one obtains that
a.e. in S+1

μ1 =
e2iθ (1−ρM)A1−B1

Ā1 − e−2iθ (1−ρM)B̄1
◦G1 =

C1 − eiθ ρMA1

C̄1 + eiθ ρMB̄1
◦G1, (4.3.23)

where G1 = g−1
1 . Since C1 �= 0 and real and ρ(η)→ 0 a.e. as η → 0,

μ1 =

[
C1

C̄1

(
1− eiθ

(
A1

C1
+

B̄1

C̄1

)
Mρ +ρ ·o(ρ)

)]
◦G1 (4.3.24)

holds a.e. for a smaller rectangle, which we denote again by S+1 , S1 = S(a,r1). Thus,

μ1(ζ ) = 1−ρ(η)M1(ζ ) a.e. in S1, (4.3.25)

where, in view of (4.3.22),

M1 = MJg1 |C1|−2 + o(ρ)

is a real-valued measurable function, which satisfies

1
R1

≤ |M1| ≤ R1 (4.3.26)

for some R1 > 0.
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Next, let g2 be as in Lemma 4.4 and let μ2 = g2 ∗ μ1 be the deformation of
μ1, which is induced by g2|S+1 . Since μ1 is locally bounded in S+1 and g2 is
locally quasiconformal, it follows, by Lemma 4.1, that μ2 is measurable and locally
bounded in g2(S

+
1 ).

We now compute and estimate μ2. Let A2 = (g2)ζ and B2 = (g2)ζ̄ . Then

A2 =
1
2
+

ρ(η)
2

and B2 =
1
2
− ρ(η)

2

a.e. in S+1 . To obtain μ2, we plug μ1 = 1−ρ(η)M1(ζ ) of (4.3.25) in (4.3.4) and get

μ2 ◦ g2 =
(1+ρ)(1−ρM1)− 1+ρ
1+ρ − (1−ρ)(1−ρM1)

=
2−M1

2+M1
+ o(ρ) a.e. in S+1

as ρ → 0. In view of (4.3.26) and the fact that ρ(η) → 0 a.e. as η → 0+, there is
r2 ∈ (0,r1) such that for S2 = S(a,r2),S

+
2 ⊂ g2(S

+
1 ), and such that

‖μ2‖∞ < 1 in S+2 . (4.3.27)

Let S0 = S(a,r0) and I0 = S0 ∩H. Choose r0 > 0 such that S+0 ⊂ g−1
1 (S+2 ).

For (x,y) ∈ S0 ∪ I0, set g0 = g2 ◦ g1. Then g0 is an embedding of S+0 ∪ I0 into H.
Since g1 and g2 are locally quasiconformal in S+0 and S+2 , respectively, and g1(S

+
0 )⊂

S+2 , it follows that g0 is locally quasiconformal in S+0 . Since g1|I0 = id = g2|S2∩R=
id, it follows that g0|I0 = id.

Finally, by Lemma 4.1 (ii), g0 ∗ μ = (g2 ◦ g1)∗ μ = g2 ∗ (g1 ∗ μ) = g2 ∗ μ1 = μ2.
Then the assertion follows by (4.3.27). ��

4.4 Case (i): The Singular Set E is Specified and E ⊂ ∂D

4.4.1 Existence and Uniqueness

Note that E ⊂ ∂D means that μ is locally bounded in D. Bers [33], 3.1 (see also [44]
and [30]), showed that in this case a μ-homeomorphism exists and is unique up to a
postcomposition by a conformal mapping. The proof follows by a normal families
argument or by application of the uniformization theorem.

4.4.2 Boundary Behavior

We consider the case that D = H :={z ∈ C : ℑ z > 0} and E ⊂ IR ⊂ ∂H = IR∪
{∞}. Let f be a μ-homeomorphism of the upper half plane H = {z ∈ C : ℑ z > 0}
into C. Note that f can be viewed as a conformal embedding of H endowed with the
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measurable conformal structure ds = |dz+μ(z)dz̄| into C. It is well known that if f
is conformal in H (endowed with the Euclidean metric), then f (H) is a proper subset
of C, and if, in addition, f (H) is a Jordan domain, f has a homeomorphic extension
to H, the closure of H in C = C∪{∞}. The same is true for a μ-homeomorphism
in H when ||μ ||∞ < 1.

If μ and f are as above, f (H) is either C (see Example 2 below) or a
proper subset of C. Thus, one may ask under what further conditions on μ every
μ-homeomorphism f satisfies:

(1) f (H) �= C.
(2) If, in addition, f (H) is a Jordan domain, then f has a homeomorphic extension

to H.

If μ is measurable and locally bounded in H, i.e., ||μ |A||∞ < 1 for every relatively
compact subset A in H, a μ-homeomorphism of H exists, and its image may
be either C (see 4.2 below) or a proper subset of C. One may ask under what
conditions on μ , with or without the assumption that μ is locally bounded, every
μ-homeomorphism f satisfies:

(1) f (H) �= C.
(2) If, in addition, f (H) is a Jordan domain, then f has a homeomorphic extension

on H= the closure of H in C.

The main results in this section are the following Theorems 4.1 and 4.2, which were
established in [233].

Theorem 4.1. Let f be an embedding of H into C and a ∈ R. Suppose that a has
a neighborhood U in C such that f is ACL in U+ =U ∩H with a locally bounded
complex dilatation μ = μ f in U+. If:

(a) |μ(x,y)| → 1 a.e. uniformly in U+ as y → 0+, x ∈U ∩R,
(b) argμ is continuously differentiable with bounded partial derivatives in U+,
(c) |arg μ | ≤ 2θ0 < π in U+,

then

(i) f (H) �= C.
(ii) If, in addition, f (H) is a Jordan domain, then f has a homeomorphic extension

to H∪ (U ∩R).

Theorem 4.2. Let E be an open set in R, possibly E = R, μ : H → C a locally
bounded measurable function, and f : H → C a μ-homeomorphism. Suppose that
every point a ∈ E has a neighborhood U,U ⊂ C such that conditions (a)–(c) of
Theorem 4.1 hold with θ0 depending on U.

If f (H) is a Jordan domain, and if f is quasiconformal in every domain D,D⊂H

whose closure in C is contained in H\E, then f has a homeomorphic extension toH.

Suppose that μ satisfies the assumptions of Theorem 4.2 with E =R and that f is
a μ-homeomorphism of H onto a Jordan domain. Then, by Theorem 4.2 and in view
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of the fact that f (H) is a Jordan domain in C, it follows that f has a homeomorphic
extension to H ∪ R; however, f need not have a homeomorphic extension to
H=H∪R∪{∞} as illustrated in (4.4.5).

4.4.3 Proof of Theorem 4.1

Let a, f , and μ be as in the theorem. Then, by Lemma 4.4, there is an embedding
g0 of S+0 ∪ I0 which is qc in S+0 and the identity on I0 and such that the deformation
μ2 = g0∗μ is bounded in g0(S

+
0 ). Hence, a quasiconformal mapping ϕ : g0(S

+
0 )→C

with μϕ = μ2 a.e. in g0(S
+
0 ) exists.

By Lemma 4.1, for a.e. z ∈ S+0 ,

μ f (z) = μ(z) = μϕ◦g0 .

Hence, there exists a conformal mapping h of (ϕ ◦g0)(S
+
0 ) =ϕ(g0(S

+
0 )) onto f (S+0 ).

The cluster set of f on I0 is the same as the cluster set of h ◦ϕ on I0. The latter
one meets C since h ◦ϕ is quasiconformal. It thus follows that the cluster set of f
on R meets C, and therefore, f (H) �= C, and (i) follows.

Suppose now that f (H) is a Jordan domain. Then f (S+0 ) is a Jordan domain, and
since h ◦ϕ is quasiconformal, it has a homeomorphic extension on S+0 ∪ I0. Now
g0|I0 = id hence, f = (h ◦ϕ)◦ g0 has a homeomorphic extension on I0.

The same argument can be applied to any other point in U ∩R, from which we
can conclude that if f (H) is a Jordan domain, then f has a homeomorphic extension
to H∪ (U ∩R), and thus (ii) follows.

4.4.4 Proof of Theorem 4.2

Let E,μ , and f be as in the theorem. If E = /0, then f is quasiconformal in H, and
the assertion follows by the classical qc theory.

Suppose that E �= /0. Then E is a countable union of disjoint open intervals I.
Fix one of these intervals, say I. Then, by Theorem 4.1, every point in I has an
interval, which is contained in I where f extends homeomorphically, and since f (H)
is a Jordan domain, f has a homeomorphic extension to H∪ I and consequently to
H∪E .

We now show that f has a continuous extension to H \E. Let b be a point in
the (R∪{∞}) \E . Since C, and hence f (H), is compact, the cluster set of f at b
is not nonempty. It suffices to show that it is nondegenerate. Suppose that it is not
nondegenerate. Then there are sequences xn and x′n in H which tend to b such that
f (xn) and f (x′n) tend to different limits, say w and w′, respectively. Let K and K′

be disjoint arcs in f (H), the first one containing all points f (xn) and the other one
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all f (x′n), and such that each of these two arcs lies in f (H) except for its end point,
which is w and w′, respectively. Now choose a domain D with D ⊂H∪{b}, which
contains f−1(K)∪ f−1(K′), and such that the family Γ of all paths in D which join
f−1(K) and f−1(K′) has infinite modulus M(Γ ) = ∞. The path family f (Γ ) is a
subfamily of all paths joining K and K′ in C, and the latter one has finite modulus,
since K and K′ are disjoint continua. Therefore, the modulus M( f (Γ )) of f (Γ ) is
finite, which is impossible since f is quasiconformal in D and M(Γ ) = ∞.

Suppose now that J is a nondegenerate component of R∪ {∞} \E . Choose a
domain D,D ⊂ H such that J ⊂ ∂D∩R. Since f is quasiconformal in D, and f (J)
is a free boundary arc in f (D), it follows that f has a homeomorphic extension to
the union of H and the interior (in the R topology) of J and thus (in view of the
existence of a continuous extension at each boundary point) on H∪ J.

Recalling that f (D) is a Jordan domain, we obtain that f has a homeomorphic
extension to H.

4.4.5 Examples

4.4.5.1 Example 1

In the following example, f and μ satisfy the conditions of Theorem 4.1 with E =R.
Here, f maps H homeomorphically onto itself, and it has a homeomorphic extension
onto H ∪R, as asserted in the theorem, but not onto H. More precisely, here
f (H∪R) =H∪R+∪{∞}, and the cluster set of f at ∞ is the closed ray [−∞,0].

The mapping f in this example is defined by

f (x,y) = ex+2iarctan y2
, y > 0.

Then the complex dilatation of f is given by

μ(x,y) =
y2 − 4y+ 1
y2 + 4y+ 1

and

1−|μ |= 1− μ =
4y

y2 + 4y+ 1
.

Therefore, 1−|μ(x,y)|= ρ(y) ·M(x,y), where

ρ(y) = 4y and M(x,y) =
1

y2 + 4y+ 1
.

Then condition (a) holds at every point x ∈R with C = 1 in (4.3.2). Also arg μ = 0,
and thus conditions (b) and (c) hold too.
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4.4.5.2 Example 2

In the following example, f is a μ-homeomorphism in H with μ satisfying
conditions (a) and (b) in Theorem 4.1, but not condition (c). In this example, f maps
H onto C.

The mapping f in this example is defined by

f (x,y) = x+ i log y, y > 0.

Then the complex dilatation of f is given by

μ(x,y) =
y− 1
y+ 1

,

and

1−|μ |= 2y
y+ 1

= ρ(y) ·M(x,y)

where

ρ(y) = 2y, M(x,y) =
1

y+ 1
, and arg μ(x,y)→ π as y → 0+.

Thus (a) and (b) hold, and (c) fails.

4.4.5.3 Example 3

In the following example, f is a μ-homeomorphism in H with a complex dilatation
μ satisfying conditions (a) and (b) in Theorem 4.1, but not condition (c). Here, f
maps H onto itself, but f has no injective and hence no homeomorphic extension to
H∪R.

The mapping f in this example is defined by

f (x,y) = xy+ iy, y > 0.

Then

μ(x,y) =
−1+ y+ ix
1+ y− ix

,

1−|μ | = 1−|μ |2
1+ |μ | =

4y
(y+ 1)2 + x2 · 1

1+ |μ | = ρ(y) ·M(x,y)

where

ρ(y) = 4y and M(x,y) =
4y

(y+ 1)2 + x2 ·
1

1+ |μ | .
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Note that μ satisfies conditions (a) and (b) in Theorem 4.1, and μ(x,y) → −1 as
y → 0+, and thus condition (c) fails. Here, for every x ∈ R, f (x,y)→ 0 as y → 0+.

4.4.5.4 Example 4

In the following example, f is a μ-homeomorphism in H with μ satisfying
conditions (b) and (c) in Theorem 4.1, but not condition (a). Here, f maps H

onto itself, but f has no limit at x = 0 and hence has no homeomorphic extension
to H∪R.

The mapping f in this example is defined as follows: For y > 0, let f (x,y) =
u(x,y)+ iy2, where for x ≥ 0

u(x,y) =

⎧
⎨

⎩

x/y if x ≤ y/2,
x/y+ y−1

2 (x/y− 1/2)2 if y/2 ≤ x ≤ 3y/2,
1+ x− y if x > 3y/2,

and for y > 0 and x < 0
u(x,y) =−u(−x,y).

By checking the values of u(x,y) and its partial derivatives at each of the five
sectors which are defined by |x| < y/2, y/2 < |x| < 3y/2 and |x| > 3y/2 and their
limits at points on the lines |x| = y/2 and |x| = 3y/2, y > 0, it is not hard to verify
that f is a C1-homeomorphism in H.

One can compute argμ(z) and ∂ arg μ(z)/∂y in H (say with aid of a tool like
Maple) and verify that there is r > 0 such that conditions (b) and (c) hold in each of
the rectangles S+(x,r),x ∈ R.

Obviously, for x ∈ R, |μ(x,y)| → 1 as y → 0+. Simple computations show that
near every point x > 0 in R, and therefore near every point x < 0 in R,

1−|μ(x,y)|2 = 8y
(1+ 2y)2+ 1

.

Hence, near each of these points

1−|μ(x,y)|= O(y) as y → 0+.

By similar computations, one obtains that for points (x,y) in the middle sector
|x|< y/2

1−|μ(x,y)|2 = 8y4

x2 + y2(1+ 2y2)2

and thus,
1−|μ(x,y)|= o(y) as y → 0+

in the middle sector. Therefore, condition (a) fails at the point 0. Note that condition
(a) holds near every other point in R.
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As noted above, f maps H onto itself. Clearly, the cluster set of f at 0 is the line
segment |x| ≤ 1,y = 0. Hence, f has no homeomorphic extension to H∪R.

4.5 Case (ii): The Singular Set E is Specified and E ⊂ D

Srebro and Yakubov [234] proved the following existence and uniqueness theorem,
in the case when D = C and E = IR:

Theorem 4.3. Let μ be a complex valued measurable function such that μ is
locally bounded in C\IR. Suppose that for every point x0 ∈ IR there are positive
numbers r = r(x0) and R = R(x0) such that for a.e. z = x+ iy in the disk D(x,r0) =
{z : |z− x0|< r}

μ(z) = e2iθ(z)[1−ρ(y)M(z)], (4.5.1)

for some continuously differentiable function θ : D(x0,r) → (−π/2,π/2), contin-
uous function ρ : (−r,r) → IR, with ρ(0) = 0 and ρ(y) > 0 for all y �= 0, and
measurable function M : D(x0,r) → C such that the following condition (R) holds
a.e. in D(x0,r):

1
R
≤ ℜ M(z)≤ R and |ℑ M(z)| < R. (4.5.2)

Then

(i) A μ-homeomorphism f : C→C exists.
(ii) f is unique up to a postcomposition of f by a conformal map.

(iii) f generates the set of all W 1,2
loc solutions.

In [238], the existence and uniqueness of a μ-homeomorphism are proved in the
case where E is a union of a finite number of smooth closed arcs or crosscuts in a
domain D under the following assumptions on D and E .

Let D be a domain in C, and let E be a relatively closed subset of D. Suppose
that each point z0 in E has a neighborhood U(z0) such that E ∩U(z0) is either a
C3 arc or a finitely star with a vertex at z0 and end points in ∂U(z0), meaning that
E ∩U(z0) is a finite union of arcs, each connecting the point z0 with ∂U(z0) and
which are disjoint except for their common end point z0.

In the latter case, we assume also that each of the arms is C3 and that the arms
meet at non-zero angles.

According to the assumptions, E is a countable union of arcs En with end
points in the union of the boundary of D in C and the set of all star vertices
of E . Furthermore, since the arms are C3, each En excluding its end points has a
neighborhood Un,Un ⊂ D, such that the Un’s are disjoint, and for every inner point
z0 in En, there are r = r(z0) > 0 and a C3 path γ : [−r,r]→ En with γ(0) = z0 and
|γ ′(s)|= 1, |s| ≤ r such that the normals at points of γ do not intersect in Un.
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Theorem 4.4. Let D,E,En and Un be as 3.19. Let μ(z) be a complex valued
measurable function in D which is locally bounded in D\E.

Suppose that for each n = 1,2, . . . , there are:

(a) A C1 function θn : Un → IR
(b) A continuous function ρn : IR → [0,∞) with ρn(0) = 0
(c) A measurable function Mn : Un →C

(d) A positive number Rn such that for a.e. z ∈Un

1/Rn ≤ ℜ Mn(z) ≤ Rn and |ℑ Mn(z)| ≤ Rn, (4.5.3)

μ(z) = e2iθn(z)[1−ρn(dist(z,En))Mn(z)] (4.5.4)

and such that
dz+ μ(z)dz = dz+ e2iθ(z)dz �= 0

when restricted to En. Then

(i) A μ-homeomorphism f : D → C exists.
(ii) f is unique up to a postcomposition of f by a conformal map.

(iii) f generates the set of all W 1,2
loc solutions.

Theorem 4.5. Let D,E,En,Un be as in Theorem 4.4. Let Un,1 and Un,2 be the
connected components of Un \En, and let U =

⋃
Un. Let μ(z) be a complex-valued

measurable function in D which is locally bounded in D \ E. Suppose that μ is
as in Theorem 4.4, except for some of the sets Un where either ||μ |Un,1||∞ < 1 or
||μ |Un,2||∞ < 1. Then the assertions (i)–(iii) of Theorem 4.4 hold.

The main tool in proving these existence and uniqueness theorems is the method
of the deformation of the complex dilatation.

4.6 Case (iii): The Singular Set E Is Not Specified

In this case, the control on μ which gives existence and uniqueness and allows
a study of properties may be expressed either by integral estimates like the
convergence or divergence of

∫

U

F(μ) dm or
∫

U

Φ(Kμ) dm, U ⊂ D

for some functions F or Φ or by measure estimates like

|{z ∈ D : |μ(z)|> 1− ε}| ≤ ϕ(ε) or |{z ∈ D : Kμ(z)> t}| ≤ ψ(t)
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for some functions ϕ or ψ . These two basic forms of control are related. Indeed,
suppose that

Φ : [1,∞)→ IR+

is a nondecreasing function such that for a Borel B ⊂ D,
∫

B

Φ(K(z)) dm ≤ MB < ∞.

For t > 1, set
E = Et = {z ∈ B : K(z)> t}.

Then

Φ(t)|E| ≤
∫

E

Φ(K(z)) dm

=

∫

E

Φ(K(z)) dm+

∫

B\E

Φ(K(z)) dm =

∫

B

Φ(K(z)) dm ≤ MB.

Hence,

|Et | ≤ MB

Φ(t)
:=Ψ(t).

We first survey results involving integral estimates and then results involving
measure estimates.

4.6.1 Pesin

Pesin [185] established the existence of a μ-homeomorphism f in the unit disc D

when ∫

D

e[K(z)]pdm(z)< ∞

for some p > 1. He also proved that under this condition,

f ∈
⋃

q<2

W 1,q
loc (D) and f−1 ∈W 1,2

loc (D) .

4.6.2 Miklyukov and Suvorov

Miklyukov and Suvorov [174] obtained the existence of a μ-homeomorphism
f : D→C when

K(z) ≤ K0 +Q(z)
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for some positive constant K0 and a function Q(z)∈W 1,2
0 . They also showed that f is

unique and f−1 ∈ W 1,2
loc ( f (D)). Recently, Martio and Miklyukov [158] generalized

this result to the case where K(z) is dominated by some function Q(z) which belongs
to W 1,2

loc (D); see Sects. A.3 and A.4 below.

4.6.3 Lehto

Lehto [148] and [149] considered the case, where μ is locally bounded in C\E for
some compact set E in D with m2(E) = 0, and defined for z ∈C and r > 0

ψμ(z,r) =
1

2π

2π∫

0

∣∣1− e−2iθ μ(z+ reiθ )
∣∣2

1−|μ(z+ reiθ )|2
dθ .

By using results of Andreian Cazacu [15] and Reich and Walczak [198], Lehto
showed in [148] that if for all z in D and 0 < r1 < r2,

I(r1,r2,r) =

r2∫

r1

dr
rψμ(z,r)

→ ∞ as r1 → 0 or as r2 → ∞, (4.6.1)

then there exists a homeomorphism f :C→C such that for every relatively compact
domain U in C\E , f |U is a solution of (B).

Cima and Derrick [67] showed that (4.6.1) is not a necessary condition for
existence.

4.6.4 Brakalova and Jenkins

Brakalova and Jenkins [56] modified Pesin’s condition and proved that given a
measurable function μ in C with ||μ ||∞ ≤ 1, a μ-homeomorphism f of C onto itself
with f (0) = 0 and f (1) = 1 exists if the following two conditions hold:

∫

B

∫
exp

1
1−|μ|

1+ log
(

1
1−|μ|

) dA < ΦB (4.6.2)

for every bounded measurable set B in D, where ΦB is a constant which depends on
B, and

∫

{|z|<R}∩D

∫
1

1−|μ | dA = O(R2), R → ∞. (4.6.3)
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They also showed that f ∈⋃1≤p<2 W 1,p
loc (C) and that f generates the set of all W 1,2

loc
homeomorphic solutions. The proof is based on estimates by the Reich and Walczak
result on the change of the modulus of a ring under a quasiconformal mapping and
on an approximation theorem; see Sect. A.1 below.

4.6.5 Iwaniec and Martin

In [116], Iwaniec and Martin studied wider classes of μ’s with K(z) satisfying
exponentially and subexponentially integrability conditions. They introduced the
term “principal solution.” A homeomorphism h : C → C is called a principal
solution if there is a discrete set E such that h ∈ W 1,1

loc (C \E), h satisfies (B) a.e.,
and at ∞, h has the normalization

h(z) = z+ o(1).

Theorem 4.6. [116]. There exists a number p0 > 1 such that if

|μ(z)| ≤ K(z)− 1
K(z)+ 1

χD

and
eK ∈ Lp(D)

for p ≥ p0, then (B) has a unique principal solution h ∈ z+W1,2
loc (C).

Theorem 4.7. [116]. There exists a number p∗ ≥ 1 such that if

K(z)
1+ logK(z)

∈ Lp(D)

for p ≥ p∗, then (B) has a unique principal solution h ∈ z+W1,Q
loc (C) with Orlicz

function Q(t) = t2 log−1(e+ t) .

The proofs of these results are based on a monotonicity principle in the Orlicz–
Sobolev classes and deep results in harmonic analysis.

For uniqueness of a principal solution in z+W 1,Q
loc (C), Iwaniec and Martin [116]

looked at f = h1 −h2, where h1 and h2 are assumed to be principal solutions of (B)
in W 1,Q

loc (C). Then f is of bounded distortion, satisfies (B), and its differential D f
is in Lp. By a Liouville theorem, which they establish for this class of mappings,
f = const, and in view of the normalization of h1 and h2, f = 0.
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4.6.6 Gutlyanskii, Martio, Sugawa, and Vuorinen

By using [198], Gutlyanskii, Martio, Sugawa, and Vuorinen [99] provided condi-
tions for the existence of a W 1,1

loc μ-homeomorphism where both |μ | and argμ are
involved; see Sect. A.2 below.

They also studied the properties of μ-homeomorphisms of C in terms of what
they call the angular dilatation Dμ,z0 and a dominating factor, which are defined as
follows:

Given z0 ∈ D, the angular dilatation of μ is defined by

Dμ,z0 =
|1− μ(z) z̄−z̄0

z−z0
|2

1−|μ(z)|2 if z ∈ C, and Dμ,z0(z) = Dμ,0(z) if z0 = ∞.

A function H : [0,+∞) → IR is called a dominating factor if the following
conditions are satisfied:

(1) H(x) is continuous and strictly increasing in [x0,+∞) and H(x) = H(x0), for
x ∈ [0,x0] for some x0 ≥ 0.

(2) The function eH(x) is convex in x ∈ [0,+∞).

A dominating factor H is said to be of divergence type if

∞∫

1

H(x)
x2 dx =+∞.

Theorem 4.8. [99]. Suppose that μ is a measurable function in C with |μ(z)| < 1
a.e. such that K ∈ Lp

loc(C) for some p> 1 and for each point z0 ∈C either Dμ,z0 ≤M
a.e. in the disc B(z,r0) = {|z− z0|< r0} or

∫

B(z0,r0)

eH(Dμ ,z0 (z)) dm(z)≤ M, if z0 ∈C

and
∫

|z|>r0

eH(Dμ ,z0 (z))
dm(z)
|z|4 ≤ M, if z0 = ∞

for some dominating factor H = Hz0 of divergence type and positive constants
M = M(z0) and r0 = r0(z0).

Then there exists a normalized homeomorphic solution f : C → C of (B) such
that f ∈W 1,q

loc (C),q = 2p/(1+ p), and f−1 ∈W 1,2
loc .

The following theorem may be viewed as an extended version of the theorems of
[56] and [116]:
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Theorem 4.9. [99]. Let H be a dominating factor of divergence type. Suppose that
μ is a measurable function in C with ||μ ||∞ ≤ 1 which satisfies

∫

C

eH(K(z))dσ <+∞,

where dσ = (1+ |z|2)−2dA(z) denotes the spherical area element.
Then there exists a normalized solution f of (B) such that f ∈ ⋂1≤q<2W 1,q

loc (C)

and that f−1 ∈W 1,2
loc (C).

4.6.7 David

David [70] considered ACL embeddings f : D → C with a complex dilatation μ
which satisfies the exponential condition

|{z ∈ D : |μ(z)|> 1− ε}| ≤Ce−d/ε (4.6.4)

for all ε ∈ (0,ε0], for some ε0 ∈ (0,1], C > 0 and d > 0. Here, |{· · ·}| denotes the
Lebesgue measure of {· · ·}.

One of the main results in [70] (page 27) says that if μ is measurable in
C, and satisfies the exponential condition (4.6.4), then the Beltrami equation
has a homeomorphic solution f μ : C̄ → C̄, which fixes the points 0, 1, and ∞.
Furthermore, the mapping f μ belongs to W1,s

loc for all s < 2. He also proves that

if f is another homeomorphic solution and if f ∈W 1,1
loc (C), then f = h◦ f μ for some

conformal mapping h. David’s proof of the existence follows the lines of Ahlfors
[9] and Bojarski [44] involving a very fine analysis of singular integrals.

4.6.8 Tukia

In Tukia [254], (4.6.4) is replaced by the spherical exponential condition

σ{z ∈ D : K(z)> t} ≤Ce−αt (4.6.5)

for all t ≥ T , for some T ≥ 0, C > 0 and α > 0 and domains D in C. Here,
σ{· · ·} denotes the spherical area of {· · ·}. Tukia proves the existence of a global
solution by using David’s local solutions and the uniformization theorem. The latter
is possible by David’s uniqueness theorem. Tukia studies also convergence and
compactness properties.
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4.6.9 Ryazanov, Srebro and Yakubov

Ryazanov, Srebro, and Yakubov also obtained a series of results on the existence,
uniqueness, and properties of ACL homeomorphic solutions for the degenerate
Beltrami equations that are presented in Chaps. 5–8; see especially 8.5 for com-
parisons and also the works [210–219].

4.7 Modulus Inequalities

Our approach for deriving criteria for existence of solutions to the degenerate
Beltrami equations is based mainly on the modulus techniques; see the original
paper [12] and the recent book [165] which contain, in particular, the extended
bibliography on the topic.

The modulus inequality (2.5.6) was extended and applied in [162] to orientation-
preserving homeomorphisms f : D →Rn,n ≥ 2, in W 1,n

loc (D) with K ∈ Ln−1
loc ; see also

[164]. In [163], the modulus inequality was generalized to noninjective mappings.
This inequality corresponds to the KI modulus inequality (see [203]), which plays an
important role in the quasiregular theory. A modulus inequality which corresponds
to the KO modulus inequality (see [203]) is also presented in [163]. It is shown in
[163] that these two types of inequalities hold in the class of all mappings of finite
length distortion. This class contains as a subclass all quasiregular mappings [163].
Later these and similar inequalities were extended in [125] to mappings of bounded
distortion in Rn with K satisfying certain integrability conditions. These inequalities
are used in [125] and in a series of papers in establishing the basic properties of
mappings with finite distortion in all dimensions, such as openness, discreteness,
Lusin’s condition (N), and more.



Chapter 5
BMO- and FMO-Quasiconformal Mappings

In this chapter, the BMO-quasiconformal and BMO-quasiregular mappings in the
plane are studied. This includes distortion, existence, uniqueness, representation, in-
tegrability, convergence and removability theorems, the reflection principle, bound-
ary behavior, and mapping properties. We also study here the FMO-quasiconformal
mappings. As shown by examples in Sect. 2.3.1, FMO is not a subclass of BMOloc

and, furthermore, even not in Lp
loc for any p > 1. Thus, no earlier theory can be

applied to the case.

5.1 Introduction

The plane BMO-quasiconformal and BMO-quasiregular mappings were first in-
troduced and studied in the papers [210–212]. These maps are considered also in
[17, 19] and [226]. For similar classes of mappings in higher dimensions, see the
recent important papers [25, 115] and [116]. As in our works [99] and [210–223]
as well as in [56, 57], the proof of existence is based here on approximation and
extremal length methods, where the latter is mainly used for equicontinuity. BMO-
qc and BMOloc-qc mappings are closely related to mappings which were considered
by David [70] and Tukia [254].

Recently, Brakalova and Jenkins [56] proved that given a measurable function
μ in a domain D with ||μ ||∞ ≤ 1, a μ-homeomorphism exists if the following two
conditions hold:

∫

B

∫
exp

1
1−|μ|

1+ log
(

1
1−|μ|

)dA < ΦB (5.1.1)

for every bounded measurable set B in D where ΦB is a constant which depends on
B, and

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 5,
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∫

{|z|<R}∩D

∫
1

1−|μ |dA = O(R2), R → ∞. (5.1.2)

We show in Sect. 5.4 that if ||μ(z)||∞ ≤ 1 in a domain D, and a.e.

Kμ(z) =
1+ |μ(z)|
1−|μ(z)| ≤ Q(z), Q ∈ BMOloc, (5.1.3)

then a μ-homeomorphism f : D → C exists.
Locally, the conditions in (4.6.4) and (4.6.5) and (5.1.3) are equivalent and are

stronger than (5.1.1). Thus, the existence of local homeomorphic solutions in the
case where μ satisfies (4.6.5) or (5.1.3) follows from David’s existence theorem,
and locally, the existence theorem of Brakalova and Jenkins is stronger. We do not
know if one can obtain a global homeomorphic solution if (5.1.1) holds only locally
in D. A global homeomorphic solution can be obtained in our case (5.1.3) as in
(1.4) in [254] by the uniformization theorem and David’s uniqueness theorem for
homeomorphic solutions [70], p. 55. We prefer, however, to give a direct proof of
the existence of a global (as well as a local) homeomorphic solution using geometric
methods which are also suitable for the study of BMO-qc mappings in higher
dimensions. As in [56], our proof uses distortion lemmas (different from those in
[56]) obtained from modulus estimates for ring domains. Our estimates are based
on properties of BMO functions and on classical inequalities for path families,
V(6.6) in [152] or [153], and 12.7 in [258], while those of [56] are based on a
result from [198] on the modulus of the image of a circular ring domain under a μ-
homeomorphism which is qc. Recently, Iwaniec and Martin [116] provided a proof
of existence based on singular integral theory and harmonic analysis generalizing
all previous cases mentioned above.

For a domain D in C, let D(D), T(D), BJ(D), and BMO-QC(D) denote the
classes of all ACL sense-preserving homeomorphisms f : D → C̄ which satisfy
a.e. in D the exponential conditions (4.6.4), (4.6.5), (5.1.1)–(5.1.2), and (5.1.3),
respectively. Clearly, D(D)⊂ T(D) with equality when D is bounded. By [56], p. 89,
D(D)⊂ BJ(D) and obviously BJ(D)\BMO-QC(D)�= /0. We show in Sect. 5.2 that,
globally, D and T are proper subclasses of BMO-QC and that for some domains,
BMO-QC\BJ �= /0. In case that D is a quasidisk then Tu(D) = RSY(D), otherwise
Tu(D), and hence Da(D), are proper subclasses of RSY(D). Each of the classes
BJ(D) and RSY(D) contains functions which do not belong to the other class. It
should be noted that BMO-QC, D, and T are qc invariant, while BJ does not have
this property.

The BMO-QC setting has the advantage that it leads naturally to an extension of
the qc-theory. In Sect. 5.3, we prove distortion lemmas. These are then combined
with a known result about Q(z)-qc mappings for Q ∈L1

loc [204, 205], yielding
convergence lemmas, which lead in Sect. 5.4 to a short proof of the existence
theorem mentioned above. A good approximation theorem is presented in Sect. 5.5,
and various properties of BMO-qc and BMO-qr mappings are established in
Sect. 5.6.
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The rest of this chapter, Sects. 5.7–5.9, is devoted to Beltrami equations whose
dilatations a.e. satisfy the condition (5.1.3) with Q ∈ FMO.

Throughout the chapter, D will denote the unit disk |z|< 1. For a ∈C,λ > 1 and
r > 0,B(a,r) denotes the disk |z−a|< r, and λ B(a,r) = B(a,λ r). For a,b ∈ C̄ and
A⊂ C̄,k(a,b) is the chordal distance between a and b and k(A) is the chord diameter
of A. For A ⊂ C, |A| denotes the Lebesgue measure of A, and for A ⊂ C̄,σ(A) is the
spherical area of A.

5.2 Inclusions, Integrability, and Group Properties

Proposition 5.1. (i) T(D)⊂ BMO-QC(D).
(ii) If D is a quasidisk, then T(D) = BMO- QC(D).

(iii) For some domains D,T(D) is a proper subset of BMO-QC(D).
(iv) For some domains D,BMO-QC(D)\BJ(D)�= /0.

Proof. (i) Given f in T(D), set K(z) = 1 in C\D. For t > T and β = 3
4 α , let

τ = β t,η = eτ and
Et = {z ∈ C : K(z)> t}.

Then Et = {z∈C : eβ K(z)>η}, and in view of (4.6.5), σ(Et)≤Cη−4/3. Hence,

∫

Et

eβ K(z)dσ(z)≤C

∞∫

eβT

η−4/3 dη ≤ 3C e−β T/3.

Since eβ K(z) is bounded in C̄\Et , it follows that eβ K(z) ∈ L1
σ .

Let q(z) = eαK(z)/2. Then q(z) ∈ L3/2
loc . Let Mq(z) denote the maximal function

of q(z), i.e.
Mq(z) = sup

B
qB(z),

where the supremum is taken over all disks B = B(z) centered at z. Then

Mq(z) ∈ L3/2
loc , and hence log Mq(z) ∈ BMO, by [69], p. 249. Now set Q(z) =

1
β log Mq(z). Since eβ K(z)≤Mq(z), it follows that K(z)≤Q(z). This means
that f ∈ BMO-QC(D), which proves (i).

(ii) By the invariance of the given classes under quasiconformal mappings of the
plane, we may assume without loss of generality that D is a disk. Then, by
the known result of Jones [121], every Q(z) in BMO(Δ ) has an extension
Q̂(z) which is in BMO(C) with ||Q̂||∗ ≤ C||Q||∗, where C depends only on
D. Hence, by [191], p. 7, any extension of Q̂ on C̄ is in BMO(C̄). Then by
John–Nirenberg’s lemma [122] translated to the spherical metric, it follows
that

σ{z ∈ D : K(z)> t} ≤ α e−β t |D|
for every t > T , i.e. f ∈ T(D).



80 5 BMO- and FMO-Quasiconformal Mappings

(iii) Consider the mapping f (z) = 1
2 x2 + iy in the half-strip D={z = x + iy :

x > 1, |y| < 1}. Then K(z) = x,z ∈ D, belongs to BMO(D). So f is in BMO-
QC(D). On the other hand, for Dt = {z ∈ D : K(z)> t},

σ(Dt) =

∫

Dt

∫ (
2

1+ |z|2
)2

dm(z)≥ 8
9

∞∫

t

dx
x4 =

8
27

t−3.

Hence, f /∈ T(D). This proves (iii).
(iv) Consider the mapping g(ζ ) = 1

2 ξ 2|ζ |−4 − iη |ζ |−2,ζ = ξ + iη in the domain
D = B(1/2,1/2)\ [B̄(i/2,1/2)∪ B̄(−i/2,1/2)]. Then g(ζ ) = f (1/ζ ), where
f is the function defined in the proof of (iii). Thus, Kg(ζ ) = Kf (1/ζ ) is in
BMO(D) by the Möbius invariance of BMO, and hence, g ∈ BMO-QC(D).
Using the change of variables z = 1/ζ , an easy computation shows that g does
not satisfy (5.1.1) in D, and (iv) follows. ��

Proposition 5.2. (i) BMOloc-QC ⊂W 1,s
loc for all s < 2.

(ii) There are BMO-qc mappings f which are not in W1,2
loc .

Proof. (i) Suppose that K = Kf ≤ Q a.e., where Q ∈ BMOloc and f is a sense-
preserving ACL homeomorphism. Since

|∂ f |+ |∂ f |= K1/2(z) · J1/2(z)≤ Q1/2(z)J1/2(z) a.e.,

the assertion follows by Hölder’s inequality and the fact that BMOloc ⊂ Lp
loc for

all finite p ≥ 1 and the fact that J ∈ L1
loc; see Lemma 3.3 in [152], III3.4.

(ii) Consider the following map (see [70], p. 68):

f (r eiθ ) = Reiθ where R =

(
log

1
r

)−s

, s > 0. (5.2.1)

Let Dr and Dt be the radial and tangential stretching, respectively. Then Dr f =
R′(r) and Dt f = R/r and, for small values of r, Kf = Dt f/Dr f = s log1/r. Hence,
f is BMO-qc in a small disk around the origin. On the other hand, for small ρ > 0,

∫

|z|≤ρ

∫
|Dt f |2r dr dθ = 2π

ρ∫

0

1
r

(
log

1
r

)−2s

dr.

Thus, for 0 < s ≤ 1/2, f /∈ W1,2
loc . Note that f ∈ W1,2

loc for any s > 1/2. ��
Proposition 5.3. (i) There is a BMO-qc mapping f : D →C such that f−1 is not in

BMO-qc in f (D).
(ii) There are BMO-qc mappings f : D → C and g : f (D) → C such that g ◦ f is

not BMO-qc.
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Proof. (i) The map f given by (5.2.1) is in BMO-QC in some neighborhood of 0.

Now, f−1 : (R,θ ) → (r,θ ) with r = e−R−1/s
and Kf−1 = 1/(sR1/s). Since for

large t,

|{w : Kf−1 > t}|= π(st)−2s,

it follows that Kf−1 cannot be majorized by any BMO function, and hence,
f−1 /∈ BMO-QC.

(ii) Let f : (r,θ ) → (R,θ ),R(r) = e−2(log r)2
, and g : (R,θ ) → (ρ ,θ ),ρ(R) =

(log 1/R)−1; see [70], p. 68. Since f and g belong to D in some disk B about
the origin, it follows by Proposition 5.1(i) that f and g are in BMO-QC(B). Set
F = g ◦ f . Then KF = 8(log 1/r)3 and, hence,

KF(z)> t iff |z|< e
− 3√t

2 .

Therefore, KF(z) cannot be majorized by any function Q(z) which belongs to BMO
and consequently F /∈ BMO-QC. ��

The following proposition shows why, for p < ∞, Lp-QC is not as good as
BMO-QC:

Proposition 5.4. For any p ∈ [1,∞), there exist:

(i) A measurable function μ(z) in the unit disk D with |μ(z)| < 1 a.e. in D and
K(z) ∈ Lp(D) such that the Beltrami equation (4.6.4) has no homeomorphic
solution in D.

(ii) An Lp-qc mapping in the punctured disk D0 = D\{0} with a non-removable
singularity at 0.

Proof. Let p∈ [1,∞). Fix any α in (0,2/p) and let g :C\{0}→C be given in polar
coordinates r and ϑ by g(r,ϑ) = (1+ rα ,ϑ). Then g maps the punctured unit disk
D0 onto the annulus A = {z : 1 < |z|< 2} with dilatation:

Kg(r,ϑ) = max

{
αrα

1+ rα ,
1+ rα

αrα

}
,

which is bounded outside any neighborhood of z = 0. Near z = 0,
Kg = (1 + rα)/αrα , i.e., p-integrable in the unit disk D due to the condition
p < 2/α .

Let μ(z) = ∂ g/∂g at z ∈ D0 and μ(0) = 0. Then K = (1+ |μ(z)|)/(1− |μ(z)|)
is in Lp(D). If (4.6.4) with this μ had a homeomorphic solution f in D, then
f ◦ g−1 would map A conformally onto the punctured domain f (D) \ { f (0)}. That
is impossible. The conformality of f ◦ g−1 follows by Weyl’s lemma from the fact
that ∂̄ ( f ◦ g−1) = 0 a.e. and that f ◦ g−1 is ACL since g ∈C∞; see [9], p. 33.

Note that g is in Lp-QC in 0 < |z|< 1 but 0 is a nonremovable singularity. ��
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5.3 Distortion Lemmas

In this section, we present distortion lemmas for qc mappings which are Q(z)-qc
for a given function Q(z). These lemmas will be needed in the proof of the
existence theorem, Theorem 5.1. All results in this section are valid without the
extra assumption that the mappings are qc, namely, that the dilatations are bounded,
as long as Q(z) ∈ BMOloc. This follows from the good approximation theorem,
Theorem 5.3, which we prove in Sect. 5.5.

In the following lemma, we prove a property of a real-valued BMO function in
a disk, which is needed in the proof of the distortion lemma. Thus, this lemma, first
established in [210], plays a crucial role in proving equicontinuity.

Lemma 5.1. For 0 < t < e−2, let A(t) = {z : t < |z|< e−1}. Let Q be a nonnegative
BMO function in D. Then

η(t) :=
∫

A(t)

∫
Q(z)dm(z)
|z|2(log |z|)2 ≤ c log log(1/t), (5.3.1)

where c is a constant which depends only on the average Q1 of Q over |z|< e−1 and
on the BMO norm ||Q||∗ of Q in D.

Proof. Fix t ∈ (0,e−2). For n = 1,2, . . . , let An = {z ∈ C : tn+1 < |z| < tn},
Bn = {z ∈ C : |z| < tn}, tn = e−n, and Qn be the mean value of Q(z) in Bn. Now
choose an integer N such that tN+1 ≤ t < tN . Then A(t)⊂ A(tN+1) =

⋃N+1
n=1 An, and

η(t)≤
∫

A(tN+1)

∫
Q(z)

|z|2(log |z|)2 dm(z) = S1 + S2, (5.3.2)

where

S1 =
N

∑
n=1

∫

An

∫
Q(z)−Qn

|z|2(log |z|)2 dm(z) (5.3.3)

and

S2 =
N

∑
n=1

Qn

∫

An

∫
dm(z)

|z|2(log |z|)2 . (5.3.4)

Since An ⊂ Bn, and for z ∈ An, |z|−2 ≤ πe2/|Bn| and log 1/|z|> n, it follows that

|S1| ≤
N

∑
n=1

∫

An

∫ |Q(z)−Qn|
|z|2(log |z|)2 dm(z)≤ π

N

∑
n=1

e2

n2

⎛
⎝ 1
|Bn|

∫

Bn

∫
|Q(z)−Qn|dm(z)

⎞
⎠.

Hence,
|S1| ≤ 2π e2||Q||∗. (5.3.5)
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Now, note that

|Qk −Qk−1| = 1
|Bk|

∣∣∣∣∣∣
∫

Bk

∫
(Q(z)−Qk−1)dm(z)

∣∣∣∣∣∣≤
1

|Bk|
∫

Bk

∫
|Q(z)−Qk−1|dm(z)

=
e2

|Bk−1|
∫

Bk

∫
|Q(z)−Qk−1|dm(z)≤ e2

|Bk−1|
∫

Bk−1

∫
|Q(z)−Qk−1|dm(z)

≤ e2||Q||∗.

Thus, by the triangle inequality,

Qn ≤ Q1 +
n

∑
k=2

|Qk −Qk−1| ≤ Q1 + ne2||Q||∗, (5.3.6)

and since ∫

An

∫
dm(z)

|z|2(log |z|)2 ≤ 1
n2

∫

An

∫
dm(z)
|z|2 =

2π
n2 ,

it follows by (5.3.4) that

S2 ≤ 2π
N

∑
n=1

Qn

n2 ≤ 2πQ1

N

∑
n=1

1
n2 + 2π e2||Q||∗

N

∑
1

1
n
. (5.3.7)

Finally, ∑N
n=1 1/n2 is bounded, and ∑N

n=1 1/n < 1+ logN < 1 + loglog1/t, thus
(5.3.1) follows from (5.3.5) and (5.3.7). ��
Lemma 5.2. Let f : D→C\{a,b},a,b∈C,k(a,b) = δ > 0 be a qc mapping which
is a Q(z)-qc for some Q ∈ BMO(D) such that f (0) = 0. Then for |z|< e−2,

| f (z)| ≤C(log1/|z|)−α ,

where C and α are positive constants which depend only on D, on the BMO norm
||Q||∗ of Q in D, and on the average Q1 of Q on |z|< e−1.

Proof. Fix t ∈ (0,e−2) and let Γt and A(t) be as in Lemma 5.1. Then

ρ(z) =

⎧⎨
⎩

1
(log log 1/t)|z| log 1/|z| if z ∈ A(t)

0 if z ∈ C\A(t)
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is admissible for Γt ; therefore, by (2.5.6) and Lemma 5.1, we get

M( fΓt )≤ c
log log 1/t

,

where c is the constant in Lemma 5.1. Next, let Lt = L(t, f ) = max{ | f (z)| : |z|= t},
and let a′ = a′(δ ) > 0 be such that k(a′,∞) = δ , and let Γ ′ denote the family of
paths joining [−Lt ,0] and [a′,∞]. Then by a well-known property of the modulus of
a path family (see [258], Theorem 6.4) and by the extremality of Teichmüller ring
domains and the well-known lower bound for their modulus [see (1.2) and (2.10) in
[152], II], we obtain

M( fΓt)≥ M(Γ ′)≥ π log

[
4

(
Lt

Lt + a′

)−1/2
]
.

Thus, for |z|= t,
| f (z)| ≤ Lt ≤C(log1/|z|)−α

for some positive constants C and α which depend only on δ , on ||Q||∗ and Q1, as
asserted. ��
Corollary 5.1. Given a domain D in C, Q in BMOloc(D), and distinct points a and
b in C, the family of all qc mappings from D into C \ {a,b} which are Q(z)-qc is
normal.

5.4 One Existence Theorem

Theorem 5.1. Let D be a domain in C and let μ be a complex-valued measurable
function in D with |μ(z)|< 1 a.e. such that K(z)≤ Q(z) a.e. in D for some function
Q∈ BMOloc(D). Then the Beltrami equation (B) has a homeomorphic ACL solution
f μ : D →C such that ( f μ)−1 ∈W 1,2

loc .

Proof. For n ∈ INI, define μn : D → C by letting μn(z) = μ(z) if |μ(z)| ≤ 1− 1/n
and 0 otherwise. Then there is a homeomorphic solution fn : D →C of the Beltrami
equation (B) with μn instead of μ which fixes some points z1 and z2 in D; see,
e.g., [9, 44] and [152]. Since all fn are qc and Q(z)-qc, it follows by Corollary 5.1
that the sequence ( fn) has a subsequence fnk which converges locally uniformly to
some mapping f in D. Thus, the conclusion follows by Corollaries 2.3 and 2.4 from
Sect. 2.6. ��
Remark 5.1. By Propositions 2.1, 2.4 and 2.5 from Sect. 2.4, f μ ∈ W 1,p

loc for all
p ∈ [1,2) has the N−1 property and f μ is regular, i.e., differentiable with
Jf μ (z)> 0 a.e.
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5.5 Uniqueness and Approximation

It is not hard to see that by Stoilow’s factorization theorem for open discrete
mappings, one gets the following factorization property for BMO-qr mappings.
Here, D is a domain in C.

Proposition 5.5. If g is BMO-qr in a domain D, then g = h◦ϕ where ϕ is BMO-qc
in D with μϕ = μg a.e. and h is holomorphic in ϕ(D).

The following uniqueness theorem of David is used in the proof of some of the
properties of BMO-qc and BMO-qr mappings which are presented in the sequel;
see [70], p. 55.

Theorem 5.2. Let fi, i = 1,2 be μ-homeomorphisms in a domain D where μ
satisfies David’s condition (4.6.4). Then f2 ◦ f−1

1 is conformal.

Based on Proposition 5.5, Theorem 5.2, and the John–Nirenberg lemma, one
obtains the following corollary:

Corollary 5.2. Let ϕ and g be respectively a BMO-qc and a BMO-qr mapping in
a domain D with μϕ = μg a.e. Then g = h ◦ϕ for some holomorphic function h in
ϕ(D).

5.5.1 Good Approximation

Let f : D → C̄ be a Q(z)-qr mapping. We say that a sequence ( fn) of Q(z)-
qr mappings in a domain D with complex dilatations μn,n = 1,2, . . ., is a good
approximation of f , if the following three conditions hold (cf. [152], IV, 5.4):

(i) ||μn||∞ < 1 for all n.
(ii) fn → f locally uniformly in D.

(iii) μn → μ a.e. in D.

Theorem 5.3. Let D be a domain in C and f : D → C be a Q(z)-qr mapping with
complex dilatation μ where Q ∈ BMOloc(D). Then f has a good approximation.

Proof. Fix two points z1 and z2 in D. For n∈ INI, let μn(z) = μ(z) if |μn(z)|< 1−1/n
and 0 otherwise. Let gn be a homeomorphic solution of (4.6.4) with μn instead
of μ , which fixes z1 and z2. Since all gn are qc and Q(z)-qc and fix z1 and z2, it
follows by Corollary 5.1 that the sequence (gn) has a subsequence, denoted again
by (gn), which converges locally uniformly in D to some mapping g in D. Then, by
Corollary 2.3, g is Q(z)-qc and satisfies (4.6.4) a.e. By Corollary 5.2, f = h ◦ g for
some holomorphic mapping h : g(D) → f (D). Then the sequence fn = h ◦ gn is a
good approximation of f .
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Based on Corollary 5.2 and Montel’s normality criterion for analytic functions,
one obtains by the good approximation theorem, Theorem 5.3, the following
extension of Corollary 5.1: ��
Corollary 5.3. Given Q in BMOloc(D) and two distinct points a and b in C, the
family of all Q(z)-qr mappings from D into C\ {a,b} is normal.

The following theorem can be considered as an extension of Corollary 2.3:

Theorem 5.4. Let D be a domain in C, Q(z) ∈ BMOloc(D), a and b two distinct
points in C, E a set in D which has a limit point in D and fn a sequence of Q(z)-qr
mappings from D into C\ {a,b}. If { fn} has a limit at every point e ∈ E, then { fn}
converges locally uniformly in D to a BMO-qr mapping in D. Moreover, ∂ fn and
∂̄ fn converge to ∂ f and ∂̄ f , respectively, weakly in L1

loc. If, in addition, μ fn → μ
a.e., then ∂̄ f = μ∂ f a.e.

Proof. It suffices to prove the statement for D = D and nonconstant fn. By
Proposition 5.5, fn = hn ◦ gn where hn is analytic and gn is Q(z)-qc. In view
of Picard’s theorem and the Riemann mapping theorem, we may assume that
gn(D) = D and gn(0) = 0,gn(1) = 1, for all n; see extension properties in Sect. 5.6.
Then {hn} is normal by Montel’s theorem and {gn} is normal by Corollary 5.3.
The result follows now by Vitali’s condensation principle for analytic functions and
Corollary 2.3; see also Corollary 5.2 and Theorem 5.3. ��

5.6 Other Properties

Let D be a domain in C,E a free boundary arc in ∂D and f : D →C a (continuous)
mapping. Then the cluster set C( f ,E) of f on E is a continuum, and if f is an
embedding, then C( f ,E) ⊂ ∂ f (D); cf. [68].

Theorem 5.5 (The reflection principle for BMO-qc mappings). Let D be a
domain in the upper half planeH+ = {z∈C : Imz> 0}, E a free boundary arc in ∂D
and f : D→C a BMO-qc mapping. Suppose that E ⊂ IR and let D∗ = {z∈C : z∈D}
and Ω =D∪E∪D∗. If C( f ,E)⊂ IR and Re f (z)> 0 for z∈D, then f has a BMO-qc
extension to Ω .

Proof. Since f is BMO-qc in D, there is a function Q in BMO(D) such that K(z)≤
Q(z) a.e. in D. Let Q̂ be a symmetric extension of Q to Ω . Then Q̂ ∈ BMO(Ω) and
||Q̂||∗ = ||Q||∗; see [191], p. 8. Let μ̂ : Ω →C be a symmetric extension to Ω of the
complex dilatation of f in D, and let K̂ denote the corresponding dilatation. Then
K̂(z)≤ Q̂(z) a.e. in Ω . Therefore, by Theorem 5.1, there exists a μ̂-homeomorphism
f̂ : Ω → C, and by Corollary 5.2, there is a conformal map h of f̂ (D) such that
f (z) = h( f̂ (z)) for all z ∈ D. Since f̂ (E) is a Jordan arc in f̂ (Ω) and C(h, f̂ (E)) =
C( f ,E) ⊂ IR, it follows that h has a homeomorphic extension to f̂ (D)∪ f̂ (E) =
f̂ (D ∪ E), which is denoted again by h, and f (z) = h( f̂ (z)) for all z ∈ D ∪ E .
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This shows that f is homeomorphic in D∪E and hence that f is homeomorphic
in Ω . Now, f is ACL in D∪D∗, and since it is continuous on E , it is ACL in Ω .
Evidently, the dilatation of f is symmetric with respect to E; hence, it coincides a.e.
with K̂ and it is thus dominated by Q̂. Consequently, f is BMO-qc. ��
Corollary 5.4. Let D1 and D2 be domains in C and f a BMO-qc map of D1

on D2:

(i) (Carathéodory’s theorem) If D1 and D2 are Jordan domains, then f extends to
a homeomorphism of D1 onto D2.

(ii) If, in addition, each ∂Di is a quasicircle, then f has a BMO-qc extension to C.

Proof. Let ϕi be a conformal mapping of Di onto D, i = 1,2. Then F = ϕ2 ◦ f ◦ϕ−1
1

is BMO-qc, and hence, by Theorem 5.5, has a homeomorphic extension to D. Now,
by Carathéodory’s theorem, for i = 1,2,ϕi has a homeomorphic extension to ∂Di,
and the assertion follows. ��
Theorem 5.6. (i) Every BMO-qc mapping f in the punctured unit disk D0 =

{z : 0 < |z|< 1} has a BMO-qc extension to D.
(ii) Every BMO-qc in C has a BMO-qc extension to C.

Proof. We prove (i). The proof of (ii) is similar. Let f be a BMO-qc map, and let μ
denote its complex dilatation and K its dilatation. Then K(z) ≤ Q(z) a.e. for some
function Q in BMO (D0). Let μ̂ be any extension of μ on D, K̂ the corresponding
dilatation and Q̂ any extension of Q on D. Then Q̂ ∈ BMO(D) with ||Q̂||∗ = ||Q||∗;
see [191], p. 8. Clearly, K̂ ≤ Q̂ a.e. in D. Hence, by Theorem 5.1, a BMO-qc mapping
f̂ : D→ C with dilatation μ̂ exists, and by Corollary 5.2, f = h ◦ ( f̂ |D0) for some
conformal mapping h of f̂ (D0) onto f (D0). Since h is conformal in f̂ (D0) and
f̂ (D0) = f̂ (D)\{ f (0)}, it follows that h has a conformal extension H on f̂ (D). Let
F = H ◦ f̂ . Then F is a continuous extension of f to D, which belongs to BMO-qc.

��
Several mapping problems in quasiconformal mapping theory are based on the

fact that f−1 is qc whenever f is. This argument cannot be used in the BMO-qc
theory. However, the following proposition holds:

Proposition 5.6. (i) There are no BMO-qc mappings of a proper subdomain D
of C onto C.

(ii) There are no BMO-qc mappings of a nondegenerate doubly connected domain
D onto a punctured disk.

Proof. (i) The case where D is not simply connected is trivial since C is simply
connected. If D is simply connected, we may assume, by the conformal
invariance of BMO-QC, that D = D. Suppose that a BMO-qc map f of D onto
C exists. Let μ denote the dilatation of f and K its dilatation. Then K(z)≤ Q(z)
a.e. for some function Q in BMO(D). Let μ̂ be a symmetric extension of μ to C.
Then the corresponding dilatation function K̂ is dominated a.e. by a symmetric
extension Q̂ of Q, Q̂ ∈ BMO(C), and hence, by Theorem 5.1, there exists
a BMO-qc map g of C onto C with the complex dilatation μ = μ̂ and with
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g(∞) = ∞. Then g(D) is a bounded domain in C. By Corollary 5.2, g|D= h◦ f
for some conformal mapping h of f (D) onto g(D). Thus, f (D) is a proper
subset of C.

(ii) As above, we may assume that D is an annulus and that f exists. Extend
μ f (z) = fz̄/ fz symmetrically with respect to the boundary components of D.
A repeated extension yields a complex dilatation defined a.e. in C. Repeating
the corresponding arguments as in (i), we arrive at the contradiction. ��

Theorem 5.7 (Picard’s theorems). (i) Let f be a BMO-qr map of the punctured
disk D0 into C. If f omits at least three values in C, then f has a BMO-qr
extension to D.

(ii) Let f be a BMO-qr map of C into C. If f omits at least three values in C, then
f is a constant.

Proof. As in the analytic case, it suffices to prove (i). Since f is a BMO-qr, it has the
representation f = h◦g, where g is BMO-qc and h is holomorphic. By Theorem 5.6
(i), g has a BMO-qc extension G to Δ . Hence, G(0) is an isolated singularity of
h. Now, since f omits at least three values in C, so does h, and hence, by Picard’s
theorem, h has a holomorphic extension H on G(D), and thus F = H ◦G is a BMO-
qr extension of f . ��
Theorem 5.8 (The reflection principle for BMO-qr mappings). Let D, D∗, E,
and Ω be as in Theorem 5.5. If f : D →C is BMO-qr and C( f ,E) ⊂ C, then f has
a continuous extension to D∪E, denoted again by f , and

F(z) =

⎧⎨
⎩

f (z), if z ∈ D∪E

f (z̄), if z ∈ D∗

is BMO-qr.

Proof. First, we prove the theorem when D is a simply connected domain. Since f
is BMO-qr, it has a representation f = h ◦ g, where g is a BMO-qc map and h is
holomorphic in D′ = g(D). By Proposition 5.6 (i), D′ �= C. We thus may assume
that D′ is the upper half plane H+. Otherwise, replace g by ϕ ◦ g and h by h ◦ϕ−1,
where ϕ is a conformal map of D′ onto H+.

By Theorem 5.5, g has a continuous extension onto D∪ E , denoted again by
g, and the symmetric extension of g on Ω denoted by G is BMO-qc in Ω . Let
E ′ = g(E). Since g is a homeomorphism on D ∪ E and h = f ◦ g−1, it follows
that C(h,E ′) = C( f ,E) ⊂ IR. Hence, by the reflection principle for holomorphic
functions, we may conclude that h has a continuous extension on E ′, which is
denoted again by h and that the symmetric extension

H(z) =

{
h(z), if z ∈ g(D)∪E ′

h(z̄), if z ∈ g(D)∗
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is holomorphic in Ω ′ = g(D)∪E ∪ g(D)∗. Therefore, G ◦H is BMO-qr. Now, H
and G preserve symmetry, hence so does G ◦H, and f = h ◦ g on D∪E; it follows
that F coincides with G◦H, and the proof is complete in the case when D is simply
connected.

If D is not simply connected, we first choose a simply connected domain U which
is symmetric with respect to IR, such that E ⊂U and U ∩H+ ⊂ D. Then f |U ∩H+

has a BMO-qr symmetric extension on U , which is denoted again by f , and hence,
F is BMO-qr. ��
Remark 5.2. Recently, Sastry in [226] provided necessary and sufficient conditions
for a BMO-qc extension from IR to the half plane H+. Her conditions are of a form
similar to Ahlfors–Beurling’s, where the upper and lower bounds depend on the
BMO norm and certain averages of a given BMO boundary function, respectively,
of a BMO majorant Q of a given BMO-qc map of H+.

One can show that none of the results in this section are valid for BMOloc-qc
mappings and BMOloc-qr mappings.

5.7 The Main Lemma on FMO

Below we use the following notation:

A(ε,ε0) = {z ∈C : ε < |z|< ε0}. (5.7.1)

Lemma 5.3. Let ϕ : D → R be a nonnegative function with finite mean oscillation
at 0 ∈ D and integrable in B(e−1)⊂ D. Then, for ε ∈ (0,e−e),

∫

A(ε,e−1)

ϕ(z)dm(z)(
|z| log 1

|z|
)2 ≤C · loglog

1
ε
, (5.7.2)

where
C = 2π(2ϕ0 + 3e2d0), (5.7.3)

ϕ0 is the mean value of ϕ over the disk B(e−1) and d0 is the maximal dispersion of
ϕ in the disk B(e−1).

The lemma plays a central role in the proof of equicontinuity. Versions of
this lemma were first established for BMO functions in [210] and then for FMO
functions in [113]. An n-dimensional version of the lemma for BMO functions was
established in [162]. The proof here is similar to the one in [210] and is presented
for the sake of completeness.

Proof. Let 0 < ε < e−e,εk = e−k,Ak = {z ∈ Cn : εk+1 ≤ |z| < εk},and Bk = B(εk),
and let ϕk be the mean value of ϕ(z) over Bk,k = 1,2 . . . . Take a natural number N
such that ε ∈ [εN+1,εN). Then A(ε,e−1)⊂ A(ε) =

⋃N
k=1 Ak and
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η(ε) =
∫

A(ε)

ϕ(z)α(|z|)dm(z) ≤ |S1|+ S2,

where
α(t) = (t log1/t)−2,

S1(ε) =
N

∑
k=1

∫

Ak

(ϕ(z)−ϕk)α(|z|)dm(z),

and

S2(ε) =
N

∑
k=1

ϕk

∫

Ak

α(|z|)dm(z).

Since Ak ⊂ Bk, |z|−2 ≤ πe2/|Bk| for z ∈ Ak and log1/|z|> k in Ak, then

|S1| ≤ πe2d0

N

∑
k=1

1
k2 < 2πe2d0,

because
∞

∑
k=2

1
k2 <

∞∫

1

dt
t2 = 1.

Now, ∫

Ak

α(|z|)dm(z)≤ 1
k2

∫

Ak

dm(z)
|z|2 =

2π
k2 .

Moreover,

|ϕk −ϕk−1| = 1
|Bk|

∣∣∣∣∣∣
∫

Bk

(ϕ(z)−ϕk−1)dm(z)

∣∣∣∣∣∣

≤ e2

|Bk−1|
∫

Bk−1

|ϕ(z)−ϕk−1|dm(z)≤ e2d0,

and by the triangle inequality, for k ≥ 2,

ϕk = |ϕk| ≤ ϕ1 +
k

∑
l=2

|ϕl −ϕl−1| ≤ ϕ1 + ke2d0 = ϕ0 + ke2d0.

Hence,

S2 = |S2| ≤ 2π
N

∑
k=1

ϕk

k2 ≤ 4πϕ0 + 2πe2d0

N

∑
k=1

1
k
.
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But

N

∑
k=2

1
k
<

N∫

1

dt
t
= logN

and, for ε < εN ,

N = log
1

εN
< log

1
ε
.

Consequently,

N

∑
k=1

1
k
< 1+ loglog

1
ε
,

and thus, for

ε ∈ (0,e−e), η(ε)≤ 2π
(

e2d0 + 2 · e2d0+ϕ0
loglog 1

ε

)
· loglog 1

ε ≤C · loglog 1
ε . ��

Remark 5.3. The concept of finite mean oscillation can be extended to infinity in
the standard way. Namely, given a domain D in the extended complex plane C,
∞ ∈ D, and a function ϕ : D → R, we say that ϕ has finite mean oscillation at ∞ if
the function ϕ∗(z) = ϕ(1/z) has finite mean oscillation at 0. Clearly, by the change
of variables z � 1/z, the latter is equivalent to the condition

∫

|z|≥R

|ϕ(z)−ϕR|
dm(z)
|z|4 = O

(
1

R2

)
, (5.7.4)

where

ϕR =
R2

π

∫

|z|≥R

ϕ(z)
dm(z)
|z|4 . (5.7.5)

5.8 Estimate of Distortion

For points a,b ∈ C and a set E ⊂ C, the chord distance and chord diameter will be
denoted by s(a,b) and δ (E); see (2.5.4) and (2.5.5), respectively. Given a domain
D ⊂C, a measurable function Q : D → [1,∞] and a number Δ > 0, let FΔ

Q denote the

class of quasiconformal mappings f : D →C such that

δ (C\ f (D))≥ Δ (5.8.1)

and such that
Kf (z)≤ Q(z) a.e. in D. (5.8.2)
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This means, in particular, that f is a sense-preserving ACL homeomorphism and, in
addition to (5.8.2), Kf ∈ L∞(D).

Lemma 5.4. Let D be a domain in C with B(1/e)⊂D and f : D→C a qc mapping.
If f ∈ f ∈ FΔ

Q for some Δ > 0 and some function Q : B(1/e) → [1,∞] which is
integrable in B(1/e) and which is of finite mean oscillation at 0, then

s( f (z), f (0)) ≤ α0 ·
(

log
1
|z|

)−β0

(5.8.3)

for every point z ∈ B(e−e), where

α0 =
32
Δ
, (5.8.4)

β0 = (2q0 + 3e2d0)
−1, (5.8.5)

q0 is the mean value of Q(z) in B(1/e) and d0 is the maximal dispersion of Q(z) in
B(1/e).

Proof. Let Γε be a family of all paths joining the circles Sε = {z ∈ C : |z|= ε} and
S0 = {z ∈C : |z|= e−1} in the ring Aε = {z ∈C : ε < |z|< e−1}. Then the function:

ρε(z) =

⎧⎪⎨
⎪⎩

aε
1
z

log
1
|z|

, if z ∈ Aε ,

0, if z ∈ C\Aε ,

(5.8.6)

where

aε =

(
loglog

1
ε

)−1

, (5.8.7)

is admissible for Γε , and hence, by (2.5.6),

M( fΓε )≤
∫

D

Q(z) ·ρ2
ε (|z|)dm(z). (5.8.8)

Now, Q ∈ FMO at 0, and thus, by Lemma 5.3, (5.8.6) and (5.8.7),

∫

D

Q(z) ·ρ2
ε (|z|)dm(z)≤C ·aε (5.8.9)

and hence

M( fΓε )≤ C

loglog 1
ε
, (5.8.10)

where the constant C is as in Lemma 5.3.
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Note that C\ f Aε has exactly two components because f is a homeomorphism
and Aε is a doubly connected domain. Denote by Γ ∗

ε the family of all paths in C

joining the sets f Sε and f S0. Then

M(Γ ∗
ε ) = M( fΓε ). (5.8.11)

Indeed, on one hand fΓε ⊂ Γ ∗
ε and hence M( fΓε )≤ M(Γ ∗

ε ), and on the other hand
fΓε <Γ ∗

ε , i.e., every path in Γ ∗
ε contains a subpath which belongs to fΓε , and hence,

M( fΓε )≥ M(Γ ∗
ε ); see, e.g., Theorem 1(c) in [85]. Finally, by choosing ε = |z| and

invoking Lemma 2.13, we obtain (5.8.3). ��
Corollary 5.5. Let D be a domain in C, B(z0,r0) a disk in D, f : D → C a qc
mapping which belongs to FΔ

Q for some Δ > 0 and some function Q : B(z0,r0) →
[1,∞] which is integrable in B(z0,r0). If Q(z) is of finite mean oscillation at z0, then

s( f (z), f (z0))≤ α0 ·
(

log
er0

|z− z0|
)−β0

(5.8.12)

for every z ∈ B(z0,e1−er0), where α0 and β0 are as in (5.8.4) and (5.8.5), q0 is
the mean value of the function Q(z) over the disk B(z0,r0), and d0 is the maximal
dispersion of Q(z) in B(z0,r0).

Indeed, the mean value and the dispersion of a function over disks are invariant
under linear transformations of the independent variable; thus, (5.8.12) follows from
Lemma 5.4 by applying the transformation z � (z− z0)/er0.

5.9 Further Existence Theorems

Based on the distortion estimates of Sect. 5.8, we obtain by a standard approxima-
tion process the following existence theorem:

Theorem 5.9. Let D be a domain in C and μ : D → C a measurable function with
|μ(z)|< 1 a.e. If

Kμ(z)≤ Q(z) a.e. in D (5.9.1)

for some FMO function Q : D → [1,∞], then the Beltrami equation (B) has a
homeomorphic W 1,1

loc solution fμ : D →C with f−1
μ ∈W 1,2

loc .

Proof. Fix points z1 and z2 in D. For n ∈ N, define μn : D → C by letting
μn(z) = μ(z) if |μ(z)| ≤ 1− 1/n and 0 otherwise. Then ‖μn‖∞ < 1, and thus, by
the classical existence theorem, the Beltrami equation (B) with μn instead of μ has
a homeomorphic ACL solution fn : D → C which fixes prescribed z1 and z2 in D;
see, e.g., [9, 44] and [152]. By Corollary 5.5, the sequence fn is equicontinuous,
and hence, by the Arzela–Ascoli theorem (see, e.g., [73], p. 382, and [74], p. 267),
it has a subsequence, denoted again by fn, which converges locally uniformly to
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some nonconstant mapping f in D. Then f is a homeomorphic ACL solution of (B)
by Theorem 2.1 and Corollary 2.3 from Sect. 2.6. Since Q ∈ FMO, Q ∈ L1

loc, and

hence Kμ ∈ L1
loc. Therefore, f belongs to W 1,1

loc by Proposition 2.4. The inclusion

f−1 ∈W 1,2
loc follows by Corollary 2.4 from Sect. 2.6. ��

Remark 5.4. By Proposition 2.5 from Sect. 2.4, fμ has the N−1 property and fμ is
regular, i.e., differentiable with Jf μ (z)> 0 a.e.

Corollary 5.6. If Kμ(z) ≤ Q(z) a.e. and every point z ∈ D is a Lebesgue point for

Q(z), then the Beltrami equation (B) has a homeomorphic W 1,1
loc solution fμ with

f−1
μ ∈W 1,2

loc .

Corollary 5.7. If, for every point z0 ∈ D,

lim
ε→0

−
∫

B(z0,ε)
Kμ(z)dm(z) < ∞, (5.9.2)

then the Beltrami equation (B) has a homeomorphic W 1,1
loc solution fμ with

Jfμ (z)> 0 a.e.

Remark 5.5. (1) Note that if f : C → C is Q(z)-qc with Q ∈ BMO, then f is
surjective and extends to a BMO-qc mapping of C onto itself because isolated
singularities are removable for BMO functions; see, e.g., [211]. However,
a Q(z)-qc mapping f need not be surjective if the condition Q ∈ BMO is
replaced by the weaker condition Q∈ FMO. For instance, the dilatation of every
diffeomorphism of C onto the unit disk Δ is continuous and hence belongs to
FMO, but f : C→ C is not surjective. Note that f−1 is a diffeomorphism of Δ
onto C, and its dilatation is also in FMO.

(2) In view of Lemma 5.4, Theorem 5.9 extends to the case where ∞ ∈ D ⊂C if the
condition that Q(z) has finite mean oscillation at ∞ is added; see Remark 5.3. In
this case, there exists a homeomorphic W 1,1

loc solution f = fμ in D with f (∞) =

∞ and f−1
μ ∈ W 1,2

loc . Here f ∈ W 1,1
loc in D means that f ∈ W 1,1

loc in D \ {∞} and

that f ∗(z) = 1/ f (1/z) belongs to W 1,1 in a neighborhood of 0. The statement
f−1 ∈ W 1,2

loc has a similar meaning. Consequently, if the condition (5.9.2) holds
at every point z0 ∈ D\ {∞} and if

∫

|z|>R

Kμ(z)
dm(z)
|z|4 = O

(
1

R2

)
as R → ∞, (5.9.3)

then the Beltrami equation (B) has a homeomorphic W 1,1
loc solution fμ with

f−1
μ ∈W 1,2

loc .
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(3) In view of the dilatation estimate in Lemma 5.4 and Corollary 5.5, the condition
(5.9.1) in Theorem 5.9 can be localized, yielding the following corollaries:

Corollary 5.8. Let D be a domain in C and μ : D → C a measurable function
with |μ(z)| < 1 a.e. If for every point z0 ∈ D, there exist a disk B(z0,r0) ⊂ D and
a function Qz0 : B(z0,r0) → [1,∞] which is of finite mean oscillation at z0 such
that Kμ(z) ≤ Qz0(z) for a.e. z ∈ B(z0,r0), then the Beltrami equation (B) has a

homeomorphic W 1,1
loc solution fμ : D →C with f−1

μ ∈W 1,2
loc .

Corollary 5.9. Let μ : C→ C be a measurable function with |μ(z)|< 1 a.e. If

Kμ(z) = O

(
log

1
|z− z0|

)
as z → z0 (5.9.4)

for every point z0 ∈ C and

Kμ(z) = O(log |z|) as z → ∞, (5.9.5)

then the Beltrami equation (B) has a homeomorphic W 1,1
loc solution fμ : C→C with

f (C) = C such that f−1
μ ∈W 1,2

loc .



Chapter 6
Ring Q-Homeomorphisms at Boundary Points

In this chapter, we introduce and study plane ring Q-homeomorphisms. This study is
then applied to deriving general principles on the existence of strong ring solutions
to the Beltrami equation extending and strengthening earlier results; see the next
chapter.

6.1 Introduction

Basically, there are three definitions of quasiconformality: analytic, geometric, and
metric. They are equivalent with the same parameter of quasiconformality K. By
the analytic definition, a homeomorphism f : D →C, D ⊂ C, is K-quasiconformal,
abbreviated as K-qc, if f is ACL and

esssup Kμ(z) = K < ∞, (6.1.1)

where μ is the complex dilatation of f and

Kμ(z) =
1+ |μ(z)|
1−|μ(z)| (6.1.2)

is its dilatation; see Sects. 2.4 and 3.1 for details. According to the equivalent
geometric definition (see, e.g., [258]), f is K-quasiconformal if

sup
M( fΓ )

M(Γ )
= K < ∞, (6.1.3)

where the supremum is taken over all path families Γ in D with modulus M(Γ )�= 0.
It was noted by Ahlfors and Gehring that the supremum in (6.1.3) can be taken over
special families yielding the same bound K. In particular, by [89], one may restrict
to families of paths connecting the boundary components of rings in D.

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 6,
© Springer Science+Business Media, LLC 2012
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Given a measurable function Q : D → [1,∞], we say that a homeomorphism
f : D → C is a Q-homeomorphism if

M( fΓ )≤
∫

D

Q(z) ·ρ2(z) dm(z) (6.1.4)

holds for every path family Γ in D and each ρ ∈ admΓ . This term was introduced
in [162] (see also [164] and [163] and the monograph [165]), and the inequality was
used in [210] and [211] as a basic tool in studying BMO-qc mappings.

Probably, the inequality

M( fΓ )≤
∫

D

Kμ(z) ·ρ2(z) dm(z) (6.1.5)

for μ = μ f was first obtained in [153], p. 221, (see also [152]) for quasiconformal
mappings. Note that Kμ cannot be replaced by a smaller function in (6.1.5) unless
one restricts either to special families Γ or to special ρ ∈ admΓ . In Sect. 7.2, (6.1.5)
is improved for special Γ and ρ and then used for deriving new criteria for the
existence of homeomorphic solutions of the Beltrami equation (B).

Motivated by the ring definition of quasiconformality in [89], we introduced the
following notion that localizes and extends the notion of a Q-homeomorphism; see
[220]. Let D be a domain in C, z0 ∈ D \ {∞}, D(z0,r0) = {z ∈ D : |z− z0| < r0},
r0 ≤ supz∈D |z− z0|, and let Q : D(z0,r0)→ [0,∞] be a measurable function. We say
that a homeomorphism f of D into C is called a ring Q-homeomorphism at the point
z0 if

M(Δ( fC0, fC1, f D)) ≤
∫

A∩D

Q(z) ·η2(|z− z0|) dm(z) (6.1.6)

for every ring A = A(z0,r1,r2) = {z ∈ C : r1 < |z− z0| < r2}, 0 < r1 < r2 < r0,
and for every continua C0 and C1 in D which belong to the different components of
the complement to the ring A in C, containing z0 and ∞, respectively, and for every
measurable function η : (r1,r2)→ [0,∞] such that

r2∫

r1

η(r) dr = 1. (6.1.7)

Note that the function Q in this definition can be always extended in a measurable
way to D or even to C, say by zero.

The notion of ring Q-homeomorphism can be extended to ∞ in the standard
way. More precisely, given a domain D in C, ∞ ∈ D, D(∞,r0) = {z ∈ D : |z| >
r0}, r0 ≥ infz∈D |z|, a measurable function Q : D(∞,r0) → [0,∞], we say that a
homeomorphism f of D into C is called a ring Q-homeomorphism at ∞, if the
homeomorphism f∗ = f ◦ j is a Q∗-homeomorphism at 0, where Q∗ = Q ◦ j and
j(z) = z/|z|2 is the inversion with respect to the unit circle |z| = 1 in C, j(∞) = 0
and j(0) = ∞.



6.1 Introduction 99

Given a measurable function Q : D → [0,∞], we also say that a homeomorphism
f of D into C is called a ring Q-homeomorphism if it is a ring Q-homeomorphism
at every point z0 ∈ D.

Note that every Q-homeomorphism f : D → C is a ring Q-homeomorphism at
each point z0 ∈ D. In the next section, we give other conditions on f which force it
to be a ring Q-homeomorphism.

A point z ∈ C is called a regular point for a mapping f : D → C if f is
differentiable at z and Jf (z) �= 0. Given ω ∈ C, |ω | = 1, the derivative in the
direction ω of the mapping f at the point z is

∂ω f (z) = lim
t→+0

f (z+ t ·ω)− f (z)
t

. (6.1.8)

The radial direction at a point z ∈ D with respect to the center z0 ∈ C, z0 �= z, is

ω0 = ω0(z,z0) =
z− z0

|z− z0| . (6.1.9)

The radial dilatation of f at z with respect to z0 is defined by

Kr(z,z0, f ) =
|Jf (z)|

|∂ z0
r f (z)|2 (6.1.10)

and the tangential dilatation by

KT (z,z0, f ) =
|∂ z0

T f (z)|2
|Jf (z)| , (6.1.11)

where ∂ z0
r f (z) is the derivative of f at z in the direction ω0 and ∂ z0

T f (z) in τ = iω0,
respectively.

Note that if z is a regular point of f and |μ(z)|< 1, μ(z) = fz/ fz, then

Kr(z,z0, f ) = Kr
μ(z,z0) (6.1.12)

and
KT (z,z0, f ) = KT

μ (z,z0), (6.1.13)

where

KT
μ (z,z0) =

∣∣∣1− z−z0
z−z0

μ(z)
∣∣∣2

1−|μ(z)|2 (6.1.14)

and

Kr
μ(z,z0) =

1−|μ(z)|2∣∣∣1+ z−z0
z−z0

μ(z)
∣∣∣2

; (6.1.15)
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cf. [99, 147] and [198]. Indeed, the equalities (6.1.12) and (6.1.13) follow directly
from the calculations

∂r f =
∂ f
∂ z

· ∂ z
∂ r

+
∂ f
∂ z

· ∂ z
∂ r

=
z− z0

|z− z0| · fz +
z− z0

|z− z0| · fz , (6.1.16)

where r = |z− z0|, and

∂T f =
1
r

(
∂ f
∂ z

· ∂ z
∂ϑ

+
∂ f
∂ z

· ∂ z
∂ϑ

)
= i ·

(
z− z0

|z− z0| · fz − z− z0

|z− z0| · fz

)
, (6.1.17)

where ϑ = arg(z− z0) because Jf (z) = | fz|2 −| fz|2.
An ACL homeomorphism f : D → C is called a strong ring solution of the

Beltrami equation (B) with a complex coefficient μ if f satisfies (B) a.e., f−1 ∈W 1,2
loc

and f is a ring Q-homeomorphism at every point z0 ∈ D with Q(z) = Qz0(z) =
KT

μ (z,z0); (see (6.1.6) and (6.1.14)). In the next chapter we show that strong ring
solutions exist for wide classes of the degenerate Beltrami equations.

Note that the existence theorems in the next chapter (see also Theorem 6.1 and
Corollary 6.1 in the next section) show that Q(z) for ring Q-homeomorphisms
can be less than 1 on a set of positive measure in a neighborhood of a point z0

because KT
μ (z,z0) is so. This is the essential difference of ring Q-homeomorphisms

in comparison with Q-homeomorphisms; cf., e.g., [165].

6.2 Examples and Properties

The big radial dilatation of f at z with respect to z0 is defined by

KR(z,z0, f ) =
|Jf (z)|

|∂ z0
R f (z)|2 , (6.2.1)

where

|∂ z0
R f (z)| = min

ω∈C,|ω|=1

|∂ω f (z)|
|Reωω0| . (6.2.2)

Here Reωω0 is the scalar product of vectors ω and ω0. In the other words, Reωω0

is the projection of the vector ω onto the radial direction ω0. Obviously, there is a
unit vector ω∗ such that

|∂ z0
R f (z)| =

|∂ω∗ f (z)|
|Reω∗ω0| . (6.2.3)

It is clear that

|∂ z0
r f (z)| ≥ |∂ z0

R f (z)| ≥ min
ω∈C,|ω|=1

|∂ω f (z)|, (6.2.4)
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and hence,
Kr(z,z0, f ) ≤ KR(z,z0, f ) ≤ Kμ(z), (6.2.5)

and the equalities hold in (6.2.5) if and only if the minimum in the right-hand side
of (6.2.4) is realized for the radial direction ω = ω0.

Note that ∂ z0
r f (z) �= 0, |∂ z0

R f (z)| �= 0 and ∂ z0
T f (z) �= 0 at every regular point z �=

z0 of f ; see, e.g., 1.2.1 in [202]. In view of (6.1.11), (6.1.13), and (6.1.14), the
following lemma shows that the big radial dilatation coincides with the tangential
dilatation at every regular point:

Lemma 6.1. Let z ∈ D be a regular point of a mapping f : D →C with the complex
dilatation μ(z) = fz/ fz such that |μ(z)|< 1. Then

KR(z,z0, f ) =

∣∣∣1− z−z0
z−z0

μ(z)
∣∣∣2

1−|μ(z)|2 ∀ z0 ∈C. (6.2.6)

Proof. The derivative of f at the regular point z in the arbitrary direction ω = eiα is
the quantity ∂ω f (z)= fz + fz ·e−2iα ; see, e.g., [152], pp. 17 and 182. Consequently,

X : =
|∂ z0

R f (z)|2
| fz|2 = min

α∈[0,2π ]

|μ(z)+ e2iα |2
cos2(α −ϑ)

= min
β∈[0,2π ]

|ν − e2iβ |2
sin2 β

= min
β∈[0,2π ]

1+ |ν|2 − 2|ν|cos(κ − 2β )
sin2 β

= min
t∈[−1,1]

1+ |ν|2 − 2|ν| · [(1− 2t2)cos κ ± 2t(1− t2)1/2 sin κ ]
t2 ,

where t = sin β , β = α + π
2 −ϑ , ν = μ(z)e−2iϑ and κ = argν = arg μ −2ϑ . Hence

X = min
τ∈[1,∞]

ϕ±(τ) where τ = 1/sin2 β , ϕ±(τ) = b+ aτ ± c(τ − 1)1/2,

a = 1 + |ν|2 − 2 |ν| cosκ , b = 4 |ν| cosκ , c = 4 |ν| sinκ .

Since ϕ ′±(τ) = a±(τ−1)−1/2c/2 the minimum is realized for τ = 1+c2/4a2 under
(τ − 1)1/2 =∓c/2a, correspondingly, where the signs are opposite. Thus,

X = b+

(
a+

1
4

c2

a

)
− 1

2
c2

a
=

(1−|ν|2)2

1+ |ν|2 − 2|ν|cosκ
,

that implies (6.2.6). ��
Some prototypes of the following theorem can be found in [99, 147] and [198].

In these theorems, both |μ | and argμ are incorporated in modulus estimations.
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Theorem 6.1. Let f : D → C be a sense-preserving homeomorphism of the class
W 1,2

loc such that f−1 ∈ W 1,2
loc . Then at every point z0 ∈ D, the mapping f is a ring

Q-homeomorphism with Q(z) = KT
μ (z,z0), where μ(z) = μ f (z).

Proof. Fix z0 ∈ D, and r1 and r2 such that 0 < r1 < r2 < r0 ≤ supz∈D |z−z0|, and let
S1 = {z∈C : |z−z0|= r1} and S2 = {z∈C : |z−z0|= r2}. Set Γ = Δ(S1,S2,D) and
denote by Γ∗ the family of all rectifiable paths γ∗ ∈ fΓ for which f−1 is absolutely
continuous on every closed subpath of γ∗. Then M( fΓ ) = M(Γ∗) by the Fuglede
theorem (see [85] and [258]) because f−1 ∈ ACL2; see, e.g., [171], p. 8.

Note that, for any continua C0 and C1 in D contained in the different connected
components of the complement of the ring

A = A(z0,r1,r2) = {z ∈ C : r1 < |z− z0|< r2}

in C, the family Δ(C0,C1,D) is minorized by the family Δ(S1,S2,A), i.e., ev-
ery path in Δ(C0,C1,D) contains a path in Δ(S1,S2,A) as its subpath. Hence,
M(Δ(C0,C1,D))≤ M(Δ(S1,S2,A)), and thus, it is sufficient to prove the inequality

M(Δ(S1,S2,A)) ≤
∫

A

Q(z) η2(|z− z0|) dm(z)

for every measurable function, η : (r1,r2)→ [0,∞] with
∫ r2

r1
η(r)dr = 1.

Fix γ∗ ∈ Γ∗. Set γ = f−1 ◦ γ∗ and denote by s and s∗ natural (length) parameters
of γ and γ∗, respectively. Note that the correspondence s∗(s) between the natural
parameters of γ∗ and γ is a strictly monotone function and we may assume that s∗(s)
is increasing. For γ∗ ∈Γ∗, the inverse function s(s∗) has the (N) property and s∗(s) is
differentiable a.e. as a monotone function. Thus, (ds∗)/(ds)�= 0 a.e. on γ by [189].
Let s be such that z = γ(s) is a regular point for f and suppose that γ is differentiable
at s with (ds∗)/(ds)�= 0. Let r = |z− z0| and let ω be a unit tangential vector to the
path γ at the point z = γ(s). Then

∣∣∣∣ dr
ds∗

∣∣∣∣ =
dr
ds
ds∗
ds

=
|Reωω0|
|∂ω f (z)| ≤ 1

|∂ z0
R f (z)| , (6.2.7)

where |∂ z0
R f (z)| is defined by (6.2.2).

Now, let η : (r1,r2)→ [0,∞] be an arbitrary measurable function such that

r2∫

r1

η(r) dr = 1. (6.2.8)

By the Lusin theorem, there is a Borel function η∗ : (r1,r2) → [0,∞] such that
η∗(r) = η(r) a.e. (see, e.g., 2.3.5 in [83] and [Sa], p. 69). Let

ρ(z) = η∗(|z− z0|)
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in the ring A = {z ∈ C : r1 < |z− z0|< r2} and ρ(z) = 0 outside of A. Set

ρ∗(w) = {ρ/|∂ z0
R f |} ◦ f−1(w)

if z = f−1(w) is a regular point of f , ρ∗(w) = ∞ at the rest points of f (D) and
ρ∗(w) = 0 outside f (D). Then by (6.2.7) and (6.2.8), for γ∗ ∈ Γ∗,

∫

γ∗

ρ∗ds∗ ≥
∫

γ∗

η(r)
∣∣∣∣ dr
ds∗

∣∣∣∣ ds∗ ≥
∫

γ∗

η(r)
dr
ds∗

ds∗ =

r2∫

r1

η(r) dr = 1

because the function z= γ(s(s∗)) is absolutely continuous and hence so is r = |z−z0|
as a function of the parameter s∗. Consequently, ρ∗ is admissible for all γ∗ ∈ Γ∗.

By Proposition 2.5, f and f−1 are regular a.e. and have the property (N). Thus, by
change of variables (see, e.g., Theorem 6.4 in [177]), we have in view of Lemma 6.1
that

M( fΓ ) ≤
∫

f (A)

ρ∗(w)2dudv =
∫

A

ρ(z)2 KT
μ (z,z0)dm(z)

=

∫

A

KT
μ (z,z0) ·η2(|z− z0|) dm(z),

i.e., f is a ring Q-homeomorphism with Q(z) = KT
μ (z,z0). ��

If f is a plane W 1,2
loc homeomorphism with a locally integrable Kf (z), then f−1 ∈

W 1,2
loc ; see, e.g., [104]. Hence, we obtain the following consequence of Theorem 6.1

which will be quoted further:

Corollary 6.1. Let f : D → C be a sense-preserving homeomorphism of the class
W 1,2

loc and suppose that Kf (z) ∈ L1
loc. Then f is a ring Q-homeomorphism at every

point z0 ∈ D with Q(z) = KT
μ (z,z0), where μ(z) = μ f (z).

Since KT
μ (z,z0)≤ Kμ(z), we have also the following corollary:

Corollary 6.2. Let f : D → C be a sense-preserving homeomorphism of the class
W 1,2

loc with Kf ∈ L1
loc. Then f is a ring Q-homeomorphism with Q(z) = Kf (z).

6.3 The Completeness of Ring Homeomorphisms

The following convergence theorem is crucial. It will allow us to derive new
theorems on existence of strong ring solutions for the Beltrami equation.
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Theorem 6.2. Let fn : D → C, n = 1,2, . . . , be a sequence of ring
Q-homeomorphisms at a point z0 ∈ D. If fn converges locally uniformly to a
homeomorphism f : D →C, then f is also a ring Q-homeomorphism at z0.

Proof. Note first that every point w0 ∈ D′ = f D belongs to D′
n = fnD for all n ≥ N

together with D(w0,ε), where D(w0,ε) = {w ∈ C : s(w,w0) < ε} for some ε > 0.
Indeed, set δ = 1

2 s(z0,∂D), where z0 = f−1(w0) and εn = s(w0,∂ fnD(z0,δ )).
Note that the sets fnD(z0,δ ) are open and εn > 0 is the radius of the maximal
closed disk centered at w0 which is inside fnD(z0,δ ). Assume that εn → 0 as
n → ∞. Since ∂D(z0,δ ) and ∂ fnD(z0,δ ) = fn∂D(z0,δ ) are compact, there exist
zn ∈ ∂D(z0,δ ), s(zn,z0) = δ , such that εn = s(w0, fn(zn)), and we may assume that
zn → z∗ ∈ ∂D(z0,δ ) as n → ∞, and then fn(zn) → f (z∗) as n → ∞; see, e.g., [74],
p. 268. However, by the construction, s(w0, fn(zn)) = εn → 0 as n → ∞ and hence
f (z∗) = f (z0), i.e., z = z∗. This contradiction disproves the above assumption. Thus,
we obtain also that every compact set C ⊂D′ belongs to D′

n for all n≥N for some N.
Now, we note that D′ =

⋃∞
m=1 Cm where Cm = D∗

m, and D∗
m is a connected

component of the open set Ωm = {w ∈ D′ : s(w,∂D′) > 1/m}, m = 1,2, . . . ,
including a fixed point w0 ∈ D′. Indeed, every point w ∈ D′ can be joined with
w0 by a path γ in D′. Because |γ| is compact, we have that s(|γ|,∂D′) > 0 and,
consequently, w ∈ D∗

m for large enough m = 1,2, . . . .
Next, take an arbitrary pair of continua E and F in D which belong to the

different connected components of the complement of a ring A = A(z0,r1,r2) =
{z ∈ C : r1 < |z− z0|< r2}, z0 ∈ D, 0 < r1 < r2 < r0 ≤ supz∈D |z− z0|. For m ≥ m0,
continua f E and f F belong to D∗

m. Fix one such m. Then the continua fnE and fnF
also belong to D∗

m for large enough n. It is well known that

M(Δ( fnE, fnF ;D∗
m)) → M(Δ( f E, f F ;D∗

m))

as n → ∞; see Theorem 1 in [251]. However, D∗
m ⊂ fnD for large enough n and

hence
M(Δ( fnE, fnF ;D∗

m)) ≤ M(Δ( fnE, fnF ; fnD))

and, thus, by definition of ring Q-homeomorphisms (see (6.1.6))

M(Δ( f E, f F ;D∗
m)) ≤

∫

A∩D

Q(z) ·η2(|z− z0|) dm(z)

for every measurable function η : (r1,r2)→ [0,∞] such that

r2∫

r1

η(r) dr = 1.

Finally, since Γ=
⋃∞

m=m0
Γm where Γ=Δ( f E, f F ; f D) and Γm : =Δ( f E, f F ;D∗

m)
is increasing in m = 1,2, . . . , we obtain that M(Γ ) = limm→∞ M(Γm) (see [272]), and
thus
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M(Δ( f E, f F ; f D)) ≤
∫

A∩D

Q(z) ·η2(|z− z0|) dm(z),

i.e., f is a ring Q-homeomorphism at z0. ��

6.4 One Integral Inequality

The following statement is a partial case of Lemma 3.1 for n = 2 in [209]; cf. also a
simpler version in Lemma 2.19.

Lemma 6.2. Let Q :D→ [0,∞] be a measurable function, and let Φ : [0,∞]→ [0,∞]
be a nondecreasing convex function. Then

1∫

ε

dr
rq(r)

≥ 1
2

M(ε)
ε2∫

eM(ε)

dτ
τΦ−1(τ)

∀ε ∈ (0,1), (6.4.1)

where q(r) is the average of the function Q over the circle |z| = r and M(ε) is the
average of Φ ◦Q over the ring C(ε) = { z ∈ C : ε < |z| < 1 }.
Proof. The result is obvious if M(ε) = ∞ because then the integral in the right-hand
side in (6.4.1) is equal to zero. Hence, we may assume M(ε)< ∞. Moreover, by the
same reasons, we may also assume that M(ε) > 0. Denote

t∗ = sup
Φ(t)=τ0

t, τ0 = Φ(0). (6.4.2)

Setting
H(t) : = log Φ(t), (6.4.3)

we see that
H−1(η) = Φ−1(eη ), Φ−1(τ) = H−1(log τ). (6.4.4)

Thus, we obtain that

q(r) = H−1
(

log
h(r)
r2

)
= H−1

(
2log

1
r
+ log h(r)

)
∀ r ∈ R∗, (6.4.5)

where h(r) : = r2Φ (q(r)) and R∗ = { r ∈ (ε,1) : q(r) > t∗}. Then also

q(e−s) = H−1 (2s + log h(e−s)
) ∀ s ∈ S∗, (6.4.6)

where S∗ = {s ∈ (0, log 1
ε ) : q(e−s) > t∗}.
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Now, by the Jensen inequality and convexity of Φ , we have that

log 1
ε∫

0

h(e−s) ds =

1∫

ε

h(r)
dr
r

=

1∫

ε

Φ(q(r)) rdr

≤
1∫

ε

(
−
∫

S(r)
Φ(Q(x)) dA

)
rdr ≤ 1

2
M(ε), (6.4.7)

where we use the mean value of the function Φ ◦ Q over the circle C(r) =
{z ∈ C : |z|= r}. Then arguing by contradiction, it is easy to see that

|T | =
∫

T

ds ≤ 1
2
, (6.4.8)

where T = { s ∈ (0, log 1
ε ) : h(e−s) > M(ε)}. Next, let us show that

q
(
e−s) ≤ H−1 (2s + log M(ε)) ∀ s ∈

(
0, log

1
ε

)
\T∗, (6.4.9)

where T∗ = T ∩ S∗. Note that
(
0, log 1

ε
) \ T∗ =

[(
0, log 1

ε
)\ S∗

]∪ [(0, log 1
ε
)\T

]
=
[(

0, log 1
ε
)\ S∗

]∪ [S∗ \T ]. The inequality (6.4.9) holds for s ∈ S∗ \T by (6.4.6)
because H−1 is a nondecreasing function. Note also that by (6.4.2),

e2sM(ε) > Φ(0) = τ0 ∀ s ∈
(

0, log
1
ε

)
, (6.4.10)

and then by (6.4.4),

t∗ < Φ−1 (e2sM(ε)
)
= H−1 (2s + log M(ε)) ∀ s ∈

(
0, log

1
ε

)
. (6.4.11)

Consequently, (6.4.9) holds for s ∈ (0, log 1
ε )\ S∗, too. Thus, (6.4.9) is true.

Since H−1 is non-decreasing, we have by (6.4.8) and (6.4.9) that

1∫

ε

dr
rq(r)

=

log 1
ε∫

0

ds
q(e−s)

≥
∫

(0,log 1
ε )\T∗

ds
H−1(2s+Δ)

≥
log 1

ε∫

|T∗|

ds
H−1(ns+Δ)

≥
log 1

ε∫

1
2

ds
H−1(2s+Δ)

=
1
2

log 1
ε∫

1+Δ

dη
H−1(η)

,

(6.4.12)
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where Δ = logM(ε). Note that 1+Δ = log eM(ε). Thus,

1∫

ε

dr
rq(r)

≥ 1
2

log 1
ε∫

logeM(ε)

dη
H−1(η)

(6.4.13)

and, after the substitution η = log τ , we obtain (6.4.1). ��

6.5 Distortion Estimates

The following simple remark makes it possible to obtain a number of significant
conclusions on ring Q-homeomorphisms:

Proposition 6.1. If f is a ring Q-homeomorphism at a point z0 ∈ D for a
measurable function Q : B(z0,r0) → [0,∞] with r0 = dist (z0,∂D), C0 = {z ∈ C :
|z− z0|= ε0}, Cε = {z ∈ C : |z− z0|= ε}, 0 < ε < ε0 < r0, A(ε,ε0) = {z ∈C : ε <
|z− z0|< ε0}, then

M(Δ( fCε , fC0)) ≤ ω(ε), (6.5.1)

where

ω(ε) =
1

I2(ε)

∫

A(ε,ε0)

Q(z) ·ψ2
ε (|z− z0|) dm(z) (6.5.2)

for every one-parameter family of measurable functions ψε : [0,∞] → [0,∞],
0 < ε < ε0 < r0, such that

0 < I(ε) =

ε0∫

ε

ψε (t) dt < ∞ ∀ε ∈ (0,ε0). (6.5.3)

Indeed, (6.5.1) follows with choosing η(r) = ψε(r)/I(ε), r ∈ (ε,ε0), in (6.1.6).

Using Proposition 6.1, we present now a sharp capacity estimate for ring
Q-homeomorphisms. This estimate depends only on Q, and it implies as a special
case a known inequality, which was proved for quasiconformal mappings by Reich
and Walczak in [198] and that has later on been applied by several authors.

Below, we use the standard conventions a/∞ = 0 for a �= ∞ and a/0 = ∞ if a > 0
and 0 ·∞ = 0; see, e.g., [224], p. 6.

Lemma 6.3. Let D be a domain in C, z0 a point in D, r0 ≤ dist (z0,∂D),
Q : B(z0,r0) → [0,∞] a measurable function and q(r) the mean of Q(z) over the
circle |z− z0|= r. For 0 < r1 < r2 < r0, set

I = I(r1,r2) =

r2∫

r1

dr
rq(r)

(6.5.4)
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and Cj = {z ∈ C : |z− z0|= r j}, j = 1,2. Then

M(Δ( fC1, fC2)) ≤ 2π
I

(6.5.5)

whenever f is a ring Q-homeomorphism of D0 = D\ {z0} into C at z0.

Proof. With no loss of generality, we may assume that I �= 0, because otherwise
(6.5.5) is trivial, and that I �= ∞, because otherwise we can replace Q(z) by Q(z)+δ
with arbitrarily small δ > 0 and then take the limit as δ → 0 in (6.5.5). The condition
I �= ∞ implies, in particular, that q(r)�= 0 a.e. in (r1,r2).

For I �= 0,∞, Lemma 6.3 follows from Proposition 6.1 by choosing

ψε(t) ≡ ψ(t) : =

{
1/[tq(t)] , t ∈ (0,ε0),

0, otherwise,
(6.5.6)

with ε = r1 and ε0 = r2 because

∫

A

Q(z) ·ψ2(|z− z0|) dm(z) = 2πI, (6.5.7)

where A = A(z0,r1,r2) = {z ∈ C : r1 < |z− z0|< r2}. ��
Corollary 6.3. For every ring Q-homeomorphism f of D0 = D \ {z0} into C at
z0 ∈ D and 0 < r1 < r2 < r0 = dist(z0,∂D),

r2∫

r1

dr
rq(r)

< ∞, (6.5.8)

where q(r) is the mean of Q(z) over the circle |z− z0|= r.

Indeed, by (2.5.2), (2.5.3), and (2.5.15) with E = fC1 and F = fC2,

M(Δ( fC1, fC2)) ≥ 2π
log 32

δ ( fC1)δ ( fC2)

. (6.5.9)

The right-hand side in (6.5.9) is positive because f is injective. Thus, Corollary 6.3
follows from (6.5.5) in Lemma 6.3.

Corollary 6.4. Let f : D → C be a W 1,2
loc homeomorphism in a domain D ⊂ C such

that

Kμ(z) =
1+ |μ(z)|
1−|μ(z)| ∈ L1

loc(D), (6.5.10)
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where μ(z) = μ f (z). Set

qT
z0
(r) =

1
2π

2π∫

0

|1− e−2iϑ μ(z0 + reiϑ )|2
1−|μ(z0 + reiϑ )|2 dϑ . (6.5.11)

Then
r2∫

r1

dr
rqT

z0
(r)

< ∞ (6.5.12)

for every z0 ∈ D and 0 < r1 < r2 < d0 where d0 = dist(z0,∂D).

Corollary 6.4 follows from Corollaries 6.1 and 6.3 and from the definition of the
tangential dilatation KT

μ (z,z0).

Corollary 6.5. Let f : D → C be a W 1,2
loc homeomorphism with Kμ(z) ∈ L1

loc, where
μ(z) = μ f (z). Then

M(Δ( fC1, fC2)) ≤

⎡
⎢⎢⎢⎣

r2∫

r1

dr

r
2π∫
0

|1−e−2iϑ μ(z0+reiϑ )|2
1−|μ(z0+reiϑ )|2 dϑ

⎤
⎥⎥⎥⎦

−1

. (6.5.13)

Indeed, by Corollary 6.1, f is a ring Q-homeomorphism at z0 with
Q(z) = KT

μ (z,z0). Thus, (6.5.13) follows from Lemma 6.3.

Remark 6.1. Equation (6.5.13) was first derived by Reich and Walczak [198] for
quasiconformal mappings, and then by Lehto [147] for certain μ-homeomorphisms,
and was later applied in [56, 57] and [98, 99] to the study of degenerate Beltrami
equations.

The following lemma shows that the estimate (6.5.5), which implies (6.5.13),
cannot be improved in the class of all ring Q-homeomorphisms. Note that the addi-
tional condition (6.5.14) which appears in the following lemma holds automatically
for every ring Q-homeomorphism by Corollary 6.3:

Lemma 6.4. Fix 0 < r1 < r2 < r0, A = {z ∈ C : r1 < |z− z0| < r2}, and suppose
that Q : B(z0,r0)→ [0,∞] is a measurable function such that

c0 : =

r2∫

r1

dr
rq(r)

< ∞, (6.5.14)

where q(r) is the average of Q(z) over the circle |z− z0|= r, and let

η0(r) =
1

c0rq(r)
. (6.5.15)
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Then

2π
c0

=

∫

A

Q(z) ·η2
0 (|z− z0|) dm(z) ≤

∫

A

Q(z) ·η2(|z− z0|) dm(z) (6.5.16)

for any η : (r1,r2)→ [0,∞] such that

r2∫

r1

η(r) dr = 1. (6.5.17)

Proof. If c0 = 0, then q(r) = ∞ for a.e. r ∈ (r1,r2) and both sides in (6.5.16) are
equal to ∞. Hence, we may assume below that 0 < c0 < ∞.

Now, by (6.5.14) and (6.5.17), q(r)�= 0 and η(r)�= ∞ a.e. in (r1,r2). Set α(r) =
rq(r)η(r) and w(r) = 1/rq(r). Then by the standard conventions, η(r) = α(r)w(r)
a.e. in (r1,r2) and

C : =
∫

A

Q(z) ·η2(|z− z0|) dm(z) = 2π
r2∫

r1

α2(r) ·w(r) dr. (6.5.18)

By Jensen’s inequality with weights (see, e.g., Theorem 2.6.2 in [196]), applied
to the convex function ϕ(t) = t2 in the interval Ω = (r1,r2) with the probability
measure

ν(E) =
1
c0

∫

E

w(r) dr, (6.5.19)

we obtain that
(
−
∫

α2(r)w(r) dr

)1/2

≥ −
∫

α(r)w(r) dr =
1
c0
, (6.5.20)

where we also used the fact that η(r) = α(r)w(r) satisfies (6.5.17). Thus,

C ≥ 2π
c0

(6.5.21)

and the proof is complete. ��
Given a number Δ ∈ (0,1), a domain D ⊂ C, a point z0 ∈ D, a number r0 ≤

dist(z0,∂D), and a measurable function Q : B(z0,r0) → [0,∞], let RΔ
Q denote the

class of all ring Q-homeomorphisms f of D0 = D\ {z0} into C at z0 such that

δ ((C\ f D0)\E0)≥ Δ , (6.5.22)
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where E0 denotes the connected component of C \ f D0 including the cluster set
C(z0, f ). Next, we introduce the classes BΔ

Q and FΔ
Q of certain quasiconformal

mappings. Let BΔ
Q denote the class of all quasiconformal mappings f : D → C

satisfying (6.5.22) such that

KT
μ (z,z0) =

∣∣∣1− z−z0
z−z0

μ(z)
∣∣∣2

1−|μ(z)|2 ≤ Q(z) a.e. in B(z0,r0), (6.5.23)

where μ = μ f . Similarly, let FΔ
Q denote the class of all quasiconformal mappings

f : D →C satisfying (6.5.22) such that

Kμ(z) =
1+ |μ(z)|
1−|μ(z)| ≤ Q(z) a.e. in B(z0,r0). (6.5.24)

Remark 6.2. By Corollaries 6.1 and the relations (6.2.5) and (6.1.13),

FΔ
Q ⊂ BΔ

Q ⊂ RΔ
Q . (6.5.25)

Combining Lemma 2.13 and Proposition 6.1, we obtain the following general
distortion estimate in the class RΔ

Q:

Corollary 6.6. Let f ∈RΔ
Q, and let ω(ε) be as in Proposition 6.1. Then

s( f (ζ ), f (ζ ′)) ≤ 32
Δ

· exp

(
− 2π

ω(|ζ − z0|)
)

(6.5.26)

for all ζ ∈ B(z0,ε0)\ {z0} and ζ ′ ∈ B(z0, |ζ − z0|)\ {z0}.

In particular, choosing ψε(t)≡ ψ(t), ε ∈ (0,ε0) in Proposition 6.1, we obtain the
following statement:

Theorem 6.3. Let f ∈ RΔ
Q, and let ψ : [0,∞] → [0,∞] be a measurable function

such that

0 <

ε0∫

ε

ψ(t) dt < ∞ ∀ ε ∈ (0,ε0). (6.5.27)

Suppose that

∫

ε<|z−z0|<ε0

Q(z) ·ψ2(|z− z0|) dm(z) ≤ C ·
ε0∫

ε

ψ(t) dt (6.5.28)
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for all ε ∈ (0,ε0). Then

s( f (ζ ), f (ζ ′)) ≤ 32
Δ

· exp

⎛
⎜⎝−2π

C
·

ε0∫

|ζ−z0|
ψ(t) dt

⎞
⎟⎠ (6.5.29)

whenever f ∈RΔ
Q and ζ ∈ B(z0,ε0)\ {z0} and ζ ′ ∈ B(z0, |ζ − z0|)\ {z0}.

Next, choosing in Theorem 6.3 the special functional parameter ψ(t) given by
(6.5.6), we obtain the following distortion theorem for ring Q-homeomorphisms:

Theorem 6.4. Let D be a domain in C, z0 a point in D, r0 ≤ dist(z0,∂D), Q :
B(z0,r0)→ [0,∞] a measurable function and let f ∈RΔ

Q. Then

s( f (ζ ), f (ζ ′)) ≤ 32
Δ

· exp

⎛
⎜⎝−

r0∫

|ζ−z0|

dr
rq(r)

⎞
⎟⎠ (6.5.30)

for all ζ ∈ B(z0,r0) \ {z0} and ζ ′ ∈ B(z0, |ζ − z0|) \ {z0}, where q(r) is the mean
value of Q(z) over the circle |z− z0|= r.

Combining Theorem 6.4 and Lemma 6.2, we obtain also the following:

Theorem 6.5. Let D be a domain in C, z0 a point in D, r0 ≤ dist(z0,∂D), Q :
B(z0,r0)→ [0,∞] a measurable function and let f ∈RΔ

Q. Then for every increasing
convex function Φ : [0,∞]→ [0,∞],

s( f (ζ ), f (ζ ′)) ≤ 32
Δ

· exp

⎛
⎜⎜⎝−1

2

r0
|ζ−z0|∫

eM

dτ
τΦ−1(τ)

⎞
⎟⎟⎠ (6.5.31)

for all ζ ∈ B(z0,r0)\{z0} and ζ ′ ∈ B(z0, |ζ − z0|)\{z0} where M is the mean value
of Φ ◦Q over the ring R = {z ∈ C : |ζ − z0|< |z− z0|< r0}.
Remark 6.3. Of course, the estimate (6.5.31) is effective if M is bounded, and either
the condition

∫ ∞
δ∗ dτ/τΦ−1(τ) = ∞, δ∗ > Φ(0), or one of the equivalent conditions

(2.8.12)–(2.8.16) holds.

In the following theorem, the estimate of distortion is expressed in terms of
maximal dispersion; see (2.3.5).

Theorem 6.6. Let f ∈RΔ
Q for Δ > 0 and Q with finite mean oscillation at z0 ∈ D.

If Q is integrable over a disk B(z0,ε0)⊂ D, then

s( f (ζ ), f (ζ ′)) ≤ 32
Δ

·
(

log
2ε0

|ζ − z0|
)−β0

(6.5.32)
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for all ζ ∈ B(z0,ε0/2)\ {z0} and ζ ′ ∈ B(z0, |ζ − z0|)\ {z0} where

β0 = (2q0 + 3e2d0)
−1 , (6.5.33)

q0 is the mean and d0 the maximal dispersion of Q(z) in B(z0,ε0).

Proof. The mean and the dispersion of a function over disks are invariant under
linear transformations w = (z− z0)/2ε0. Hence, (6.5.32) follows by Theorem 6.3
and Lemma 5.3. ��

The following two corollaries, which are formulated in terms of the mean of
Q over disks and annuli, are obtained from Corollary 6.6 by setting ψε(t) ≡ 1 for
0 < ε < ε0 in (6.5.2), where we choose ε = |ζ − z0| and ε0 = 4|ζ − z0| in the case
of Corollary 6.7 and ε = |ζ − z0| and ε0 = 3|ζ − z0| in the case of Corollary 6.8:

Corollary 6.7. Let Q : B(z0,r0) → [0,∞], r0 ≤ dist(z0,∂D), be a measurable
function, for r ≤ r0/4, and let MQ(r) denote the mean of Q over the disk B(z0,4r),
and let Δ > 0. If f ∈RΔ

Q, then

s( f (ζ ), f (ζ ′)) ≤ 32
Δ

· e−1/MQ(|ζ−z0|) (6.5.34)

for all ζ ∈ B(z0,r0/4)\ {z0} and ζ ′ ∈ B(z0, |ζ − z0|)\ {z0}.

Corollary 6.8. Let Q : B(z0,r0) → [0,∞], r0 ≤ dist(z0,∂D), be a measurable
function, for r ≤ r0/3, let MQ(r) denote the mean of Q over the ring A =
{z ∈ C : r < |z− z0|< 3r}, and let Δ > 0. If f ∈RΔ

Q, then

s( f (ζ ), f (ζ ′)) ≤ 32
Δ

· e−1/MQ(|ζ−z0|) (6.5.35)

for all ζ ∈ B(z0,r0/3)\ {z0} and ζ ′ ∈ B(z0, |ζ − z0|)\ {z0}.

Another consequence of Lemma 2.13 and Proposition 6.1 (see Corollary 6.6
above) can be formulated in terms of the logarithmic mean of Q over the ring
A(ε) = A(z0,ε,ε0) = {z ∈ C : ε < |z− z0|< ε0} which is defined by

MQ
log(ε) = −

ε0∫

ε

q(t) dlogt : =
1

logε0/ε

ε0∫

ε

q(t)
dt
t
, (6.5.36)

where q(t) denotes the mean value of Q over the circle |z− z0|= t. Choosing in the
expression (6.5.2) ψε(t) = 1/t for 0 < ε < ε0, and setting ε = |ζ − z0|, we have the
following statement:

Corollary 6.9. Let Q : B(z0,r0) → [0,∞], r0 ≤ dist(z0,∂D), be a measurable
function, ε0 ∈ (0,r0) and Δ > 0. If f ∈RΔ

Q, then
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s( f (ζ ), f (ζ ′)) ≤ 32
Δ

·
( |ζ − z0|

ε0

)1/MQ
log(|ζ−z0|)

(6.5.37)

for all ζ ∈ B(z0,ε0)\ {z0} and ζ ′ ∈ B(z0, |ζ − z0|)\ {z0}.

Note that, for Q ≡ K ∈ [1,∞), (6.5.37) implies the following known distortion
estimate for quasiconformal mappings:

s( f (ζ ), f (z0)) ≤ 32
Δ

·
( |ζ − z0|

ε0

)1/K

. (6.5.38)

The corollaries and theorems presented above show that Lemma 2.13 and
Proposition 6.1 are useful tools in deriving various distortion estimates for ring
Q-homeomorphisms. These, in turn, are useful in the study of properties of ring
Q-homeomorphisms and, in particular, of strong ring solutions of the Beltrami
equation (B), where Q(z) can be either the maximal dilatation Kμ(z) or the
tangential dilatation KT

μ (z,z0) that are defined in (6.1.1) and (6.1.11), respectively.

6.6 On Removability of Isolated Singularities

It is well known that isolated singularities are removable for conformal as well as
for quasiconformal mappings. The following statement shows that any power of
integrability of Q(z) cannot guarantee the removability of isolated singularities of
ring Q-homeomorphisms. This is a new phenomenon.

Proposition 6.2. For any p ∈ [1,∞), there is a ring Q-homeomorphism f of D\{0}
into C at 0 with Q ∈ Lp(D) which has no continuous extension to D. Furthermore,
a locally quasiconformal mapping in D\{0} can be chosen as f .

Here, D= {z ∈ C : |z|< 1} denotes the unit disk in C.

Proof. The desired homeomorphism f can be given in the explicit form

ζ = f (z) =
z
|z| (1+ |z|α),

where α ∈ (0,2/p). Note that f ∈C∞ and maps the punctured unit disk D\{0} onto
the ring 1 < |ζ |< 2 in C and f has no continuous extension onto D.

On the circle |z|= r, the tangent and radial distortion are

δτ =
|ζ |
|z| =

1+ rα

r
, δr =

∂ |ζ |
∂ |z| = αrα−1,
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respectively. Without loss of generality, we may assume that p is great enough so
that α < 1. Thus, δτ > δr, and by the circle symmetry, the maximal dilatation of the
mapping f at every point z ∈ D\ {0} is

Kf (z) =
δτ

δr
=

1+ rα

αrα ≤ C
rα , |z| = r,

where C = 2/α . Note that Kf ∈Lp(D) because α p< 2 by the choice of α . It remains
to note that the mapping f is locally quasiconformal in D\{0} and hence f is a
Q-homeomorphism with Q(z) = Kf (z); see Theorem 6.1 and Corollary 6.2. ��

However, it suffices for removability of isolated singularities of ring Q-homeo-
morphisms to require the integrability of Q(z) with suitable weights; see the next
general lemma, which follows immediately by Theorem 6.3.

Lemma 6.5. Let f : D\{0}→C be a ring Q-homeomorphism at 0. If

∫

ε<|z|<1

Q(z) ·ψ2(|z|) dm(z) = o(I(ε)2) (6.6.1)

as ε → 0, where ψ(t) is a nonnegative measurable function on (0,∞) such that

0 < I(ε) =
1∫

ε

ψ(t) dt < ∞ ∀ ε ∈ (0,1) , (6.6.2)

then f has a continuous extension to D.

Remark 6.4. Note that the conditions (6.6.1)–(6.6.2) imply I(ε)→∞ as ε → 0. This
follows immediately with arguments by contradiction. Note also that (6.6.1) holds,
in particular, if ∫

D

Q(z) ·ψ2(|z|) dm(z)< ∞ (6.6.3)

and I(ε)→ ∞ as ε → 0. In other words, for the removability of a singularity of the
ring Q-homeomorphism f at z = 0, it is sufficient that the integral (6.6.3) converges
for some nonnegative function ψ(t) which is locally integrable over (0,1) but
has a nonintegrable singularity at 0. The functions Q(z) = logλ (e/|z|), λ ∈ (0,1),
z ∈ D \ {0}, and ψ(t) = 1/(t log(e/t)), t ∈ (0,1), show that (6.6.3) is compatible
with the condition I(ε)→ ∞ as ε → 0.

In particular, choosing ψ(t) = 1/(t log1/t) in Lemma 6.5, we obtain by
Lemma 5.3 the following theorem:

Theorem 6.7. Let D be a domain in C, z0 ∈ D, and let f : D\{z0} → C be a ring
Q-homeomorphism at z0 where Q(z) has finite mean oscillation at z0. Then f can
be extended to D by continuity in C.
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In other words, an isolated singularity of a ring Q-homeomorphism is removable
if Q(z) has finite mean oscillation at the point. In particular, this is the case if
Q(z) is continuous at z0. As consequences of Theorem 6.7, Proposition 2.2, and
Corollary 2.1, we also obtain the following statements:

Corollary 6.10. A Lebesgue point of Q is a removable isolated singularity for ring
Q-homeomorphisms.

Corollary 6.11. If f : D\{z0}→C is a ring Q-homeomorphism at z0 ∈ D with

lim
ε→0

−
∫

B(z0,ε)
Q(z) dm(z) < ∞, (6.6.4)

then f can be extended to D by continuity in C.

Similarly, choosing in Lemma 6.5 the function ψ(t) = 1/t as a weight, we come
to the following statement:

Theorem 6.8. Let D be a domain in C, z0 ∈ D, and let f : D\{z0} → C be a ring
Q-homeomorphism at z0. If

∫

ε<|z−z0|<ε0

Q(z)
dm(z)
|z− z0|2 = o

([
log

ε0

ε

]2
)

(6.6.5)

as ε → 0, then f can be extended to D by continuity in C.

Corollary 6.12. In particular, the condition (6.6.5) and the assertion of
Theorem 6.8 hold if

Q(z) = o

(
log

1
|z− z0|

)
(6.6.6)

as z → z0. More generally, the same holds if

q(r) = o

(
log

1
r

)
(6.6.7)

as r → 0, where q(r) is the average of the function Q(z) over the circle |z− z0|= r.

Remark 6.5. Choosing in Lemma 6.5 the function ψ(t) = 1/(t log1/t) instead of
ψ(t) = 1/t, we are able to replace (6.6.5) by

∫

ε<|z|<1

Q(z)dm(z)(
|z| log 1

|z|
)2 = o

([
log log

1
ε

]2
)

, (6.6.8)
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and (6.6.7) by

q(r) = o

(
log

1
r

loglog
1
r

)
. (6.6.9)

Thus, it is sufficient to require instead of (6.6.7) the condition

q(r) = O

(
log

1
r

)
. (6.6.10)

In general, we could give here the whole scale of the corresponding conditions
in log using functions ψ(t) of the form 1/(t log . . . log1/t). However, we prefer to
give here a condition of another type which is often met in mapping theory (see,
e.g., [147] and [174]) and which can be obtained directly from Lemma 6.5.

Theorem 6.9. Let D be a domain in C, z0 ∈ D, and let f : D\{z0} → C be a ring
Q-homeomorphism at z0. If

ε0∫

0

dr
rq(r)

= ∞, (6.6.11)

then f can be extended to D by continuity in C.

Proof. Indeed, for the function

ψ(t) =

{
1/[tq(t)], t ∈ (0,ε0),

0, t ∈ (ε0,1),
(6.6.12)

we have that

∫

ε<|z−z0|<ε0

Q(z) ·ψ2(|z− z0|) dm(z) = 2π
ε0∫

ε

dr
rq(r)

. (6.6.13)

Thus, the assertion follows immediately from Lemma 6.5 by the condition (6.6.11).
��

Remark 6.6. Thus, by Theorems 2.3 and 2.4, if
∫

D

Φ(Q(z)) dm(z) < ∞ (6.6.14)

for a convex nondecreasing function Φ : [0,∞)→ [0,∞] such that at least one of the
conditions (2.8.12)–(2.8.17) holds, then the isolated singular point z0 of every ring
Q-homeomorphism f : D\{z0}→C is removable.

In particular, if f : D\{z0}→C is a strong ring solution of the Beltrami equation
(B), and either

Q(z) = Kμ(z) =
1+ |μ(z)|
1−|μ(z)| (6.6.15)
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or, more generally,

Q(z) = KT
μ (z,z0) =

∣∣∣1− z−z0
z−z0

μ(z)
∣∣∣2

1−|μ(z)|2 (6.6.16)

satisfies (6.6.14) with the given conditions on Φ , then the isolated singular point z0

for f is removable under Kμ ∈ L1
loc.

Thus, Lemma 6.5 is a rich source of various conditions for the removability of
isolated singularities of ring Q-homeomorphisms and, in particular, of strong ring
solutions of the Beltrami equation (B).

6.7 On Extending Inverse Mappings to the Boundary

We start with the extension to the boundary of the inverse mappings of ring
Q-homeomorphisms and strong ring solutions of the Beltrami equation because this
problem has a simpler answer than for their direct mappings.

Lemma 6.6. Let f : D → D′ be a ring Q-homeomorphism at a point z0 ∈ ∂D with
Q ∈ L1(D). If the domain D is locally connected at z0 and z∗ ∈ ∂D, z∗ �= z0, and D′
has a weakly flat boundary, then C(z0, f )∩C(z∗, f ) = /0.

Here, C(z0, f ) denotes the cluster set of the mapping f at a point z0 ∈ ∂D :

C(z0, f ) = {ζ ∈ C : ζ = lim
k→∞

f (zk), zk → z0, zk ∈ D}. (6.7.1)

Proof. Set E0 = C(z0, f ), E∗ = C(z∗, f ) and δ = d(z0,z∗). Let us assume that
E0 ∩E∗ �= /0.

Since the domain D is locally path connected at the points z0 and z∗, there exist
neighborhoodsU0 and U∗ of the points z0 and z∗, respectively, such that W0 =D∩U0

and W∗ = D∩U∗ are domains and U0 ⊂ B0 = B(z0,δ/3) and U∗ ⊂ B∗ = B(z∗,δ/3).
Then, for r1 = δ/3, r2 = 2δ/3, any paths γ0 and γ∗ in W0 and W∗, respectively,
η(r) = 3/δ , r ∈ (r1,r2), and Γ : = Δ(γ0,γ∗,D), we obtain

M( fΓ ) ≤
∫

A∩D

Q(z)η2(z)dm(z) ≤ 32

δ 2

∫

D

Q(z)dm(z) < ∞

because Q ∈ L1(D). Here, A = A(z0,r1,r2) = {z ∈ C : r1 < |z− z1|< r2}.
The last estimate contradicts, however, the condition of the weak flatness of ∂D′

if there is a point ζ0 ∈ E0 ∩E∗ . Indeed, then ζ0 ∈ fW0 ∩ fW∗ and there exist paths
α0 and α∗ in the domains fW0 and fW∗, respectively, intersecting any prescribed
circles ∂B(ζ0,ρ1) and ∂B(ζ0,ρ2) with small enough radii ρ1 and ρ2. Hence, the
assumption that E0 ∩E∗ �= /0 was not true. ��
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By Lemma 6.6, we obtain, in particular, the following conclusion:

Proposition 6.3. Let a domain D ⊂ C be locally connected at ∂D, a domain D′
have a weakly flat boundary, and let f : D → D′ be a ring Q-homeomorphism at
every point z ∈ ∂D with Q ∈ L1(D). Then the inverse mapping g = f−1 : D′ → D
admits a continuous extension g : D′ → D in C.

Theorem 6.10. Let f : D → D′ be a strong ring solution of the Beltrami equation
with Kμ ∈ L1(D), where D is locally connected at ∂D and ∂D′ is weakly flat. Then
the inverse mapping g = f−1 : D′ → D admits a continuous extension g : D′ → D
in C.

By Lemma 2.20, we also have the following consequence of this theorem:

Corollary 6.13. If domains D and D′ in C have weakly flat boundaries, then the
inverse mapping g = f−1 of every strong ring solution f : D → D′ of (B) with Kμ ∈
L1(D) admits a continuous extension g : D′ → D in C.

Remark 6.7. Clearly, it is sufficient in Lemma 6.6, Proposition 6.3, Theorem 6.10,
and Corollary 6.13 as well as in all successive theorems to request, instead of the
conditions Q ∈ L1(D) and Kμ ∈ L1(D), only the integrability of Q and Kμ in a
neighborhood of ∂D assuming Q and Kμ to be extended by zero outside of D.
Moreover, it is easy to see that these results can be localized in terms of Qz0(z)
and Kμ(z,z0), respectively.

Note that, as follows from Proposition 6.2, similar statements are not valid for
direct mappings, even for isolated boundary points, if Q and Kμ are integrable with
any degree.

6.8 On Extending Direct Mappings to the Boundary

Lemma 6.7. Let a domain D ⊂ C be locally connected at a point z0 ∈ ∂D, and let
f : D → D′ be a ring Q-homeomorphism at z0 such that ∂D′ is strongly accessible
at least at one point of the cluster set

C(z0, f ) = {ζ ∈C : ζ = lim
k→∞

f (zk), zk → z0, zk ∈ D} , (6.8.1)

Q : D → [0,∞] is a measurable function satisfying the condition

∫

D(z0,ε,ε0)

Q(z) ·ψ2
z0,ε(|z− z0|)dm(z) = o(I2

z0
(ε)) (6.8.2)

as ε → 0 where
D(z0,ε,ε0) = {z ∈ D : ε < |z− z0|< ε0}
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for some ε0 ∈ (0,δ0), δ0 = δ (z0) = supz∈D |z − z0|, and ψz0,ε (t) is a family of
nonnegative measurable (by Lebesgue) functions on (0,∞) such that

0 < Iz0(ε) =
ε0∫

ε

ψz0,ε(t)dt < ∞ ∀ ε ∈ (0,ε0) . (6.8.3)

Then f can be extended to the point z0 by continuity in C.

Proof. Let us show that the cluster set E =C(z0, f ) is a singleton. Note that E �= /0 in
view of the compactness of D′ as a subspace of C; see, e.g., Remark 3 of Sect. 41 in
[142]. By the condition of the lemma, ∂D′ is strongly accessible at a point ζ0 ∈ E .
Assume that there is one more point ζ ∗ ∈ E . Let U = B(ζ0,r0) where 0 < r0 <
|ζ0 − ζ ∗|.

In view of the local connectedness of the domain D at the point z0, there is a
sequence of neighborhoods Vm of the point z0 such that Dm = D∩Vm are domains
and d(Vm) → 0 as m → ∞. Then there exist points ζm and ζ ∗

m ∈ Fm = f Dm which
are close enough to ζ0 and ζ ∗, respectively, with |ζ0 − ζm|< r0 and |ζ0 − ζ ∗

m|> r0.
These points ζm and ζ ∗

m can be joined by paths Cm in the domains Fm. Note that by
the construction,

Cm ∩∂B(ζ0,r0)�= /0

in view of the connectedness of Cm.
Thus, by the condition of the strong accessibility, there is a compact set C ⊂ D′

and a number δ > 0 such that

M(Δ(C,Cm;D′))≥ δ

for large m because dist(ζ0,Cm)→ 0 as m → ∞. Without loss of generality, we may
assume that C is also a continuum. Indeed, as a compact set C, can be covered by a
finite number of closed disks in D′ each of which can be joined with a point in D′
by paths in D′.

The set K = f−1(C) is compact as a continuous image of a compact set and,
consequently, dist(z0,K) > 0. Let us choose positive numbers ε0 < dist(z0,K) and
ε ∈ (0,ε0) in (6.8.2) and (6.8.3) and set

ηε(t) = ψz0,ε(t)/Iz0(ε).

Note that by the construction, for large m, Dm ⊂ B(z0,ε) and hence Km : =
f−1(Cm)⊂ B(z0,ε), and thus,

M(Δ(C,Cm;D′)) ≤
∫

D(z0,ε,ε0)

Q(z) ·η2
ε (|z− z0|) dm(z).
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However, the right-hand side converges to 0 as ε → 0 by the condition (6.8.2). The
obtained contradiction disproves the above assumption that the cluster set E is not a
singleton. ��
Corollary 6.14. In particular, if a domain D ⊂ C is locally connected at a point
z0 ∈ ∂D, D′ is strongly accessible and

lim
ε→0

∫

ε<|z−z0|<ε0

Q(z) ·ψ2(|z− z0|)dm(z) < ∞, (6.8.4)

where ψ(t) is a measurable function on (0,∞) such that

0 < I(ε,ε0) :=

ε0∫

ε

ψ(t)dt < ∞ ∀ ε ∈ (0, ε0),

and I(ε,ε0)→ ∞ as ε → 0, then every ring Q-homeomorphism f : D → D′ at z0 can
be extended to the point z0 by continuity in C.

Here, we assume that the function Q is extended to be zero outside of D.

Remark 6.8. In other words, the conclusion of Corollary 6.14 holds if the singular
integral in (6.8.4) is convergent at the point z0 in the sense of the principal value
at least for one kernel ψ with a nonintegrable singularity at zero. Furthermore,
as Lemma 6.7 shows, the conclusion of Corollary 6.14 is still valid if the integral
diverges but with the controlled speed

∫

ε<|z−z0|<ε0

Q(z) ·ψ2(|z− z0|)dm(z) = o(I2(ε,ε0)) as ε → 0. (6.8.5)

Choosing, in Lemma 6.7, ψ(t)≡ 1/t, we obtain the following theorem:

Theorem 6.11. Let D and D′ be domains in C such that D is locally connected
at z0 ∈ ∂D and ∂D′ is strongly accessible, and let f : D → D′ be a ring Q-
homeomorphism at z0 with a measurable function Q : D → [0,∞] such that

∫

D(z0,ε,ε0)

Q(z)
dm(z)
|z− z0|2 = o

([
log

1
ε

]2
)

(6.8.6)

as ε → 0 for some ε0 ∈ (0,δ0), where δ0 = δ (z0) = supz∈D |z−z0| and D(z0,ε,ε0) =
{z ∈ D : ε < |z− z0|< ε0}. Then f can be extended to z0 by continuity in C.
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Corollary 6.15. In particular, conclusion of Theorem 6.11 is valid if the singular
integral ∫

Q(z)
dm(z)
|z− z0|2 (6.8.7)

is convergent at the point z0 in the sense of the principal value.

Here, as in Corollary 6.14, we assume that Q is extended to be zero outside of D.

Corollary 6.16. In particular, condition (6.8.6) and the assertion of Theorem 6.11
hold if

Q(z) = o

(
log

1
|z− z0|

)
(6.8.8)

as z → z0. More generally, the same holds if

q(r) = o

(
log

1
r

)
(6.8.9)

as r → 0, where q(r) is the average of the function Q(z) over the circle |z− z0|= r.

As above, we assume here that Q is extended to be zero outside of D.

Remark 6.9. Arguing as in Remark 6.5, we can show that it is sufficient to require
the condition

q(r) = O

(
log

1
r

)
(6.8.10)

instead of (6.8.9). We are able also to derive a scale of criteria in terms of log using
functions ψ(t) of the form 1/(t log . . . log1/t) in Lemma 6.7.

Theorem 6.12. Let D and D′ be domains in C such that D is locally connected
at z0 ∈ ∂D and ∂D′ is strongly accessible, and let f : D → D′ be a ring Q-
homeomorphism at z0 with a measurable function Q : D → [0,∞] such that

ε0∫

0

dr
rq(r)

= ∞, (6.8.11)

where q(r) is the average of Q(z) over the circle |z−z0|= r. Then f can be extended
to z0 by continuity in C.

Indeed, as in the proof of Theorem 6.9, it is sufficient to use the function

ψ(t) =

{
1/[tq(t)], t ∈ (0,ε0)

0, t ∈ (ε0,∞)
(6.8.12)

in Lemma 6.7.
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Further, choosing ψε(t) ≡ t log 1
t , t ∈ (0,δ0) in Lemma 6.7, we obtain by

Lemma 5.3 the following theorem:

Theorem 6.13. Let D and D′ be domains in C such that D is locally connected at
a point z0 ∈ ∂D and ∂D′ is strongly accessible, and let f : D → D′ be a ring Q-
homeomorphism at z0 where Q : C→ [0,∞] has finite mean oscillation at the point
z0. Then f can be extended to z0 by continuity in C.

Finally, combining Theorem 6.13 and Corollary 2.1, we obtain the following
statement:

Corollary 6.17. In particular, if Q : C→ [0,∞] is such that

lim
ε→0

−
∫

B(z0,ε)
Q(z) dm(z) < ∞, (6.8.13)

then any ring Q-homeomorphism f : D → D′ can be extended to the point z0 by
continuity in C.

Here, the extension to a point z0 by continuity in C means that f (z0) admits ∞.

Remark 6.10. Combining results of Sects. 6.5–6.7, we obtain the corresponding
theorems on a homeomorphic extension of ring Q-homeomorphisms to the bound-
ary. The conditions on Q are the same as in Sect. 6.7 plus integrability of Q as in
Sect. 6.6 and D is locally connected at all points of ∂D (say if ∂D is weakly flat,
see Sect. 6.5) and ∂D′ is weakly flat. The similar remarks are true under the integral
condition (6.6.14) from Remark 6.6 in Sect. 6.5 assuming that Q, Kμ and KT

μ is zero
outside D.

6.9 Consequences for Quasiextremal Distance Domains

A domain D ⊂ C is called a quasiextremal distance domain, abbreviated as a QED
domain, if

M(Δ(E,F ;C) ≤ K ·M(Δ(E,F ;D)) (6.9.1)

for some K ∈ [1,∞) and for all continua E and F in D; see [92].

Remark 6.11. As is well known (see, e.g., 10.12 in [258]),

M(Δ(E,F ;C)) ≥ c log
R
r

(6.9.2)

for all sets E and F in C intersecting each circle C(z0,ρ), ρ ∈ (r,R).

Corollary 6.18. A QED domain D in C has a weakly flat boundary.

Corollary 6.19. A QED domain D in C is locally connected at each boundary point
and ∂D is strongly accessible.
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Every QED domain is quasiconvex, i.e., each pair of points z1 and z2 ∈ D can be
joined by a rectifiable arc γ in D such that

s(γ) ≤ a · |z1 − z2|; (6.9.3)

see Lemma 2.7 in [92], p. 184. A domain D ⊂ C is said to be uniform if the
inequalities (6.9.3) and

min
i=1,2

s(γ(zi,z)) ≤ b ·d(z,∂D) (6.9.4)

hold for some γ and for all z ∈ γ where γ(zi,z) is the part of γ between zi and z; see
[167]. Every uniform domain is a QED domain, but there exist QED domains which
are not uniform; see Lemma 2.18 and Remark 2.24 in [92], cf. also [121]. Bounded
convex domains provide simple examples of uniform domains.

By Sects. 6.2 and 6.6–6.8 we obtain the following theorems:

Lemma 6.8. Let f be a ring Q-homeomorphism between QED domains D and D′
in C at a point z0 ∈ ∂D. If the condition (6.8.2) holds, then there is a limit f (z) as
z → z0 in C.

Corollary 6.20. If the conditions of Lemma 6.8 hold at every point z0 ∈ ∂D and,
in addition, Q ∈ L1(D ∩U) where U is a neighborhood of ∂D, then f admits a
homeomorphic extension f : D → D′.

In particular, taking ψ(t) = 1/t and ψ(t) = 1/t log 1
t in (6.8.2), we have, as a

consequence of Lemma 6.8, the following theorem (cf. Remark 6.5):

Theorem 6.14. Let f be a ring Q-homeomorphism between QED domains D and
D′ in C. If at every point z ∈ ∂D

q(r) = O

(
log

1
r

)
(6.9.5)

as r → 0, where q(r) is a mean value of Q(ζ ) over the intersection of the circle
|ζ − z|= r with the domain D, then f extends to a homeomorphism f : D → D′.

Corollary 6.21. In particular, the assertion holds if for every z ∈ ∂D

Q(ζ ) = O

(
log

1
|ζ − z|

)
(6.9.6)

as ζ → z.

Similarly, choosing ψ(t) = 1/tq(t) in (6.8.2), we have the next consequence of
Lemma 6.8; cf. the calculations in the proof of Theorem 6.9:

Corollary 6.22. The assertion of Theorem 6.14 remains valid if the condition
(6.9.5) is replaced by

ε0∫

0

dr
rq(r)

= ∞ . (6.9.7)
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Remark 6.12. Theorem 6.14 and Corollary 6.22 are valid if we take as q(r) the
mean of Q(ζ ) over the whole sphere |ζ − z| = r formally extending Q(ζ ) by zero
outside of the domain D.

Choosing ψ(t) = 1/(t log1/t) in (6.8.2), we obtain by Lemma 6.8 the following
theorem.

Theorem 6.15. Let f be a ring Q-homeomorphism between QED domains D and
D′ in C. If Q(z) ∈ L1(D) has finite mean oscillation at every point z0 ∈ ∂D, then f
has a homeomorphic extension f : D → D′.

Remark 6.13. In particular, this is true for ring Q-homeomorphisms between
bounded smooth and convex domains in C.

Corollary 6.23. If f is a ring Q-homeomorphism of the unit disk D in C onto itself
where Q ∈ L1(D), and

lim
ε→0

−
∫

D(z0,ε)
Q(z) dm(z) < ∞ ∀z0 ∈ ∂D (6.9.8)

where D(z0,ε) = D∩B(z0,ε), then f admits a homeomorphic extension f : D→D.

By Theorem 2.22 in [92], the QED domains coincide with the uniform domains
in the class of the so-called finitely connected plane domains. The following
example shows that, even among simply connected plane domains, the class of
domains with weakly flat boundaries is wider than the class of QED domains.The
example is based on Lemma 2.13 in [92] showing, in particular, that QED domains
satisfy the condition on doubling measure at every boundary point z0:

limsup
r→0

|D∩B(z0,2r)|
|D∩B(z0,r)| < ∞.

The example below just shows that this property on doubling measure is, generally
speaking, not valid for domains with weakly flat boundaries.

Example. Consider a simply connected plane domain D of the form

D =
∞⋃

k=1

Rk,

where
Rk = {(x,y) ∈ R

2 : 0 < x < wk, 0 < y < hk}
is a sequence of rectangles with quickly decreasing widths wk = 2−α2k → 0 as k →∞
with α > 1/ log2 > 1 and monotonically increasing heights hk = 2−1 + · · ·+2−k →
1 as k → ∞.



126 6 Ring Q-Homeomorphisms at Boundary Points

It is easy to see that D has a weakly flat boundary. This fact is not obvious only
for its boundary point z0 = (0,1). Take as a fundamental system of neighborhoods
of the point z0 the rectangles centered at z0 of the following form:

Pk = {(x,y) ∈ R
2 : |z|< wk, |ζ − 1| ≤ 1− hk−1 = 2−(k−1)},

k = 1,2, . . . . Note that

Pk ∩D =
∞⋃

l=k

Sl

for all k > 1, where

Sl = {(x,y) ∈ R
2 : 0 < x < wl , hl−1 ≤ y < hl}.

Let E and F be an arbitrary pair of continua in D intersecting ∂Sl , i.e., intersecting
the horizontal lines y = hl−1 and y = hl . Denote by S0

l the interior of Sl. Then
Δ(E,F,S0

l )⊂ Δ(E,F,D) and Δ(E,F,S0
l ) minorizes the family Γl of all paths joining

the vertical sides of S0
l in S0

l . Hence,

M(Δ(E,F,D)) ≥ 2−l/wl ≥ 2(α−1)l → ∞.

Thus, the domain D really has a weakly flat boundary.
Now, set rk = 1 − hk−1 = 2−k(1 + 2−1 + · · ·) = 2−(k−1) and Bk = B(z0,rk).

Then

lim
k→∞

|D∩Pk|
|D∩Bk| = 1

because wk/rk ≤ 2−(α−1)k → 0. However,

|D∩Pk| =
∞

∑
l=k

|Sl | =
∞

∑
l=k

wl · (hl − hl−1) =
∞

∑
l=k

wl 2−l

and hence

|D∩Pk|
|D∩Pk+1| =

∞
∑

l=k
wl2−l

∞
∑

l=k+1
wl2−l

=

wk2−k +
∞
∑

l=k+1
wl2−l

∞
∑

l=k+1
wl2−l

= 1 +
1

∞
∑

m=1

wk+m
wk

2−m
≥ 1 +

1
wk+1

wk

= 1 +
wk

wk+1
= 1 + 2α2k → ∞.
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Consequently,

lim
k→∞

|D∩Bk|
|D∩Bk+1| = ∞.

Thus, the domain D does not have the property on doubling measure at the point
z0 ∈ ∂D, and then D is not a QED domain by Lemma 2.13 in [92]; see also Lemma
3.5 in [165].

6.10 On Singular Null Sets for Extremal Distances

Recall that a closed set Z ⊂C is called a null set for extremal distances, abbreviated
as a NED set, if

M(Δ(E,F ;C)) = M(Δ(E,F ;C\Z)) (6.10.1)

for every pair of disjoint continua E and F ⊂ C\Z.
Here, Λ(Z) will denote the length, i.e., the one-dimensional Hausdorff measure

of Z. As above, we also use here the notion of the cluster set of a mapping f : D→C

for a set Z ⊂ D,

C(Z, f ) : = {ζ ∈ C : ζ = lim
k→∞

f (zk), zk → z0 ∈ Z } . (6.10.2)

Remark 6.14. It is known that if Z ⊂ C is a NED set, then

|Z|= 0 (6.10.3)

and Z does not disconnect C locally, i.e.,

dimZ = 0. (6.10.4)

Conversely, if Z ⊂ C is closed and

Λ(Z) = 0, (6.10.5)

then X is a NED set; see [262].

Note that the complements of NED sets in C are a very particular case of QED
domains considered in the previous section. Thus, arguing locally, we obtain, as
above, the following statement:

Lemma 6.9. Let D be a domain in C and Z ⊂ D, and let f be a ring Q-homeomor-
phism of D\Z into C. Suppose that Z and C(Z, f ) are NED sets and Q is integrable
in a neighborhood of the set Z. If the condition (6.8.2) holds at every point z0 ∈ Z,
then f has a homeomorphic extension to D in C.
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Choosing ψ(t) = 1/(t log1/t) in (6.8.2), we have, as a consequence of Lemma
6.9, the following theorem:

Theorem 6.16. If Q ∈ L1
loc(D) has finite mean oscillation at each point of a NED

set Z ⊂ D, then every ring Q-homeomorphism f of D\Z into C with a NED set
C(Z, f ) has a homeomorphic extension to D in C.

In view of Remark 6.14, we obtain the following consequence of Theorem 6.16:

Corollary 6.24. In particular, the assertion of Theorem 6.16 holds if Z is a closed
subset of D with

Λ(Z) = Λ(C(Z, f )) = 0 (6.10.6)

and Q ∈ L1
loc(D) has finite mean oscillation at every point z ∈ Z.

In particular, by Corollary 2.1, we come to the next consequence.

Corollary 6.25. If all points of a closed set Z ⊂ D with the condition (6.10.6) are
points of Lebesgue for the function Q ∈ L1

loc(D), then the ring Q-homeomorphism f
of D\Z into C admits a homeomorphic extension to D in C.

By Lemma 6.9 under ψ(t) = 1/t, we have also the next statement.

Corollary 6.26. If the singular integral

∫

U

Q(ζ )−Q(z)
|ζ − z|2 dm(z) (6.10.7)

is convergent for each ζ in a closed set Z ⊂ D over a neighborhood U of the set Z,
then under the condition (6.10.6), every ring Q-homeomorphism f of D\Z into C

has homeomorphic extension to D in C.

In the same way, analogies of all other theorems in Sects. 6.5 and 6.7–6.9 can be
obtained by Lemma 6.9, too.

Remark 6.15. It is easy to show that all results of the previous sections in this
chapter are applicable to the strong ring solutions of the Beltrami equation (B) in
the next chapter, either with

Q(z) = Kμ(z) =
1+ |μ(z)|
1−|μ(z)| (6.10.8)

or, more generally, with

Q(z) = KT
μ (z,z0) =

∣∣∣1− z−z0
z−z0

μ(z)
∣∣∣2

1−|μ(z)|2 . (6.10.9)



Chapter 7
Strong Ring Solutions of Beltrami Equations

In this chapter we give a series of criteria for the existence of strong ring solutions,
in particular, in terms of finite mean oscillation majorants for tangential dilatations.
Moreover, we derive an extension of the well-known Lehto existence theorem
and show that the latter implies the main known and many advanced results on
the existence of ACL homeomorphic solutions for the Beltrami equations with
degeneration.

7.1 Introduction

Recall that an ACL homeomorphism f : D → C is called a strong ring solution
of the Beltrami equation (B) with a complex coefficient μ if f satisfies (B)
a.e., f−1 ∈ W 1,2

loc , and f is a ring Q-homeomorphism at every point z0 ∈ D
with Qz0(z) = KT

μ (z,z0); see (6.1.6) and (6.1.14). Thus, the whole theory of ring
Q-homeomorphisms developed in the previous chapter can be applied to the study
of the boundary behavior as well as the removability of singularities of the strong
ring solutions.

We show that the strong ring solutions exist for wide classes of degenerate
Beltrami equations. The difference between the notion of a ring solution and the
notion of a strong ring solution is that, while the centers z0 are assumed to belong to
the domain D in the notion of a ring solution, in the case of a strong ring solution,
z0 is assumed to be in the closure of D relative to C.

The notion of a strong ring solution for the Beltrami equation is closely related
to the concept of moduli with weights essentially due to Andreian Cazacu; see, e.g.,
[15] and [16], cf. also [179,180] and [250]. The work [215] was devoted to existence
of ACL homeomorphic solutions satisfying additional moduli conditions at inner
points of a domain. In the papers [220] and [221], a base of the theory for the strong
ring solutions with moduli conditions at boundary points was given. As in [99], we
formulate existence criteria not only in terms of the maximal dilatation but also in

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 7,
© Springer Science+Business Media, LLC 2012
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terms of the so-called tangential dilatation also due to Andreian Cazacu; see, e.g.,
[14, 16, 18], cf. the corresponding terms and notations in [13, 66, 99, 147, 198, 214]
and [215].

The classical case of the uniformly elliptic Beltrami equations was investigated
long ago; see, e.g., [9, 30, 44] and [152]. The existence problem for degenerate
Beltrami equations is currently an active area of research. It has been studied
extensively, and many contributions have been made; and see, e.g., [48, 54–57, 66,
70, 99, 117, 133, 147, 159, 160, 174, 185, 210–223, 254], and [271], and see also the
survey [238]. The goal here is to obtain a general principle on the existence of strong
ring solutions for the degenerate Beltrami equations (B) (see Lemma 7.1) and to
show that our extension of the Lehto existence theorem (see Theorem 7.5) has as
corollaries the main known existence theorems as well as a series of more advanced
theorems for the Beltrami equations with integral constraints; see further historical
comments in Sect. 7.7.

Note that the condition Kμ ∈ L1
loc(D) below is necessary for a homeomorphic

ACL solution f of (B) to have the property g = f−1 ∈ W 1,2
loc ( f (D)) because this

property implies that

∫

C

Kμ(z) dm(z)≤ 4
∫

C

dm(z)
1−|μ(z)|2 = 4

∫

f (C)

|∂g|2 dudv < ∞

for every compact set C ⊂D. The change of variables is correct here, say by Lemmas
III.2.1 and III.3.2 and Theorems III.3.1 and III.6.1 in [152]; cf. also I.C(3) in [9].

In the classical case when ‖μ‖∞ < 1, equivalently, when Kμ ∈ L∞(D), every

ACL homeomorphic solution f of the Beltrami equation (B) is in the class W 1,2
loc (D)

together with its inverse mapping f−1, and hence, f is a strong ring solution of
(B) by Theorem 6.1. In the case ‖μ‖∞ = 1 with Kμ ≤ Q ∈ BMO, again f−1 ∈
W 1,2

loc ( f (D)) and f belongs to W 1,s
loc (D) for all 1 ≤ s < 2, but not necessarily to

W 1,2
loc (D); see Chap. 5.

7.2 General Existence Lemma and Corollaries

The following lemma and corollary serve as the main tool in obtaining many criteria
of existence of strong ring solutions for the Beltrami equations:

Lemma 7.1. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc(D). Suppose that for every z0 ∈ D there exist ε0 < dist (z0,∂D) and a one-
parameter family of measurable functions ψz0,ε : (0,∞)→ (0,∞), ε ∈ (0,ε0), such
that

0 < Iz0(ε) : =

ε0∫

ε

ψz0,ε (t) dt < ∞, (7.2.1)
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and such that
∫

ε<|z−z0|<ε0

KT
μ (z,z0) ·ψ2

z0,ε(|z− z0|) dm(z) = o(I2
z0
(ε)) (7.2.2)

as ε → 0. Then the Beltrami equation (B) has a strong ring solution.

Proof. Fix z1 and z2 in D. For n ∈ N, define μn : D → C by letting μn(z) = μ(z) if
|μ(z)| ≤ 1−1/n and 0 otherwise. Let fn : D →C be a homeomorphic ACL solution
of the Beltrami equation (B), with μn instead of μ , which fixes z1 and z2. Such fn

exists by the well-known existence theorem in the nondegenerate case; see, e.g.,
[9, 30, 44] and [152]. By Lemma 2.13 and Theorem 6.1, in view of (7.2.2), the
sequence fn is equicontinuous, and hence, by the Arzela–Ascoli theorem (see, e.g.,
[73], p. 382, and [74], p. 267), it has a subsequence, denoted again by fn, which
converges locally uniformly to some nonconstant mapping f in D. Then by
Corollary 2.3 from Sect. 2.6, f is a homeomorphic ACL solution of (B). Moreover,
by Theorems 6.1 and 6.2, f is a ring Q-homeomorphism with Q(z) = KT

μ (z,z0)

at every point z0 ∈ D. The inclusion f−1 ∈ W 1,2
loc follows by Corollary 2.4 from

Sect. 2.4. ��
Remark 7.1. By Propositions 2.4 and 2.5 from Sect. 2.4, fμ ∈W 1,1

loc and has the N−1

property and fμ is regular, i.e., differentiable with Jf μ (z)> 0 a.e.

Corollary 7.1. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e.,
Kμ ∈ L1

loc(D), and let ψ : (0,∞) → (0,∞) be a measurable function such that for
all 0 < t1 < t2 < ∞

0 <

t2∫

t1

ψ(t) dt < ∞,

t2∫

0

ψ(t) dt = ∞. (7.2.3)

Suppose that for every z0 ∈ D there is ε0 < dist (z0,∂D) such that

∫

ε<|z−z0|<ε0

Kμ(z) ·ψ2(|z− z0|) dm(z) ≤ O

⎛
⎝

ε0∫

ε

ψ(t) dt

⎞
⎠ (7.2.4)

as ε → 0. Then the Beltrami equation (B) has a strong ring solution.

Lemma 7.1 yields the following theorem by choosing:

ψz0,ε(t) =
1

t log 1
t

; (7.2.5)

see also Lemma 5.3.

Theorem 7.1. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc(D). Suppose that every point z0 ∈ D has a neighborhood Uz0 such that

KT
μ (z,z0) ≤ Qz0(z) a.e. (7.2.6)
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for some function Qz0(z) of finite mean oscillation at the point z0 in the variable z.
Then the Beltrami equation (B) has a strong ring solution.

The following theorem is a consequence of Theorem 7.1 and Corollary 2.1:

Theorem 7.2. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc(D). Suppose that at every z0 ∈ D

lim
ε→0

−
∫

B(z0,ε)

∣∣∣1− z−z0
z−z0

μ(z)
∣∣∣2

1−|μ(z)|2 dm(z) < ∞. (7.2.7)

Then the Beltrami equation (B) has a strong ring solution fμ .

The following theorem is an important particular case of Theorem 7.1.

Theorem 7.3. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. such
that

Kμ(z) =
1+ |μ(z)|
1−|μ(z)| ≤ Q(z) ∈ FMO. (7.2.8)

Then the Beltrami equation (B) has a strong ring solution.

Since every strong ring solution is a homeomorphic ACL solution and since every
BMO function is in FMO, the theorem strengthens earlier results about the existence
of ACL homeomorphic solutions of the Beltrami equation when the conditions
involve majorants of the classes BMO and FMO in the previous sections.

Corollary 7.2. If

lim
ε→0

−
∫

B(z0,ε)

1+ |μ(z)|
1−|μ(z)| dm(z) < ∞ (7.2.9)

at every z0 ∈ D, then the Beltrami equation (B) has a strong ring solution.

Applying Lemma 7.1 with ψ(t) = 1/t, we have also the following statement
which is formulated in terms of the logarithmic mean (see (6.5.36)) of KT

μ (z,z0) over
the annuli A(ε) = {z ∈ C : ε < |z− z0|< ε0} for a fixed ε0 = δ (z0)≤ dist(z0,∂D):

Theorem 7.4. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. If at every point z0 ∈ D the logarithmic mean of KT
μ over A(ε) does not

converge to ∞ as ε → 0, i.e.,

liminf
ε→0

M
KT

μ
log (ε) < ∞, (7.2.10)

then the Beltrami equation (B) has a strong ring solution.

Corollary 7.3. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. Denote by qT
z0
(t) the mean of KT

μ (z,z0) over the circle C = {z ∈ C :
|z− z0|= t}. If
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δ (z0)∫

0

qT
z0
(t)

dt
t

< ∞ (7.2.11)

at every point z0 ∈ D for some δ (z0)> 0, then (B) has a strong ring solution.

7.3 Extension of Lehto’s Existence Theorem

Lehto considers in [147] degenerate Beltrami equations in the special case where
the singular set Sμ ,

Sμ =

{
z ∈ C : lim

ε→0
‖Kμ‖L∞(B(z,ε)) = ∞

}
, (7.3.1)

of the complex coefficient μ in the Beltrami equation (B) is of measure zero and
shows that if for every z0 ∈ C and every r1 and r2 ∈ (0,∞) the integral

r2∫

r1

dr
r(1+ qT

z0
(r))

, r2 > r1 (7.3.2)

is positive and tends to ∞ as either r1 → 0 or r2 → ∞ where

qT
z0
(r) =

1
2π

2π∫

0

|1− e−2iϑ μ(z0 + reiϑ )|2
1−|μ(z0 + reiϑ )|2 dϑ , (7.3.3)

then there exists a homeomorphism f : C→C which is ACL in C\Sμ and satisfies
(B) a.e. Note that the integrand in (7.3.3) is the tangential dilatation KT

μ (z,z0).
We present now a generalization and strengthening of Lehto’s existence theorem

which enables us to derive a series of other existence theorems, some of which
are known and some are new. In this extension, we prove the existence of a strong
ring solution in a domain D ⊂ C which, by the definition, is ACL in D and not
only in D \ Sμ . Note that the situation where Sμ = D is possible here and that the
condition (7.3.4) is a little weaker than the Lehto condition (7.3.2) because qT

z0
(r)

can be arbitrarily close to 0. See Remark 7.2 below for the case where ∞ ∈ D, too.

Theorem 7.5. Let D be a domain in C and let μ : D →C be a measurable function
with |μ(z)|< 1 a.e. and Kμ ∈ L1

loc(D). Suppose that at every point z0 ∈ D

δ (z0)∫

0

dr
rqT

z0
(r)

= ∞, (7.3.4)

where δ (z0) < dist(z0,∂D) and qT
z0
(r) is the mean of KT

μ (z,z0) over |z− z0| = r.
Then the Beltrami equation (B) has a strong ring solution fμ .
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A version of this theorem for the ring solutions was first published in the preprint
[214], and then in [215], see also [165]. The advanced version for the strong ring
solutions was published in [220].

Note that already in the work [174], the existence of homeomorphic solutions to
the Beltrami equation (B) in the class fμ ∈ W 1,s

loc , s = 2p/(1+ p) was established,
under the condition (7.3.4) with Kμ ∈ Lp

loc, p > 1, instead of KT
μ (z,z0) (the case

p = 1 is covered thanks to a new convergence theorem in Sect. 2.6, Theorem 2.1).
The Miklyukov–Suvorov result was newly discovered in the paper [66] whose
author thanks Professor F.W. Gehring but does not mention [174]; see the English
translation of this paper in our appendixes. Perhaps the work [174] remains
unknown even to the leading experts in the West because we have found no reference
to this work in the latest monograph on the Beltrami equations under the discussion
of the Lehto condition; see Theorem 20.9.4 in [26].

Theorem 7.5, together with lemmas in Sects. 2.8 and 2.9, is the main tool for
deriving all theorems on existence of strong ring solutions for Beltrami equations
with various integral conditions in the next section.

Proof. Theorem 7.5 follows from Lemma 7.1 by specially choosing the functional
parameter

ψz0,ε(t) ≡ ψz0(t) : =

{
1/[tqT

z0
(t)], t ∈ (0,ε0),

0, otherwise,
(7.3.5)

where ε0 = δ (z0). ��
Corollary 7.4. If Kμ ∈ L1

loc(D), and at every point z0 ∈ D

qT
z0
(r) = O

(
log

1
r

)
as r → 0, (7.3.6)

then the Beltrami equation (B) has a strong ring solution.

Since KT
μ (z,z0) ≤ Kμ(z), we obtain, as a consequence of Theorem 7.5, the

following result which is due to Miklyukov and Suvorov [174] for the case
Kμ ∈ Lp

loc(D), p > 1:

Corollary 7.5. If Kμ ∈ Lp
loc(D) for p ≥ 1 and (7.3.4) holds for Kμ(z) instead of

KT
μ (z,z0) for every point z0 ∈ D, then the Beltrami equation (B) has a W 1,s

loc (D)
homeomorphic solution, where s = 2p/(p+ 1).

Remark 7.2. By Proposition 2.4, a strong ring solution of the Beltrami equation (B)
belongs just to the class W 1,s

loc (D), where s = 2p/(p+ 1) if Kμ ∈ Lp
loc(D) for p ≥ 1.

All the above theorems can be extended to the case where ∞ ∈ D ⊂ C in the
standard way, if one replaces (7.3.4) by the following condition at ∞:

∞∫

δ

dr
rq(r)

= ∞ (7.3.7)
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where δ > 0 and

q(r) =
1

2π

2π∫

0

|1− e−2iϑ μ(reiϑ )|2
1−|μ(reiϑ)|2 dϑ . (7.3.8)

In this case, there exists a homeomorphic W 1,1
loc solution f = fμ in D with f (∞) = ∞

and f−1
μ ∈ W 1,2

loc ( f (D)). Here, f ∈ W 1,1
loc (D) in D means that f ∈ W 1,1

loc (D \ {∞})
and that f ∗(z) = 1/ f (1/z) belongs to W 1,1 in a neighborhood of 0. The statement
f−1 ∈W 1,2

loc ( f (D)) has a similar meaning. The FMO conditions can be also extended
in the natural way to ∞; see, e.g., [217].

7.4 Sufficient Integral Conditions for Solvability

The following existence theorem is obtained immediately from Theorems 2.4
and 7.5:

Theorem 7.6. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. Suppose that every point z0 ∈ D has a neighborhood Uz0 where

∫

Uz0

Φz0(K
T
μ (z,z0)) dm(z) < ∞ (7.4.1)

for a nondecreasing convex function Φz0 : [0,∞)→ [0,∞] such that

∞∫

Δ (z0)

dτ
τΦ−1

z0 (τ)
= ∞ (7.4.2)

for some Δ(z0)>Φz0(0). Then the Beltrami equation (B) has a strong ring solution.

Proof. Let the closure of a disk B(z0,ρ) belong to the neighborhood Uz0 . Then we
obtain by Theorem 2.4 applied to Q(ζ ) = KT

μ (z0 + ρ ζ ,z0), ζ ∈ D,
and Φ(t) = Φz0(t) that

ρ∫

0

dr
rqT

z0
(r)

= ∞, (7.4.3)

where qT
z0
(r) is the mean value of KT

μ (z,z0) over the circle |z− z0| = r. Thus, we
have the desired conclusion by Theorem 7.5. ��
Remark 7.3. Note that the additional condition Δ(z0)>Φz0(0) is essential; see also
Remark 2.12. In fact, only the degree of convergence Φ−1

z0
(τ) → ∞ as τ → ∞ is

important since it has the same degree of convergence Φz0(t)→ ∞ as t → ∞.
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Corollary 7.6. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. Suppose that

∫

D

Φ(Kμ (z)) dm(z) < ∞ (7.4.4)

for a nondecreasing convex function Φ : [0,∞]→ [0,∞] such that

∞∫

Δ

dτ
τΦ−1(τ)

= ∞ (7.4.5)

for some Δ > Φ(0). Then the Beltrami equation (B) has a strong ring solution.

Remark 7.4. Applying transformations α ·Φ +β with α > 0 and β ∈ Re , we may
assume without loss of generality that Φ(t) = Φ(1) = 1 for all t ∈ [0,1], and thus
Φ(0) = Φ(1) = 1 in Theorem 7.6 and its corollaries below.

Many other criteria for the existence of strong ring solutions for the Beltrami
equation (B) formulated below follow from Theorems 2.3 and 7.6.

Corollary 7.7. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. If the condition (7.4.1) holds at every point z0 ∈ D with a nondecreasing
convex function Φz0 : [0,∞)→ [0,∞) such that

∞∫

Δ (z0)

logΦz0(t)
dt
t2 = ∞ (7.4.6)

for some Δ(z0)> 0, then the Beltrami equation (B) has a strong ring solution.

Corollary 7.8. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. If the condition (7.4.1) holds at every point z0 ∈ D for a continuous
nondecreasing convex function Φz0 : [0,∞)→ [0,∞) such that

∞∫

Δ (z0)

(logΦz0(t))
′ dt

t
= ∞ (7.4.7)

for some Δ(z0)> 0, then (B) has a strong ring solution.

Corollary 7.9. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. If the condition (7.4.1) holds at every point z0 ∈ D for Φz0 = expHz0

where Hz0 is nonconstant, nondecreasing, and convex, then (B) has a strong ring
solution.
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Corollary 7.10. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. If the condition (7.4.1) holds at every point z0 ∈ D for Φz0 = expHz0 with
a twice continuously differentiable increasing function Hz0 such that

H ′′
z0
(t)) ≥ 0 ∀ t ≥ t(z0) ∈ [0,∞), (7.4.8)

then (B) has a strong ring solution.

Theorem 7.7. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc such that ∫

D

Φ(Kμ(z)) dm(z) < ∞, (7.4.9)

where Φ : [0,∞)→ [0,∞] is nondecreasing and convex such that

∞∫

Δ

logΦ(t)
dt
t2 = ∞ (7.4.10)

for some Δ > 0. Then the Beltrami equation (B) has a strong ring solution.

Corollary 7.11. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. If the condition (7.4.9) holds with a nondecreasing convex function Φ :
[0,∞)→ [0,∞) such that

∞∫

t0

(logΦ(t))′
dt
t

= ∞ (7.4.11)

for some t0 > 0, then (B) has a strong ring solution.

Corollary 7.12. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. If
the condition (7.4.9) holds for Φ = eH where H is nonconstant, nondecreasing, and
convex, then (B) has a strong ring solution.

Corollary 7.13. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. If
the condition (7.4.9) holds for Φ = eH where H is twice continuously differentiable,
increasing and

H ′′(t) ≥ 0 ∀ t ≥ t0 ∈ [1,∞), (7.4.12)

then (B) has a strong ring solution.

Note that among twice continuously differentiable functions, the condition
(7.4.12) is equivalent to the convexity of H(t), t ≥ t0; cf. Corollary 7.12. Of course,
the convexity of H(t) implies the convexity of Φ(t) = eH(t), t ≥ t0, because the
function expx is convex. However, in general, the convexity of Φ does not imply
the convexity of H(t) = logΦ(t), and it is known that the convexity of Φ(t) in
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(7.4.9) is not sufficient for the existence of ACL homeomorphic solutions of the
Beltrami equation. There exist examples of the complex coefficients μ such that
Kμ ∈ Lp with an arbitrarily large p ≥ 1 for which the Beltrami equation (B) has no
ACL homeomorphic solutions; see, e.g., [212].

Remark 7.5. Theorem 7.5 is extended by us to the case where ∞ ∈ D ⊂ C in the
standard way by replacing (7.3.4) by the following condition at ∞ :

∞∫

δ

dr
rq(r)

= ∞ (7.4.13)

where δ > 0 and

q(r) =
1

2π

2π∫

0

|1− e−2iϑ μ(reiϑ )|2
1−|μ(reiϑ)|2 dϑ . (7.4.14)

In this case, there exists a homeomorphicW 1,1
loc solution f of (B) in D with f (∞) =∞

and f−1 ∈ W 1,2
loc . Here, f ∈ W 1,1

loc in D means that f ∈ W 1,1
loc in D \ {∞} and that

f ∗(z) = 1/ f (1/z) belongs to W 1,1 in a neighborhood of 0. The statement f−1 ∈W 1,2
loc

has a similar meaning.
Similarly, the integral condition (7.4.1) is replaced at ∞ by the following

condition: ∫

|z|>δ

Φ∞(K
T
μ (z,∞))

dm(z)
|z|4 < ∞, (7.4.15)

where δ > 0, Φ∞ satisfies the conditions of either Theorem 7.6 or equivalent
conditions from Theorem 2.3 and

KT
μ (z,∞) =

∣∣1− z
z μ(z)

∣∣2
1−|μ(z)|2 . (7.4.16)

We may assume in all the above theorems that the functions Φz0(t) and Φ(t)
are not convex on the whole segments [0,∞] and [1,∞], respectively, but only on
a segment [T,∞] for some T ∈ (1,∞). Indeed, every nondecreasing function Φ :
[1,∞]→ [0,∞] which is convex on a segment [T,∞], T ∈ (0,∞), can be replaced by
a nondecreasing convex function ΦT : [0,∞]→ [0,∞] in the following way: We set
ΦT (t) ≡ 0 for all t ∈ [0,T ], Φ(t) = ϕ(t), t ∈ [T,T∗], and ΦT ≡ Φ(t), t ∈ [T∗,∞],
where τ = ϕ(t) is the line passing through the point (0,T ) and touching the graph
of the function τ = Φ(t) at a point (T∗,Φ(T∗)), T∗ ≥ T . For such a function, we
have by the construction that ΦT (t) ≤ Φ(t) for all t ∈ [1,∞] and ΦT (t) = Φ(t) for
all t ≥ T∗.
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7.5 Necessary Integral Conditions for Solvability

The main idea for the proof of the following statement under smooth increasing
functions Φ with the additional condition that t(logΦ)′ ≥ 1 is due to Iwaniec and
Martin; see Theorem 3.1 in [117], cf. also Theorem 11.2.1 in [116] and Theorem
20.3.1 in [26]. We obtain the same conclusion in Lemma 7.2 and Theorem 7.8 below
without these smooth conditions. Moreover, by Theorem 2.3, the same conclusion
concerns all conditions (2.8.13)–(2.8.17).

Theorem 7.8. Let Φ : [0,∞]→ [0,∞] be such a nondecreasing convex function that,
for every measurable function μ : D→D satisfying the condition

∫

D

Φ(Kμ(z)) dm(z) < ∞, (7.5.1)

the Beltrami equation (B) has a homeomorphic ACL solution. Then there is δ > 0
such that

∞∫

δ

logΦ(t)
dt
t2 = ∞. (7.5.2)

It is evident that the function Φ(t) in Theorem 7.8 is not constant on [0,∞)
because in the contrary case we would have no real restrictions for Kμ from (7.5.1)
except Φ(t) ≡ ∞ when the class of such μ is empty. Moreover, by the well-known
criterion of convexity (see, e.g., Proposition 5 in I.4.3 of [53]) the inclination Φ(t)/t
is nondecreasing. Hence, the proof of Theorem 7.8 is reduced to the following
statement:

Lemma 7.2. Let a function Φ : [0,∞]→ [0,∞] be nondecreasing and

Φ(t) ≥ C · t ∀ t ≥ T (7.5.3)

for some C > 0 and T ∈ (1,∞). If the Beltrami equations (B) have ACL homeo-
morphic solutions for all measurable functions μ : D→ D satisfying the condition
(7.5.1), then (7.5.2) holds for some δ > 0.

Remark 7.6. Note that the Iwaniec–Martin condition t(logΦ)′ ≥ 1 implies the
condition (7.5.3) with C = Φ(T )/T . Note also that if we take in the construction
of Lemma 7.4 below βn+1 = εn → 0 as n → ∞, αn+1 = bnebnγn − εnγn and
γ∗n+1 = bnebnγn/εn, then Φ(γ∗n+1)/γ∗n+1 ≤ 2εn, and we obtain examples of absolutely
continuous increasing functions Φ with Φ(t)→ ∞ as t → ∞ satisfying the condition
(7.5.2) and simultaneously

liminf
t→∞

Φ(t)
t

= 0. (7.5.4)

Thus, conditions of the type (7.5.3) are independent of the conditions (2.8.12)–
(2.8.17).
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Proof of Lemma 7.2. Let us assume that the condition (7.5.2) does not hold for any
δ > 0. Set t0 = supΦ(t)=0 t, t0 = 0 if Φ(t)> 0 for all t ∈ [0,∞]. Then for all δ > t0,

∞∫

δ

logΦ(t)
dt
t2 < ∞. (7.5.5)

With no loss of generality, applying the linear transformation αΦ + β with
α = 1/C and β = T , we may assume by (7.5.3) that

Φ(t) ≥ t ∀ t ∈ [0,∞). (7.5.6)

Of course, we may also assume that Φ(t) = t for all t ∈ [0,1) because the values of
Φ in [0,1) give no information on Kμ in (7.5.1). Finally, by (7.5.5), we have that
Φ(t)< ∞ for every t ∈ [0,∞).

Now, note that the function Ψ (t) : = tΦ(t) is strictly increasing, Ψ(1) = Φ(1)
and Ψ(t) → ∞ as t → ∞, Ψ(t) < ∞ for every t ∈ [0,∞). Hence, the functional
equation

Ψ(K(r)) =
( γ

r

)2
∀ r ∈ (0,1], (7.5.7)

where γ =Φ1/2(1)≥ 1, is well solvable with K(1) = 1 and a continuous nonincreas-
ing function K : (0,1]→ [1,∞) such that K(r)→ ∞ as r → 0. Taking the logarithm
in (7.5.7), we have that

2 log r + log K(r) + log Φ(K(r)) = 2 log γ,

and by (7.5.6) we obtain that

log r + log K(r) ≤ log γ ,

i.e.,

K(r) ≤ γ
r
. (7.5.8)

Then by (7.5.7),

Φ(K(r)) ≥ γ
r
,

and hence, by (2.8.2),

K(r) ≥ Φ−1
(γ

r

)
.

Thus,

I(t) : =

t∫

0

dr
rK(r)

≤
t∫

0

dr

rΦ−1
( γ

r

) =

∞∫
γ
t

dτ
τΦ−1(τ)

, t ∈ (0,1] ,
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where γ/t ≥ γ ≥ 1>Φ(+0)= 0. Hence, by the condition (7.5.5) and Proposition 2.3

I(t) ≤ I(1) =

1∫

0

dr
rK(r)

< ∞. (7.5.9)

Next, consider the mapping

f (z) =
z
|z| ρ(|z|),

where ρ(t)= eI(t). Note that f ∈C1(D\{0}), and hence, f is locally quasiconformal
in the punctured unit disk D\ {0} by the continuity of the function K(r), r ∈ (0,1);
see also (7.5.8). Let us calculate its complex dilatation. Set z = reiϑ . Then

∂ f
∂ r

=
∂ f
∂ z

· ∂ z
∂ r

+
∂ f
∂ z

· ∂ z
∂ r

= eiϑ · ∂ f
∂ z

+ e−iϑ · ∂ f
∂ z

and

∂ f
∂ϑ

=
∂ f
∂ z

· ∂ z
∂ϑ

+
∂ f
∂ z

· ∂ z
∂ϑ

= ireiϑ · ∂ f
∂ z

− ire−iϑ · ∂ f
∂ z

.

In other words,

∂ f
∂ z

=
e−iϑ

2

(
∂ f
∂ r

+
1
ir
· ∂ f

∂ϑ

)
(7.5.10)

and

∂ f
∂ z

=
eiϑ

2

(
∂ f
∂ r

− 1
ir
· ∂ f

∂ϑ

)
. (7.5.11)

Thus, we have that

∂ f
∂ z

=
1
2

(
ρ(r)

rK(r)
+

ρ(r)
r

)
=

ρ(r)
2r

· 1+K(r)
K(r)

and

∂ f
∂ z

=
e2iϑ

2

(
ρ(r)

rK(r)
− ρ(r)

r

)
= e2iϑ · ρ(r)

2r
· 1−K(r)

K(r)
,

i.e.,

μ(z) = e2iϑ · 1−K(r)
1+K(r)

= − z
z
· K(|z|)− 1

K(|z|)+ 1
.

Consequently

Kμ(z) = K(|z|), (7.5.12)
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and by (7.5.7)

∫

D

Φ(Kμ(z)) dm(z) = 2π
1∫

0

Φ(K(r)) r dr ≤ 2πγ2I(1) < ∞.

However,

lim
z→0

| f (z)| = lim
t→0

ρ(t) = eI(0) = 1,

i.e., f maps the punctured disk D\ {0} onto the ring 1 < |ζ |< R = eI(1).
Let us assume that there is a homeomorphic ACL solution g of the Beltrami

equation (B) with the given μ . By the Riemann theorem, without loss of generality,
we may assume that g(0) = 0 and g(D) = D. Since both f and g are locally
quasiconformal in the punctured disk D \ {0}, then by the uniqueness theorem for
the quasiconformal mappings, f = h◦g in D\{0} where h is a conformal mapping
in D \ {0}. However, isolated singularities are removable for conformal mappings.
Hence, h can be extended by continuity to 0 and, consequently, f should be so.
Thus, the obtained contradiction disproves the assumption (7.5.5). ��
Remark 7.7. Theorems 2.3 and 7.8 show that each of the conditions (2.8.12)–
(2.8.17) in the existence theorems for the Beltrami equations (B) with the integral
constraints (7.5.1) for nondecreasing convex functions Φ is not only sufficient, but
also necessary.

7.6 Representation, Factorization, and Uniqueness Theorems

The following proposition is easily obtained by Stoilow’s factorization theorem; see,
e.g., [240], and also Proposition 2.4.

Proposition 7.1. Let μ : D →C be a measurable function with |μ(z)|< 1 a.e. such
that

Kμ(z) =
1+ |μ(z)|
1−|μ(z)| ∈ L1

loc. (7.6.1)

Then every (continuous) discrete and open ACL solution g of the Beltrami equation
(B) has the representation

g = h ◦ f , (7.6.2)

where f is a homeomorphic W 1,1
loc solution of (B) and h is a holomorphic function in

f (D).

Iwaniec and Sverák [118] showed that, if Kμ ∈ L1
loc, then every W1,2

loc solution g
of (B) has the representation g = h ◦ f for some holomorphic function h and some
homeomorphism f . Iwaniec and Martin have constructed ACL solutions for the
Beltrami equation which are not in W 1,2

loc and not open and discrete and, thus, have
no such representation (7.6.2); see, e.g., [116].
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Remark 7.8. As a consequence of Proposition 7.1, we obtain that if Kμ ∈ L1
loc,

then either the Beltrami equation (B) has a homeomorphic W 1,1
loc solution or has

no continuous, discrete, and open ACL solution. Note that, for every p ∈ [1,∞),
there are examples of measurable functions μ : C→C such that |μ(z)|< 1 a.e. and
Kμ(z) ∈ Lp

loc, and for which the Beltrami equation (B) has no homeomorphic ACL
solution; see Proposition 5.4.

Another type of condition for the uniqueness of a homeomorphic ACL solution
can be obtained by imposing some conditions on the “size” of the singular set of μ .
This will be done in Lemma 7.3 and Theorem 7.9 below.

Recall that the singular set Sμ of μ : D → C is defined by

Sμ =

{
z ∈ D : lim

ε→0
‖Kμ‖L∞(B(z,ε)) = ∞

}
. (7.6.3)

Obviously, the set Sμ is closed relatively to the domain D.
Now, let (X ,d) be a metric space and H = {hx(r)}x∈X a family of functions

hx : (0,ρx)→ (0,∞), ρx > 0, such that hx(r)→ 0 as r → 0. Set

Lρ
H(X) = inf Σ hxk(rk), (7.6.4)

where the infimum is taken over all finite collections of xk ∈ X and rk ∈ (0,ρ) such
that the balls

B(xk,rk) = {x ∈ X : d(x,xk)< rk} (7.6.5)

cover X . The limit

LH(X) : = lim
ρ→0

Lρ
H(X) (7.6.6)

exists. We call LH(X) the H-length of X . In the particular case where hx(r) = r for
all x ∈ X and r > 0, the H-length is the usual (Hausdorff) length of X .

Lemma 7.3. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. Suppose that for every z0 ∈ D there exist ε0 = δ (z0) < dist(z0,∂D) and
a one-parameter family of measurable functions ψz0,ε : (0,∞)→ (0,∞), ε ∈ (0,ε0),
such that

0 < Iz0(ε) : =

ε0∫

ε

ψz0,ε(t) dt < ∞, ε ∈ (0,ε0), (7.6.7)

and such that
∫

ε<|z−z0|<ε0

KT
μ (z,z0) ·ψ2

z0,ε(|z− z0|) dm(z) = o
(
I2
z0
(ε)
)

(7.6.8)

as ε → 0. Let fμ be a strong ring solution of (B).
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If the singular set Sμ is of H-length zero for H = {hz0(r)}z0∈Sμ with

hz0(r) = exp

(
− 2π

ωz0(r)

)
, z0 ∈ Sμ , r ∈ (0,δ (z0)), (7.6.9)

where

ωz0(ε) =
1

I2
z0
(ε)

∫

A(ε)

KT
μ (z,z0) ·ψ2

z0,ε(|z− z0|) dm(z), (7.6.10)

then every homeomorphic ACL solution g of (B) has the representation g = h ◦ fμ
for some conformal mapping h in fμ(D).

Proof. If LH(Sμ) = 0, then S′μ = fμ(Sμ) is of length zero by Corollary 6.6.
Consequently, S′μ does not locally disconnect fμ(D) (see, e.g., [259]), and hence,
G = D\Sμ is a domain. The homeomorphisms g and fμ are locally quasiconformal
in the domain G and hence h= g◦ f−1

μ is conformal in the domain fμ(D)\S′μ . Since
S′μ is of length zero, it is removable for h, i.e., h can be extended to a conformal
mapping in fμ(D) by the Painleve theorem; see, e.g., [40] or [68]. ��
Theorem 7.9. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. Suppose that every point z0 ∈ D has a neighborhood Uz0 = B(zo,δ (z0))
for some 0 < δ (z0)< dist (z0,∂D) and a measurable function Qz0(z) : Uz0 → [0,∞]
such that

KT
μ (z,z0) ≤ Qz0(z) a.e.in Uz0 (7.6.11)

and
δ (z0)∫

0

dt
tqz0(t)

= ∞, (7.6.12)

where qz0(t) is the mean value of Qz0(z) over the circle |z− z0| = t. Let fμ be a
strong ring solution of (B).

If the singular set Sμ has H-length zero for H = {hz0(r)}z0∈Sμ where

hz0(r) = exp

⎛
⎝−

δ (z0)∫

r

dt
tqz0(t)

⎞
⎠, z0 ∈ Sμ , r ∈ (0,δ (z0)), (7.6.13)

then every homeomorphic ACL solution g of (B) has the representation g = h ◦ fμ
for some conformal mapping h in fμ(D).

Proof. Theorem 7.9 follows from Lemma 7.3 with

ψz0,ε(t) ≡ ψz0(t) : =

{
1/[tqz0(t)], t ∈ (0,ε0),

0, otherwise,
(7.6.14)
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where ε0 = δ (z0) because

∫

ε<|z−z0|<ε0

Q(z) ·ψ2
z0
(|z− z0|) dm(z) = 2π

ε0∫

ε

ψz0(t) dt. (7.6.15)

��
Remark 7.9. Let the functions Qz0(z) satisfies the condition

Mz0 : = −
∫

Uz0

Φ(Qz0(z)) dm(z) < ∞ (7.6.16)

and the singular set Sμ be of H-length zero for H = {hz0(r)}z0∈Sμ with

hz0(r) : = exp

⎛
⎜⎜⎝−1

2

δ (z0)
r∫

eMz0

dτ
τΦ−1

z0 (τ)

⎞
⎟⎟⎠ , z0 ∈ Sμ , r ∈ (0,δ (z0)). (7.6.17)

Here, Φz0(τ) stands for convex increasing functions satisfying one of the conditions
(2.8.12)–(2.8.17). Then by Lemma 6.2, every homeomorphic ACL solution g of the
Beltrami equation (B) has the Stoilov representation g = h ◦ fμ with a conformal
mapping h in fμ(D).

Corollary 7.14. Let μ : D → C be a measurable function with |μ(z)| < 1 a.e. and
Kμ ∈ L1

loc. Suppose that every point z0 ∈ D has a neighborhood Uz0 where (7.6.11)
holds with a function Qz0(z) of finite mean oscillation at z0 in the variable z. Suppose
also that the singular set of Sμ is of H-length zero for H = {hz0(r)}z0∈Sμ ,

hz0(r) =

(
log

δ (z0)

r

)−β (z0)

, z0 ∈ Sμ , r ∈ (0,δ (z0)), (7.6.18)

where δ (z0) < dist (z0,∂D) and 2β (z0) = (q(z0) + 6d(z0))
−1, q(z0) is the mean

value of Qz0(z) over D(z0,δ (z0)/2) and d(z0) is the maximal dispersion of Qz0(z)
in D(z0,δ (z0)/2). Let fμ be a strong ring solution of (B).

Then every homeomorphic ACL solution g of (B) has the representation g =
h ◦ fμ for some conformal mapping h in fμ(D).

Corollary 7.14 follows immediately from Lemmas 5.3 and 7.3.

Remark 7.10. In view of Remark 2.2, if the condition

Q∗(z0) : = lim
ε→0

−
∫

D(z0,ε)
Qz0(z) dm(z) < ∞ (7.6.19)

holds for all z0 ∈ D, then one may take β (z) = γ/Q∗(z) in (7.6.18) for any γ < 1/26.
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On the basis of Lemma 7.3, for every existence theorem in the previous
sections, one can formulate the corresponding uniqueness theorem in the spirit of
Theorem 7.9.

7.7 Historical Comments and Final Remarks

To compare our results with earlier results of other authors, we give a short survey.

The first investigation of the existence problem for degenerate Beltrami equations
with integral constraints (7.4.9) as in Theorem 7.7 was conducted by Pesin
[185], who studied the special case where Φ(t) = etα − 1 with α > 1. Basically,
Corollary 7.13 is due to Kruglikov [133]. David [70] considered the existence
problem with measure constraints

|{z ∈ D : Kμ(z) > t}| ≤ ϕ(t) ∀ t ∈ [1,∞) (7.7.1)

with special ϕ(t) of the form a · e−bt and Tukia [254] with the corresponding
constraints in terms of the spherical area. Note that under the integral constraints
(7.4.9) of the exponential type Φ(t) = αeβ t , α > 0, the conditions of David and
Tukia hold. Thus, the latter results strengthen the Pesin result.

By the well-known John–Nirenberg lemma for functions of the class BMO,
the David conditions are equivalent to the corresponding integral conditions of
exponential type; see, e.g., [212]. More advanced results in terms of FMO can be
found in [217] and [220].

The next step was made by Brakalova and Jenkins [56], who proved the existence
of ACL homeomorphic solutions for the case of the integral constraints (7.4.1), as
in Theorem 7.6 with Kμ(z) instead of KT

μ (z,z0) and with

Φz0(t) ≡ Φ(t) = exp

(
t+1

2

1+ log t+1
2

)
. (7.7.2)

Note that, for the case in [56], the condition (2.8.12) in Theorem 2.3 (see also
Corollary 7.8) can be easily verified by the calculations

(logΦ(t))′ =
1
2

log t+1
2

(1+ log t+1
2 )2

∼ 1
2

1
logt

as t → ∞. (7.7.3)

Moreover, it is easy to verify that Φ ′′(t) ≥ 0 for all t ≥ T under large enough T ∈
(1,∞), and thus, Φ is convex on the segment [T,∞]; see, e.g., [53] and Remark 7.5.

Later on, Iwaniec and Martin proved the existence of solutions in the Orlicz–
Sobolev classes for the case where

Φz0(t) ≡ Φ(t) = exp

(
pt

1+ logt

)
(7.7.4)
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for some p > 0 (see, e.g., [116, 117]) for which

(logΦ(t))′ =
p log t

(1+ logt)2 ∼ p
logt

as t → ∞; (7.7.5)

cf. Corollary 7.11. Note that in both cases (7.7.2) and (7.7.4)

Φ(t) ≥ tl ∀ t ≥ tl ∈ [1,∞). (7.7.6)

It is splendid that in the case of

Φz0(t) ≡ Φ(t) = exp pt, (7.7.7)

uniqueness and factorization theorems for solutions of the Beltrami equations of the
Stoilow type were established; see, e.g., [26] and [70].

Corollary 7.7 is due to Gutlyanskii, Martio, Sugawa, and Vuorinen in [98] and
[99], where they have established the existence of ACL homeomorphic solutions of
the Beltrami equation (B) in W 1,s

loc , s = 2p/(1+ p), under Kμ ∈ Lp
loc with p > 1 for

Φz0(t) ≡ Φ(t) : = expH(t), (7.7.8)

with H(t) being a continuous nondecreasing function such that Φ(t) is convex and

∞∫

1

H(t)
dt
t2 = ∞. (7.7.9)

It was one of the most outstanding results in the field of criteria for the solvability
of the degenerate Beltrami equations, as it is clear from Theorem 7.8; see also
Remark 7.7.

Subsequently, the fine theorems on the existence and uniqueness of solutions in
the Orlich–Sobolev classes were established under condition (7.7.9) with smooth
H and the condition tH ′(t) ≥ 5; see Theorem 20.5.2 in the monograph [26],
cf. Lemma 7.2, see also Remark 7.6 above. However, we have not found [99] in
the reference list of this monograph. The theorems on the existence and uniqueness
of solutions in the class W 1,2

loc were also established earlier for Kμ(z)≤ Q(z) ∈W 1,2
loc

in [158].
Recently, Brakalova and Jenkins have proved the existence of ACL homeomor-

phic solutions under (7.4.1), again with Kμ(z) instead of KT
μ (z,z0), and with

Φz0(t) ≡ Φ(t) = h

(
t + 1

2

)
, (7.7.10)
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where they assumed that h is increasing and convex and h(x) ≥Cl xl for any l > 1
with some Cl > 0 and

∞∫

1

dτ
τh−1(τ)

= ∞; (7.7.11)

see [57]. Note that the conditions h(x) ≥ Cl xl for any l > 1, in particular, under
the above subexponential integral constraints (see (7.7.6)) imply that Kμ is locally
integrable with any degree p ∈ [1,∞); see Proposition 2.4.

Some of the given conditions are not necessary, as is clear from the results in
Sect. 7.4 and from the following lemma and remarks:

Lemma 7.4. There exist continuous increasing convex functions Φ : [1,∞)→ [1,∞)
such that

∞∫

1

logΦ(t)
dt
t2 = ∞, (7.7.12)

liminf
t→∞

logΦ(t)
log t

= 1 (7.7.13)

and, moreover,
Φ(t)≥ t ∀ t ∈ [1,∞). (7.7.14)

Note that the examples from the proof of Lemma 7.4 below can be extended to
[0,∞] by Φ(t) = t for t ∈ [0,1] retaining all the given properties.

Remark 7.11. The condition (7.7.13) implies, in particular, that there exist no
λ > 1,Cl > 0 and Tl ∈ [1,∞) such that

Φ(t) ≥Cl · tλ ∀ t ≥ Tl . (7.7.15)

Thus, in view of Lemma 7.4 and Theorem 7.7, none of the conditions (7.7.15)
is necessary in the existence theorems for the Beltrami equations with integral
constraints of the type (7.4.9).

In addition, for the examples of Φ given in the proof of Lemma 7.4,

limsup
t→∞

log Φ(t)
log t

= ∞; (7.7.16)

cf. Proposition 7.2 below. Finally, all the conditions (2.8.12)–(2.8.17) from
Theorem 2.3 hold simultaneously with (7.7.12) because the increasing convex
function Φ is absolutely continuous.

Proof. We use a known criterion which says that a function Φ is convex on an open
interval I if and only if Φ is continuous and its derivative Φ ′ exists and is nonde-
creasing in I except for a countable set of points in I; see, e.g., Proposition 1.4.8
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in [53]. We construct Φ by induction, sewing together pairs of functions of the two
types ϕ(t) = α +β t and ψ(t) = aebt with suitable positive parameters a,b, and β
and possibly negative α.

More precisely, set Φ(t) = ϕ1(t) for t ∈ [1,γ∗1 ] and Φ(t) = ψ1(t) for t ∈
[γ∗1 ,γ1], where ϕ1(t) = t, γ∗1 = e, ψ1(t) = e−(e−1)et , γ1 = e + 1. Let us assume
that we have already constructed Φ(t) on the segment [1,γn] and hence that
Φ(t) = anebnt on the last subsegment [γ∗n ,γn] of the segment [γn−1,γn]. Then we
set ϕn+1(t) = αn+1 +βn+1t, where the parameters αn+1 and βn+1 are found from
the conditions ϕn+1(γn) = Φ(γn) and ϕ ′

n+1(γn)≥ Φ ′(γn − 0), i.e., αn+1 +βn+1γn =

anebnγn and βn+1 ≥ anbnebnγn . Let βn+1 = anbnebnγn , αn+1 = anebnγn (1− bnγn),
choose a large enough γ∗n+1 > γn from the condition

log
(
αn+1 +βn+1γ∗n+1

) ≤
(

1+
1
n

)
log γ∗n+1 (7.7.17)

and, finally, set Φ(t)≡ ϕn+1(t) on [γn,γ∗n+1].

Next, we set ψn+1(t) = an+1ebn+1t , where parameters an+1 and bn+1 are found
from the conditions that ψn+1(γ∗n+1) = ϕn+1(γ∗n+1) and ψ ′

n+1(γ
∗
n+1) ≥ ϕ ′

n+1(γ
∗
n+1),

i.e.,

bn+1 =
1

γ∗n+1
log

αn+1 + βn+1γ∗n+1

an+1
(7.7.18)

and, taking into account (7.7.18),

bn+1 ≥ βn+1

αn+1 + βn+1γ∗n+1
. (7.7.19)

Note that (7.7.19) holds if we take small enough an+1 > 0 in (7.7.18). In addition,
we may choose here bn+1 > 1.

Now, let us choose a large enough γn+1 with e−1γn+1 ≥ γ∗n+1 from the condition
that

log ψn+1
(
e−1γn+1

) ≥ e−1γn+1, (7.7.20)

i.e.,

log an+1 + bn+1e−1γn+1 ≥ e−1γn+1. (7.7.21)

Note that (7.7.21) holds for all large enough γn+1 because bn+1 > 1, although
logan+1 can be negative.

Setting Φ(t) = ψn+1(t) on the segment [γ∗n+1, γn+1], we have that

log Φ(t) ≥ t ∀t ∈ [e−1γn+1,γn+1], (7.7.22)

where the subsegment [e−1γn+1,γn+1]⊆ [γ∗n+1,γn+1] has logarithmic length 1.
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Thus, (7.7.14) holds because by construction, Φ(t) is absolutely continuous,
Φ(1) = 1 and Φ ′(t) ≥ 1 for all t ∈ [1,∞); the equality (7.7.12) holds by (7.7.22);
(7.7.13) by (7.7.14) and (7.7.17); (7.7.16) by (7.7.22). ��
Remark 7.12. If we take βn+1 = 1 for all n = 1,2, . . ., αn+1 = bnebnγn − γn and
arbitrary γ∗n+1 > γn+1 in the above construction in Lemma 7.4, we obtain examples
of absolutely continuous increasing functions Φ which are not convex but satisfy
(7.7.12), as well as all the conditions (2.8.12)–(2.8.17) from Proposition 2.3, and
(7.7.14).

The corresponding examples of nondecreasing functions Φ which are neither
continuous, nor strictly monotone, nor convex in any neighborhood of ∞, but
satisfy (7.7.12), as well as (2.8.12)–(2.8.17), and (7.7.14), are obtained in the above
construction if we take βn+1 = 0 and αn+1 > γn such that αn+1 > Φ(γn) and
Φ(t) = αn+1 for all t ∈ (γn,γ∗n+1], γ∗n+1 = αn+1.

Proposition 7.2. Let Φ : [1,∞)→ [1,∞) be a locally integrable function such that

∞∫

1

logΦ(t)
dt
t2 = ∞. (7.7.23)

Then

limsup
t→∞

Φ(t)

tλ = ∞ ∀ λ ∈ R. (7.7.24)

Remark 7.13. In particular, (7.7.24) itself implies the relation (7.7.16). Indeed, we
have from (7.7.24) that there exists a monotone sequence tn → ∞ as n → ∞ such that

Φ(tn) ≥ tn
n n = 1,2, . . . , (7.7.25)

i.e.,
logΦ(tn)

log tn
≥ n n = 1,2, . . . . (7.7.26)

Proof. It is sufficient to consider the case λ > 0. Set H(t) = logΦ(t), i.e., Φ(t) =
eH(t). Note that ex ≥ xn/n! for all x ≥ 0 and n = 1,2 . . . because ex = ∑∞

n=0 xn/n! .
Fix λ > 0 and n > λ . Then q : = λ/n belongs to (0,1) and

H(t)
tq ≤

(
Φ(t)

tλ

) 1
n

· n
√

n! .

Let us assume that

C : = limsup
t→∞

Φ(t)

tλ < ∞. (7.7.27)
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Then

∞∫

�
H(t)

dt
t2 < 2 n

√
Cn!

∞∫

�

dt
t2−q = − 2

1− q

n
√

Cn!
t1−q |∞�

=
2

1− q

n
√

Cn!
�1−q < ∞

for large enough �> 1 > 0 . The latter contradicts (7.7.23). Hence, the assumption
(7.7.27) was not true, and thus, (7.7.24) holds for all λ ∈ R . ��
Remark 7.14. Lemma 7.4 shows that, generally speaking, limsup in (7.7.24) cannot
be replaced by lim for an arbitrary λ > 1 under the condition (7.7.23) even if Φ is
continuous, increasing and convex.



Chapter 8
On the Dirichlet Problem for Beltrami
Equations

8.1 Introduction

Boundary problems for the Beltrami equation (B) are due to the famous dissertation
of Riemann who considered a particular case of analytic functions when μ(z) ≡ 0
and to the works of Hilbert (1904, 1924) who studied the corresponding system of
Cauchy–Riemann for the real and imaginary parts of analytic functions f = u+ iv,
as well as to the work of Poincaré (1910) on rising tides.

For further commentary on the history of the question, see Chap. 4 of the mo-
nograph [263] where the Dirichlet problem was studied for the uniformly elliptic
Beltrami systems; see also the work [71]. Recent results on the existence of regular
homeomorphic solutions for degenerate Beltrami equations (see, e.g., in [49,99,105,
117, 159, 165, 215, 219, 220]) and the development of the theory of the boundary
behavior of regular homeomorphisms make it possible to proceed further in the
domain of the existence of regular solutions of the Dirichlet problem; see the two
previous chapters of the present monograph. Here, we mainly follow the original
papers [76] and [77].

The concept of a ring Q-homeomorphism at inner points was first introduced and
used to study degenerate Beltrami equations (B), in [215], and at boundary points in
[222]. The papers [215] and [219] contained a series of theorems on the existence of
solutions of (B) which are ring Q-homeomorphisms at every point z0 ∈ D possibly
which Q(z) < 1 on a set of a positive measure.

The problem of the local and boundary behavior of Q-homeomorphisms has been
studied in Rn, first in the case Q ∈ BMO (bounded mean oscillation) in the papers
[163–165], and then for the case Q ∈ FMO (finite mean oscillation) and other cases
in the papers [113, 114, 207]; see also the monograph [165]. In the paper [225],
ACL and differentiability a.e. for Q-homeomorphisms in Rn, n ≥ 2, was established
whenever Q ∈ L1

loc. Moreover, it was shown there that such Q-homeomorphisms f

belong to the Sobolev class W 1,1
loc and Jf (z) �= 0 a.e.

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 8,
© Springer Science+Business Media, LLC 2012
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8.2 Characterization of Ring Q-Homeomorphisms
at the Boundary

Below, we use the standard conventions: a/∞ = 0 for a �= ∞ and a/0 = ∞ if a > 0
and 0 ·∞ = 0; see, e.g., [224]. Set D= {z ∈C : |z|< 1}.
Lemma 8.1. Let Q : D → [0 ,∞] be a measurable function. A homeomorphism
f : D→D is a ring Q-homeomorphism at a point z0 ∈ ∂D if and only if

M (Δ ( fC∗
1 , fC∗

2 , f (A∩D))) ≤
∫

A∩D
Q(z) ·η2(|z− z0|) dm(z) (8.2.1)

for every ring A = A(z0,r1,r2) = {z ∈ C : r1 < |z− z0|< r2}, 0 < r1 < r < r2 < 2,
where C∗

1 = S(z0,r1)∩D and C∗
2 = S(z0,r2)∩D are boundaries of the ring A =

A(z0,r1,r2) in D, and for every measurable function η : (r1,r2)→ [0,∞] such that

r2∫

r1

η(r) dr ≥ 1. (8.2.2)

Proof. Indeed, the family of paths Δ( fC∗
1 , fC∗

1 , f (A∩D)) minorizes every family
Δ( fC1, fC1, D), where C1and C2 are arbitrary continua in D belonging to the
different components of the complement of the ring A, and thus

M(Δ( fC1, fC2, D))≤ M(Δ( fC∗
1 , fC∗

2 , f (A∩D)));

see, e.g., 6.4 in [258]. Consequently, (8.2.1) implies that

M (Δ ( fC1, fC2, f G)) ≤
∫

A∩D
Q(z) ·η2(|z− z0|) dm(z) . (8.2.3)

Let us show that (8.2.1) holds for every ring Q-homeomorphism f : D → D at
the point z0. For this goal, take in (8.2.3) expanding sequences C1 = Cn

1 and
C2 = Cn

2 of closed arcs which exhaust the open arcs C∗
1 and C∗

2 , respectively. Then
Δ( fC∗

1 , fC∗
2 , D) =

⋃∞
n=1 Δ( fCn

1 , fCn
2 , D) and, consequently (see, e.g., [272]),

M(Δ( fC∗
1 , fC∗

2 , D)) = lim
n→∞

M(Δ( fCn
1 , fCn

2 , D)) .

Thus, (8.2.3) also implies (8.2.1) because

Δ( fC∗
1 , fC∗

2 , f (A∩D))⊆ Δ( fC∗
1 , fC∗

2 , D) . ��
Lemma 8.2. Let Q : D → [0,∞] be a measurable function and let f : D → D be a
ring Q-homeomorphism at a point z0 ∈ ∂D. Then
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M (Δ ( fC∗
1 , fC∗

2 , f (A∩D))) ≤
⎛
⎝

r2∫

r1

dr
‖Q‖1(r)

⎞
⎠

−1

(8.2.4)

for every 0 < r1 < r2 < 2, where ‖Q‖1(r) =
∫

γr
Q(z)|dz| is the norm in L1 of the

function Q over the arcs γr = D ∩ S(z0,r), r ∈ (r1,r2), C∗
1 = S(z0,r1) ∩D and

C∗
2 = S(z0,r2)∩D, A = {z ∈ C : r1 < |z− z0|< r2}.

Proof. Set

I =

r2∫

r1

dr
‖Q‖1(r)

.

Without loss of generality, we may assume that I �= 0 because otherwise (8.2.4) is
trivial and that I �= ∞ because otherwise in (8.2.4) we can replace Qδ (z) by Q(z) + δ
with an arbitrarily small δ > 0 and then take the limit as δ → 0 in (8.2.4).

Let I �= ∞ . Then ‖Q‖1(r) �= 0 a.e. on (r1 ,r2) . Set

ψ(t) =

⎧⎨
⎩

1∫
γt

Q(z)|dz| , t ∈ (r1,r2),

0, t /∈ (r1,r2).

Then, by the Fubini theorem applied to the polar coordinates centered at the point
z0, we have ∫

A∩D
Q(z) ·ψ2(|z− z0|) dm(z) =

r2∫

r1

dr∫
γr

Q(z) |dz| . (8.2.5)

Let Γ be the family of all paths joining the circles C∗
1 and C∗

2 in A∩D . Let also
ψ∗ be a Borel function such that ψ∗(t) = ψ(t) for a.e. t ∈ [0,∞]. Such a function
ψ∗ exists by the Lusin theorem (see, e.g., 2.3.5 in [83] and [224], p. 72). Then the
function

ρ(z) = ψ∗(|z− z0|)/I

is admissible for the family Γ and, according to relation (8.2.5), for every ring
Q-homeomorphism at the point z0, we have that

M( fΓ )≤ ∫
A∩D

Q(z) ·ρ2(z) dm(z) =

(
r2∫
r1

dr∫
γr

Q(z) |dz|

)−1

. ��

The following lemma shows that inequality (8.2.4), generally speaking, cannot
be improved for ring Q-homeomorphisms:

Lemma 8.3. Let Q : D→ [0,∞] be a measurable function and let z0 ∈ ∂D. Set

η0(r) =
1

‖Q‖1 (r)
r2∫
r1

dt
‖Q‖1(t)

,
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where ‖Q‖1(r) =
∫
γr

Q(z)|dz| and γr = D∩S(z0,r). Then

⎛
⎝

r2∫

r1

dr
‖Q‖1(r)

⎞
⎠

−1

=
∫

A∩D
Q(z) ·η2

0 (|z− z0|) dm(z)≤
∫

A∩D
Q(z) ·η2(|z− z0|) dm(z)

(8.2.6)
for every function η : (r1,r2)→ [0,∞] such that

r2∫

r1

η(r) dr = 1 . (8.2.7)

Proof. Set

I =

r2∫

r1

dr
‖Q‖1(r)

.

If I = ∞ , then the left-hand side in (8.2.6) is equal to zero and the inequality is
obvious. If I = 0 , then ‖Q‖1(r) = ∞ for a.e. r ∈ (r1 ,r2), and both sides in (8.2.6)
are equal to ∞. Hence, we may assume further that 0 < I < ∞ . Then it follows from
(8.2.6) that ‖Q‖1(r) �= 0 a.e. in (r1,r2). By (8.2.7), η(r) �= ∞ a.e. in (r1,r2). Setting

α(r) = ‖Q‖1(r)η(r) , w(r) =
1

‖Q‖1(r)
,

we have that

η(r) = α(r)w(r)

a.e. in (r1,r2). Set

C : =

∫

A∩D
Q(z) ·η2(|z− z0|)dm(z) =

r2∫

r1

α2(r) ·w(r) dr.

By Jensen’s inequality with weights w(r) (see, e.g., Theorem 2.6.2 in [196])
applied to the convex function ϕ(t) = t2 and to the probability measure

ν (E) =
1
I

∫

E

w(r) dr, E ⊂ Ω ,

we obtain that

(
−
∫

α2(r)w(r) dr

)1/2

≥ −
∫

α(r)w(r) dr =
1
I
,
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where we have also used the fact that η(r) = α(r)w(r) satisfies relation (8.2.7) and

I =

r2∫

r1

dr
‖Q‖1(r)

.

Thus,

C ≥
⎛
⎝

r2∫

r1

dr
‖Q‖1(r)

⎞
⎠

−1

,

and the proof is complete. ��
Theorem 8.1. Let Q : D → [0,∞] be a measurable function. A homeomorphism
f : D→D is a ring Q-homeomorphism at a point z0 ∈ ∂D if and only if

M (Δ ( fC∗
1 , fC∗

2 , f (D∩A))) ≤
⎛
⎝

r2∫

r1

dr
‖Q‖1(r)

⎞
⎠

−1

(8.2.8)

for every 0 < r1 < r2 < 2, where ‖Q‖1(r) =
∫

γr
Q(z)|dz| is the norm in L1 of the

function Q over the arcs γr = D ∩ S(z0,r), r ∈ (r1,r2) , C∗
1 = S(z0,r1) ∩D and

C∗
2 = S(z0,r2)∩D, A = {z ∈C : r1 < |z− z0|< r2}.

Remark 8.1. Note that the infimum from the right-hand side in (8.2.3) yields the
function

η0(r) =
1

‖Q‖1 (r)
r2∫
r1

dt
‖Q‖1(t)

.

8.3 The Regular Homeomorphisms

A homeomorphism f of the Sobolev class W 1,1
loc is called regular if its Jacobian

Jf (z) = | fz|2 −| fz|2 > 0 a.e. Every regular homeomorphism satisfies some Beltrami
equation (B) with complex coefficient μ(z) = μ f (z) = fz/ fz.

Lemma 8.4. Let f : D→D be a regular homeomorphism and let z0 ∈ ∂D. Then

M (Δ ( fC∗
1 , fC∗

2 , f (D∩A))) ≤
⎛
⎝

r2∫

r1

dr
‖KT

μ ‖1(r)

⎞
⎠

−1

(8.3.1)

for 0 < r1 < r2 < 2, where ‖KT
μ ‖1(r) =

∫
γr

KT
μ (z,z0)|dz| is the norm in L1 of the

function KT
μ (z,z0) over the arcs γr = D∩ S(z0,r), r ∈ (r1,r2) , C∗

1 = S(z0,r1)∩D

and C∗
2 = S(z0,r2)∩D, A = {z ∈ C : r1 < |z− z0|< r2}.
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Proof. Set Γ = Δ ( fC∗
1 , fC∗

2 , f (A∩D)) . Consider the quadrilateral R =
{z ∈ D : r1 < |z− z0| < r2}. Then there is a conformal map h mapping f R onto
a circle semiring R′ = {w : 1 < |w|< L, Imw > 0}. Let Γ ∗ be the family of all paths
joining the boundary components |w| = 1 and |w| = L of the semiring R′. Then, in
view of the conformal invariance of the modulus, M(Γ ∗) = M(Γ ). Thus,

M(Γ ) =
π2

∫
R′

dudv
|w|2

,

where w = u+ iv.
For g = h ◦ f , we have that g ∈ W 1,1

loc ( f (A∩D)) , and hence, g is a.e. absolutely
continuous and differentiable a.e. on γr for a.e. r ∈ (r1,r2); see, e.g., 1.1.7 in [169].
Note that

r2∫

r1

θ2(r)∫

θ1(r)

Jg(z0 + reiθ )

|g(z0 + reiθ )|2 r dr dθ ≤
∫

R′

dudv
|w|2 =

π2

M(Γ )
, (8.3.2)

where θ1(r) and θ2(r) are the angular coordinates of the ends of the arcs γr, and
Jg is the Jacobian of g. The replacement of variables is correct in view of Lemma
III.3.3 in [152].

Now, we have

π ≤
∫

γr

|d arg g| ≤
∫

γr

|d log g|=
∫

γr

|dg(z)|
|g(z)| =

θ2(r)∫

θ1(r)

|gθ (z0 + reiθ )|
|g(z0 + reiθ )| dθ

for a.e. r ∈ (r1, r2) and, applying the Schwartz inequality (see, e.g., Theorem I.4 in
[29]), we obtain that

π2 ≤

⎛
⎜⎝

θ2(r)∫

θ1(r)

|gθ (z0 + reiθ )|
|g(z0 + reiθ )| dθ

⎞
⎟⎠

2

≤
θ2(r)∫

θ1(r)

|gθ (z0 + reiθ )|2
J(z0 + reiθ )

dθ
θ2(r)∫

θ1(r)

J(z0 + reiθ )

|g(z0 + reiθ )|2 dθ ,

i.e.,

π2

θ2(r)∫
θ1(r)

|gθ (z0+reiθ )|2
rJ(z0+reiθ )

dθ
≤ r

θ2(r)∫

θ1(r)

J(z0 + reiθ )

|g(z0 + reiθ )|2 dθ .
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Integrating both sides of the last inequality over r ∈ (r1,r2) gives

r2∫

r1

dr
θ2(r)∫
θ1(r)

|gθ (z0+reiθ )|2
rJ(z0+reiθ )

dθ
≤ π−2

r2∫

r1

r

θ2(r)∫

θ1(r)

J(z0 + reiθ )

|g(z0 + reiθ )|2 dθ dr. (8.3.3)

Combining (8.3.2) and (8.3.3), we have that

M (Γ ) ≤

⎛
⎜⎜⎜⎜⎝

r2∫

r1

dr
θ2(r)∫
θ1(r)

|gθ (z0+reiθ )|2
rJ(z0+reiθ )

dθ

⎞
⎟⎟⎟⎟⎠

−1

(8.3.4)

and by (2.7.7) we obtain (8.3.1). ��
Now, combining Lemmas 8.1, 8.2, and 8.4, we obtain following conclusion:

Theorem 8.2. Let f : D → D be a regular homeomorphism of the Sobolev class
W 1,1

loc . Then f is a ring Q-homeomorphism at every point z0 ∈ ∂D with Q(z) =
KT

μ (z,z0), μ = μ f .

Corollary 8.1. Every regular homeomorphism f : D→D of the Sobolev class W 1,1
loc

is a ring Q-homeomorphism at each point z0 ∈ ∂D with Q(z) = Kμ(z), μ = μ f .

8.4 On Extension of Regular Homeomorphisms
to the Boundary

In what follows, for a point z0 ∈ ∂D and a mapping f : D→D, we denote

C(z0, f ) :=
{

w ∈ C : w = lim
n→∞

f (zn),zn → z0

}
;

C(z0, f ) is called a cluster set of f at z0.

Lemma 8.5. Let f : D→D be a regular homeomorphism such that

∫

D(z0,ε)

KT
μ (z,z0) ·ψ2

z0,ε(|z− z0|)dxdy = o(I2
z0
(ε)) (8.4.1)

as ε → 0, where μ(z) = μ f (z), z0 ∈ ∂D, D(z0,ε) = {z ∈ D : ε < |z− z0| < ε(z0)},
ε(z0) ∈ (0,1), and ψz0,ε(t) is a family of nonnegative Lebesgue measurable
functions on (0,1) such that
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0 < Iz0(ε) =
ε0∫

ε

ψz0,ε(t)dt < ∞ ∀ ε ∈ (0,ε0) . (8.4.2)

Then f can be extended to the point z0 by continuity.

Proof. Let us show that the cluster set E =C(z0, f ) is a singleton.
Note that E �= /0 in view of the compactness of D and that ∂D is strongly

accessible at every point w0 ∈ E . Assume that there is one more point w∗ ∈ E .
Let U = B(w0,r0) := {w ∈ C :|w − w0| < r0}, where 0 < r0 < d(w0,w∗), and
Dm : = {z ∈ D : |z − z0| < 1/m}, m = 1,2, . . .. Then there exist sequences of
points wm and w∗

m ∈ Fm = f Dm that converge to w0 and w∗, respectively, for which
|w0 −wm| < r0 and |w0 −w∗

m| > r0. The points wm and w∗
m can be joined by paths

Cm in the domains Fm. By the construction,

Cm ∩∂B(w0,r0) �= /0

in view of the connectedness of Cm.
Since ∂D is strongly accessible, there exist a compact set C ⊂ D and a number

δ > 0 such that
M(Δ(C,Cm,D))≥ δ

for large m because dist(w0,Cm) ≤ |w0 − wm| → 0 as m → ∞. Note that the
set K = f−1(C) is compact as a continuous image of a compact set. Thus,
ε0 = dist(z0,K)> 0. Let Γε be the family of all paths joining the disk

Bε = D(z0,ε) := {z ∈ D : |z− z0|< ε}, ε ∈ (0,ε0),

with the compactum K.
Let ψ∗

z0,ε be a Borel function such that ψ∗
z0,ε(t) = ψz0,ε(t) for a.e. t ∈ (0,∞),

which exists by the Lusin theorem; see, e.g., 2.3.5 in [83]. Then the function

ηε(t) =

{
ψ∗

z0,ε(t)/Iz0(ε), if t ∈ (ε,ε0)

0, if t ∈ R\(ε,ε0)

satisfies the condition
ε0∫

ε

ηε(t)dt = 1 .

Hence, by Lemmas 8.1, 8.2 and 8.4,

M (Γ ∗
ε ) ≤

∫

A∩D
Q(z) ·η2

ε (|z− z0|) dm(z),
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where Γ ∗
ε = Δ

(
fC∗

ε , fC∗
ε0
, f A
)
, A = A(z0,ε,ε0) = {z ∈ C : ε < |z − z0| < ε0},

C∗
1 = S(z0,ε)∩D, and C∗

2 = S(z0,ε0)∩D, Q(z) = KT
μ (z,z0) . Since Γ ∗

ε < Γε and,
consequently, fΓ ∗

ε < fΓε , we have that M(Γε)≤M(Γ ∗
ε ), and therefore, M (Γε) → 0

as ε → 0 by condition (8.4.1).
On the other hand, for every ε ∈ (0,ε0) and large m, Dm ⊂ Bε and therefore

Cm ⊂ f Bε . Consequently,

M( fΓε )≥ M(Δ(C,m;D))≥ δ > 0 .

The obtained contradiction disproves the above assumption that the cluster set E is
not a singleton. ��
Lemma 8.6. Let f : D→ D be a regular homeomorphism with Kμ ∈ L1(D), where
μ = μ f . Then

C(z1, f )∩C(z2, f ) = /0 ∀ z1,z2 ∈ ∂D, z1 �= z2.

Proof. Set i = C(zi, f ), i = 1,2, and δ = |z1 − z2|. Let us assume that E1 ∩E2 �= /0.
Set W1 = D∩D1 and W2 = D\D2, where D1 = D(z1,

δ
3 ) and D2 = D(z1,

2δ
3 ).

For the function

η(t) =

⎧⎨
⎩

3
δ , if t ∈

(
δ
3 ,

2δ
3

)
,

0, if t ∈ R\
(

δ
3 ,

2δ
3

)
,

we have that
2δ
3∫

δ
3

η(t)dt = 1,

and by Corollary 8.1, because Kμ ∈ L1(D),

M (Δ ( fC1, fC2,D))≤
∫

A∩D
Kμ(z) ·η2(|z− z0|) dm(z)≤ 9

δ 2

∫

D

Kμ(z)dm(z) < ∞

for arbitrary continua C1 and C2 in D belonging to the different components of the

complement of the ring A = A
(

z1,
δ
3 ,

2δ
3

)
in C.

However, the above estimate contradicts the condition of the weak flatness of the
boundary of the unit disk D if there is w0 ∈ E1 ∩E2. Indeed, w0 ∈ fW1 ∩ fW2, and
there exist paths intersecting any prescribed spheres ∂B(w0,r0) and ∂B(w0,r∗) with
small enough radii r0 and r∗ in the domains W ∗

1 = fW1 and W ∗
2 = fW2. Hence, the

assumption that E1 ∩E2 �= /0 was not true. ��
Corollary 8.2. For every regular homeomorphism f : D→D with Kμ ∈ L1(D), the
inverse homeomorphism f−1 admits a continuous extension to ∂D.
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Combining Lemmas 8.5 and 8.6, we obtain the following conclusion:

Lemma 8.7. Every regular homeomorphism f : D → D is extended to a homeo-
morphism f : D→D provided that Kμ ∈ L1(D) and KT

μ (z,z0) satisfies the condition
(8.4.1) at every point z0 ∈ ∂D, where μ(z) = μ f (z).

8.5 Existence Theorems for the Dirichlet Problem

Every analytic function f in a domain D satisfies to the simplest Beltrami equation

fz = 0 (8.5.1)

when μ(z)≡ 0. If an analytic function f defined in the unit disk D= {z∈C : |z|< 1}
is continuous in its closure, then by the Schwarz formula

f (z) = i Im f (0)+
1

2π i

∫

|ζ |=1

Re f (ζ ) · ζ + z
ζ − z

dζ
ζ

; (8.5.2)

see, e.g., Sect. 8, Chap. III, Part 3 in [111], p. 346. Thus, the analytical function f in
the unit disk D is defined, up to a purely imaginary number ic, c = Im f (0), by its
real part ϕ(ζ ) = Re f (ζ ) on the boundary of the unit disk.

The Dirichlet problem for the Beltrami equation (B) in a domain D ⊂ C is
the problem of the existence of a continuous function f : D → C having partial
derivatives of the first order a.e., satisfying (B) a.e. and such that

lim
z→ζ

Re f (z) = ϕ(ζ ) ∀ζ ∈ ∂D (8.5.3)

for a prescribed continuous function ϕ : ∂D →R. It is obvious that if f is a solution
of such a problem, then the function F(z) = f (z)+ ic, c ∈ R, is also.

The regular solution of the Dirichlet problem (8.5.3) with ϕ(ζ ) ≡ c, ζ ∈ ∂D,
for the Beltrami equation (B) is the function f (z) ≡ c, z ∈ D. If ϕ (ζ ) �≡ const, then
the regular solution of such a problem is a continuous, discrete, and open mapping
f : D → C of the Sobolev class W 1,1

loc with its Jacobian Jf (z) = | fz|2 −| fz|2 �= 0 a.e.
satisfying the condition (8.5.3) and (B) a.e. If D = D, we in addition assume that
Im f (0) = 0.

Recall that a mapping f : D → C is called discrete if the preimage of f −1 (y)
consists of isolated points for every y ∈C and open if f maps every open set U ⊆ D
onto an open set in C.

In what follows, we prove that a regular solution of the Dirichlet problem (8.5.3)
exists for every continuous function ϕ : ∂D→R for wide classes of the degenerate
Beltrami equations (B) in the unit disc D. The Dirichlet problem in the unit disk is
a model. The case of an arbitrary bounded simply connected domain D in C can be
reduced to the case of the unit disk by using conformal Riemann mapping theorem.
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Lemma 8.8. Let μ : D→D be a measurable function. If Kμ ∈ L1(D) and KT
μ (z,z0)

satisfies the condition (8.4.1) at every point z0 ∈ D, then the Beltrami equation
(B) has a regular solution f of the Dirichlet problem (8.5.3) for every continuous
function ϕ : ∂D→ R.

Proof. By Stoilow’s factorization theorem (see, e.g., [241]), every continuous open
discrete mapping f : D→ C can be presented as

f = h ◦ g, (8.5.4)

where g is a homeomorphism of D onto D and h is an analytical function in D.
Hence, we find the regular solution of the Dirichlet problem (8.5.3) in the form
(8.5.4).

Under the condition (8.4.1), by Lemma 7.1 and the Riemann theorem, there is
a regular homeomorphism g : D → D, g(0) = 0, which is a W 1,1

loc solution for the
Beltrami equation (B), and g by Lemma 8.7 can be extended to a homeomorphism
of D onto D.

By the Schwarz and Poisson formulas (see, e.g., Sects. 8 and 10, Chap. III, Part 3
in [111]), the analytic function h in (8.5.4) with Imh(0) = 0 can be calculated in D

through its real part on the boundary:

h(z) =
1

2π i

∫

|ζ |=1

Re f ◦ g−1(ζ ) · ζ + z
ζ − z

· dζ
ζ

. (8.5.5)

��
By Lemmas 5.1 and 8.8 with ψz0,ε(t)≡ 1/t log 1

t , we obtain the following:

Theorem 8.3. Let μ : D→D be a measurable function such that Kμ has the BMO
majorant. Then the Beltrami equation (B) has a regular solution of the Dirichlet
problem (8.5.3) for every continuous function ϕ : ∂D→ R.

Remark 8.2. In particular, we have that if

Kμ(z) ≤ Q(z) ∈ W 1,2
loc (D) , (8.5.6)

then the conclusion of the last theorem holds because W 1,2 (D) ⊂ VMO(D) ; see,
e.g., [58]. Moreover, in this case f ∈W 1,2

loc (see, e.g., [158]), and the problem has the
unique regular solution for every continuous function ϕ : ∂D→ R.

By Lemmas 5.3 and 8.8, this theorem admits the essential generalization.

Theorem 8.4. Let μ : D → D be a measurable function such that Kμ ∈ L1(D)
and KT

μ (z,z0) ≤ Q(z,z0), where the function Q(z,z0) belongs to FMO(z0) in z for

all z0 ∈ D. Then the Beltrami equation (B) has a regular solution of the Dirichlet
problem (8.5.3) for every continuous function ϕ : ∂D→ R.
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Corollary 8.3. Let μ : D→ D be a measurable function such that

Kμ(z) =
1+ |μ(z)|
1−|μ(z)| ≤ Q(z) ∈ FMO

(
D
)
. (8.5.7)

Then the Beltrami equation (B) has a regular solution of the Dirichlet problem
(8.5.3) for every continuous function ϕ : ∂D→ R.

Corollary 8.4. Let μ : D→D be a measurable function with Kμ ∈ L1(D) such that

lim
ε→0

−
∫
D(z0,ε)

∣∣∣1− z−z0
z−z0

μ(z)
∣∣∣2

1−|μ(z)|2 dm(z) < ∞ ∀ z0 ∈ D, (8.5.8)

where D(z0,ε) = D∩B(z0,ε), B(z0,ε) = {z ∈ C : |z− z0|< ε}. Then the Beltrami
equation (B) has a regular solution of the Dirichlet problem (8.5.3) for every
continuous function ϕ : ∂D→R.

Corollary 8.5. Let μ : D→ D be a measurable function such that

kz0(ε) = O

(
log

1
ε

)
∀z0 ∈ D (8.5.9)

as ε → 0, where kz0(ε) is the average of the function KT
μ (z,z0) over D

⋂
S(z0, ε),

S(z0, ε) = {z ∈ C : |z − z0| = ε}. Then the Beltrami equation (B) has a regular
solution of the Dirichlet problem (8.5.3) for every continuous function ϕ : D→ R.

Remark 8.3. In particular, the conclusion holds if

KT
μ (z,z0) = O

(
log

1
|z− z0|

)
as z → z0 ∀ z0 ∈ D . (8.5.10)

Theorem 8.5. Let μ : D→D be a measurable function with Kμ ∈ L1(D) such that

δ (z0)∫

0

dr
‖KT

μ ‖1(r)
= ∞ ∀ z0 ∈D, (8.5.11)

where ‖KT
μ ‖1(r) =

∫
γr

KT
μ (z,z0)|dz| is the L1 norm of the function KT

μ (z,z0) over the
arcs γr = D∩S(z0,r) of the circles S(z0,r) = {z ∈ C : |z− z0|= r}, 0 < δ (z0)< 1.
Then the Beltrami equation (B) has a regular solution of the Dirichlet problem
(8.5.3) for every continuous function ϕ : ∂D→ R.
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Theorem 8.5 follows from Lemma 8.8 under the special choice

ψz0,ε(t)≡ ψz(t) =

{
1/
[
tkz0(t)

]
, t ∈ (0,ε0),

0, t ∈ [ε0,∞),

where ε0 = δ (z0) and kz0(t) is the mean value of KT
μ (z,z0) over γt = D∩S(z0, t).

Remark 8.4. Of course, all the above results on the existence of regular solutions of
the Dirichlet problem for the Beltrami equation (B) can be formulated in terms of
the dilatation Kμ(z) because KT

μ (z,z0)≤ Kμ(z). In particular, the latter theorem big
Kμ ∈ Lp(D), p > 1, instead of KT

μ (z,z0) can be derived from Theorem 2 in [174] big
applying Lemma 8.7 too. Note also that the boundary behavior of mappings with
bounded Dirichlet integral was studied in Suvorov’s works; see, e.g., [248, 249].

8.6 Examples of the Dirichlet Problem

Example 1. Let

μ(z) = k(|z|) z
z
, (8.6.1)

where k(τ) : R→ (−1,1) is a measurable function such that

1∫

ε

1+ k(τ)
1− k(τ)

dτ
τ

< ∞ ∀ ε ∈ (0,1) (8.6.2)

and
1∫

0

1+ k(τ)
1− k(τ)

dτ
τ

= ∞ . (8.6.3)

Then a regular solution of the Dirichlet problem (8.5.3) for the Beltrami equation
(B) can be written in the explicit form

f (z) =
1

2π i

∫

|ζ |=1

Reϕ(ζ ) · ζ +ω(z)
ζ −ω(z)

· dζ
ζ
, (8.6.4)

where

ω(z) =
z
|z| exp

⎛
⎜⎝−

1∫

|z|

1+ k(τ)
1− k(τ)

dτ
τ

⎞
⎟⎠ (8.6.5)

is a regular homeomorphic solution of Beltrami equation (B) with μ from (8.6.1);
see Propositions 6.4 and 6.5 in [213].
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Example 2. The example of a complex dilatation μ which is given further in (8.6.7)
shows that the Dirichlet problem (8.5.3) for the Beltrami equation (B) has no regular
solution for every ϕ �= const, even in the case of μ ∈ C∞(D \ {0}), Kμ ∈ L∞

loc(D \
{0}) and Kμ ∈ Lp(D) for any arbitrarily large p ≥ 1. Moreover, Kμ has only one
singularity at zero and none on the boundary ∂D.

In the monograph [165], the following simple example of the mapping was given:

g(z) =
z
|z| (1+ |z|α) = eiϑ (1+ rα) , (8.6.6)

z = x+ iy = reiϑ ,α ∈ (0, 1), that maps the punctured unit disk D0 = D \ {0} =
{z ∈C : 0 < |z|< 1} onto the ring A(0, 1, 2) = {z ∈C : 1 < |z|< 2}, and thus, g has
the unremovable singularity at zero.

Let us calculate the complex dilatation of the mapping g. By (7.5.10) and (7.5.11)
note that

∂g
∂ r

=
∂g
∂ z

· ∂ z
∂ r

+
∂g
∂ z

· ∂ z
∂ r

=
z
|z| ·gz+

z
|z| ·gz ,

and
∂g
∂ϑ

=
∂g
∂ z

· ∂ z
∂ϑ

+
∂g
∂ z

· ∂ z
∂ϑ

= i(zgz − zgz) .

Thus,

zgz =
1
2

(
r

∂g
∂ r

− i
∂g
∂ϑ

)
=

eiϑ

2
(1+(1+α)rα) ,

and

zgz =
1
2

(
r

∂g
∂ r

+ i
∂g
∂ϑ

)
=−eiϑ

2
(1+(1−α)rα) ,

and consequently

μ(z) =
fz

fz
=−e2iϑ · 1+(1−α)rα

1+(1+α)rα . (8.6.7)

Then under α ∈ (0, 1), the dilatation

Kμ(z) =
1+ |μ(z)|
1−|μ(z)| =

1+ rα

αrα =
1
α
(
1+ r−α)

has only one singularity as r → 0 and, moreover, Kμ ∈ Lp(D) for every p < 2/α .
Thus, under α → 0, the degree of integrability of Kμ can be arbitrarily large.
Moreover, Kμ ∈ L∞

loc(D0) and μ ∈ C
∞ (

D\ {0}), i.e., f is locally quasiconformal
in the punctured disk D0.
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It is easy to show that under μ from (8.6.7), the Dirichlet problem (8.5.3) for
(B) has no regular solutions f with any continuous function ϕ �= const. Indeed,
by Stoilow’s factorization theorem f = A ◦ h, where A is an analytic function and
h is a homeomorphism. However, h is a locally quasiconformal mapping outside
of some discrete set of points M in D0, because branch points of the analytic
function A are isolated, and satisfies the Beltrami equation (B) a.e. Thus, by the
uniqueness theorem for quasiconformal mappings we have that h|D0\M =C◦g|D0\M ,
where C is a conformal mapping in g(D0 \M) = g(D0) \ g(M). Note that, since g
is a homeomorphism in D0, the set g(M) consists of isolated points and thus is
removable for the conformal mapping C. However, then M is removable for h and
h =C ◦ g. Consequently, f = A∗ ◦ g where A∗ is analytic function.

By the definition, the regular solution f is continuous at zero. However,
g−1(w) → 0 as |w| → 1. Thus, A∗(w) → f (0) = Re f (0) as |w| → 1 and by the
Riemann–Schwarz symmetry principle (see, e.g., Theorem 3, Part 3, Chap. 4, Sect. 5
in [111]); A∗ is extended through the unit circle |w| = 1. Simultaneously, A∗(w) ≡
f (0) on this circle and then A∗ ≡ const (see, e.g., Theorem 2, Part 3, Chap. 3, Sect. 2
in [111]), which is not possible for ϕ �= const.

Example 3. The example of the mapping (8.6.6) allows us to construct another
example of a complex dilatation μ below in (8.6.8) of the class C∞(D) \ {0} with
Kμ ∈ L∞

loc(D), for which the Beltrami equation (B) has no regular solutions of the
Dirichlet problem (8.5.3) under ϕ �= const; Kμ has singularities only on ∂D.

Note that the relation (8.6.6) allows us to define the homeomorphism w = g(z)
mapping C∗ =C\{0} onto C\D, g(∞) = ∞; in polar coordinates R = |w|= 1+ rα ,
θ = argw = argz = ϑ . Consider the mapping

G = j ◦ g−1 ◦ j,

where j is inversion with respect to the unit circle in C. By the construction,
κ = G(ς) maps D onto C and G(ς)→ ∞ as |ς | → 1. In view of the circle symmetry
of the mapping g,

G = j∗ ◦ g−1 ◦ j∗,

where j∗(ς) = 1/ς is a conformal mapping.
It is known that

μg−1 =−νg ◦ g−1, νg−1 =−μg ◦ g−1,

where

νg(z) :=
gz

gz
=−e2iϑ · 1+(1−α)rα

1+(1+α)rα = μg(z) ;

see, e.g., IC(4) in [9]. In view of the latter, μg−1 = νg−1 and then, by IC(7) and (9)
in [9],

μG =−μg ◦ g−1 ◦ j∗,
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i.e.,

μG(ς) = e−2iγ ·
1+(1−α)[ 1

ρ − 1]

1+(1+α)[ 1
ρ − 1]

= e−2iγ · ρ +(1−α)(1−ρ)
1+(1+α)(1−ρ)

, (8.6.8)

where ρ = |ς | and γ = argς . Consequently, we have that

KμG(ς) =
1+
(

1
ρ − 1

)

α
(

1
ρ − 1

) =
1

α(1−ρ)
=

1
α(1−|ς |) .

Let us show that the Beltrami equation (B) has no regular solutions f of the
Dirichlet problem (8.5.3) for ϕ �= const and μ = μG. Let us assume that there is a
regular solution f . Then, arguing as in Example 2, we obtain that f = A ◦G in D,
where A is an analytic function in G(D) = C. However, the cluster set

C(∂D,Re f ) = {w ∈C : w = lim
n→∞

Re f (zn), |zn| → 1}= ϕ(∂D)

is bounded, and G(ς) → ∞ if and only if |ς | → 1. Thus, ReA is bounded and,
consequently, ReA = const by the Liouville theorem for harmonic functions (see,
e.g., Theorem 5, Chap. 5, Sect. 14 in [229]), which is not possible for ϕ �= const.

8.7 On Integral Conditions in the Dirichlet Problem

On the basis of Corollary 2.7, we derive the following consequence of Theorem 8.5:

Theorem 8.6. Let μ : D→ D be a measurable function with Kμ ∈ L1(D) and such
that ∫

D(z0)

Φz0

(
KT

μ (z,z0)
)

dm(z) < ∞ ∀ z0 ∈ D, (8.7.1)

where D(z0) = {z∈D : |z−z0|< δ (z0)}, 0< δ (z0)< 1 and Φz0 : [0,∞]→ [0,∞] is a
nondecreasing convex function that satisfies at least one of the conditions (2.8.12)–
(2.8.17).

Then the Beltrami equation (B) has a regular solution of the Dirichlet problem
(8.5.3) for every continuous function ϕ : ∂D→ R.

Next, since KT
μ (z,z0) ≤ Kμ(z), Theorem 8.6 implies the following simple but

very important consequence:



8.7 On Integral Conditions in the Dirichlet Problem 169

Corollary 8.6. Let μ : D→ D be a measurable function such that

∫

D

Φ(Kμ(z)) dm(z) < ∞, (8.7.2)

where Φ : [0,∞] → [0,∞] is a nondecreasing convex function that satisfies at least
one of the conditions (2.8.12)–(2.8.17).

Then the Beltrami equation (B) has a regular solution of the Dirichlet problem
(8.5.3) for every continuous function ϕ : ∂D→ R.

Remark 8.5. Note that conditions (2.8.12)–(2.8.17) are not only sufficient but also
necessary to have a regular solution of the Dirichlet problem (8.5.3) (under every
continuous nonconstant function ϕ : ∂D → R) for all Beltrami equations (B) with
integral constraints (8.7.2). Indeed, by the Stoilow factorization (see, e.g., [241]),
such a regular solution f should have the representation f = h ◦ g, where h is a
conformal mapping and g is a homeomorphic solution of the class W 1,1

loc (D) to the
Beltrami equation (B). However, these conditions are necessary for the existence of
such solutions of all Beltrami equations (B) with integral constraints (8.7.2) as it
was shown in Sect. 8.5.



Chapter 9
On the Beltrami Equations with Two
Characteristics

9.1 Introduction

The Beltrami equations of the first type

fz = μ(z) fz (9.1.1)

is the basic equation for the theory of quasiconformal mapping in the complex plane;
see, e.g., [9,30,44] and [152]. The well-known measurable mapping theorem solves
the problem on the existence and uniqueness for the classical case.

The existence problem for the Beltrami equations with two characteristics,

fz = μ(z) · fz +ν(z) · fz, (9.1.2)

where |μ(z)|+ |ν(z)| < 1 a.e., was also resolved first in the case of the bounded
dilatations

Kμ,ν(z) : =
1+ |μ(z)|+ |ν(z)|
1−|μ(z)|− |ν(z)| ; (9.1.3)

see Theorem 5.1 in [44]. Recently, in [48], the existence of homeomorphic solutions
of the class W 1,s

loc , s ∈ [1,2), for (9.1.2) was stated in the case when Kμ,ν had a
majorant Q in the class BMO, bounded mean oscillation, by John and Nirenberg;
see, e.g., [122, 200]. Note that L∞ ⊂ BMO ⊂ Lp

loc for all p ∈ [1,∞). This section is
devoted to the study of more general cases; see [49].

If f : D → C is a homeomorphic ACL solution of the Beltrami equation (9.1.2)
with Kμ,ν ∈W 1,1

loc (D), then f ∈W 1,1
loc (D). Furthermore, if Kμ,ν ∈W 1,p

loc (D), p∈ [1,∞],

then f ∈ W 1,s
loc (D) where s = 2p/(p+ 1); see Proposition 2.4. The condition f−1 ∈

W 1,2
loc ( f (D)) in the proof of our existence theorems for (9.1.2) further implies that

a.e. point z is a regular point for the mapping f , i.e., f is differentiable at z and
Jf (z) �= 0; see Proposition 2.5. Conversely, if f ∈ W 1,1

loc (D), Kμ,ν ∈ L1
loc(D) and

Jf (z) �= 0 a.e., then f−1 ∈W 1,2
loc ( f (D)); see, e.g., [105].

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 9,
© Springer Science+Business Media, LLC 2012
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We call a homeomorphism f ∈W 1,1
loc (D) a regular solution of (9.1.2) if f satisfies

(9.1.2) a.e. and Jf (z) �= 0 a.e. If, in addition, f admits a homeomorphic extension to

C with f (∞) = ∞ and f ∈ W 1,1
loc (C) which is conformal in C \D, then we call f a

superregular solution of (9.1.2).
In the classical case, when ‖μ‖∞ < 1, equivalently, when Kμ ∈ L∞(D), every

ACL homeomorphic solution f of the Beltrami equation (9.1.1) is in the class
W 1,2

loc (D) with f−1 ∈ W 1,2
loc ( f (D)). In the case ‖μ‖∞ = 1 with Kμ ≤ Q ∈ BMO,

again f−1 ∈ W 1,2
loc ( f (D)) and f belongs to W 1,s

loc (D) for all 1 ≤ s < 2, but already

not necessarily to W 1,2
loc (D); see [212]. However, there is a number of degenerate

Beltrami equations (9.1.2) for which there exist homeomorphic solutions f of the
class W 1,1

loc (D) with f−1 ∈W 1,2
loc ( f (D)), as shown below.

Later on, we use the notations B(z0,r) : = {z ∈ C : |z− z0|< r} for z0 ∈ C and
r > 0, B(r) : = B(0,r) and B : = B(1).

9.2 One Convergence Theorem

Our approach in deriving criteria for existence of regular solutions to (9.1.2) is
approximative and based on the corresponding convergence theorems below and
on the Arzela–Ascoli theorem combined with moduli techniques under estimates of
the distance distortion.

The following theorem is a generalization of the convergence result in [44],
Lemma 4.2, where Q was in L∞:

Theorem 9.1. Let D be a domain in C and let fn : D → C be a sequence of
homeomorphic W 1,1

loc (D) solutions of the equations ∂ fn = μn∂ fn + νn∂ fn with
|μn(z)|+ |νn(z)|< 1 a.e. such that

1+ |μn(z)|+ |νn(z)|
1−|μn(z)|− |νn(z)| ≤ Q(z) ∈ L1

loc(D) ∀ n = 1,2, . . . . (9.2.1)

If fn → f uniformly on each compact set in D where f : D→C is a homeomorphism,
then f ∈ W 1,1

loc (D) and ∂ fn → ∂ f and ∂ fn → ∂ f weakly in L1
loc(D). Moreover, if in

addition μn → μ and νn → ν a.e., then ∂ f = μ∂ f +ν∂ f a.e.

Proof. By Lemma 2.11, to prove the first part of the theorem, it suffices to show
that ∂ fn and ∂ fn are uniformly bounded in L1

loc(D) and have locally absolute
equicontinuous indefinite integrals. So, let C be a compact set in D, and let V be
an open set with their compact closure V in D such that C ⊂ V, say V = {z ∈ D :
dist(z,C)< r} where r < dist(C,∂D). Note that

| ∂ fn| ≤ | ∂ fn| ≤ | ∂ fn|+ | ∂ fn| ≤ Q1/2(z) · J1/2
n (z) a.e.,
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where Jn is the Jacobian of fn. Consequently, by the Hölder inequality and Lemma
III.3.3 in [152]

∫

E

| ∂ fn| dm(z)≤
∣∣∣∣∣∣
∫

E

Q(z) dm(z)

∣∣∣∣∣∣
1/2

| fn(C) |1/2

for every measurable set E ⊆C. Hence, by the uniform convergence of fn to f on C,

∫

E

| ∂ fn| dm(z) ≤
∣∣∣∣∣∣
∫

E

Q(z) dm(z)

∣∣∣∣∣∣
1/2

| f (V ) |1/2 (9.2.2)

for large enough n, and thus, the first part of the proof is complete.
Now, assume that μn(z) → μ(z) and νn(z) → ν(z) a.e. Set ζ (z) = ∂ f (z)−

μ(z)∂ f (z)− ν(z)∂ f (z) and show that ζ (z) = 0 a.e. Indeed, for every disk B with
B ⊂ D, by the triangle inequality

∣∣∣∣∣
∫

B

ζ (z)dxdy

∣∣∣∣∣ ≤ I1(n)+ I2(n)+ I3(n),

where

I1(n) =

∣∣∣∣∣
∫

B

(
∂ f (z)− ∂ fn(z)

)
dxdy

∣∣∣∣∣ ,

I2(n) =

∣∣∣∣∣
∫

B

(μ(z)∂ f (z)− μn(z)∂ fn(z)) dxdy

∣∣∣∣∣

and

I3(n) =

∣∣∣∣∣
∫

B

(
ν(z)∂ f (z)−νn(z)∂ fn(z)

)
dxdy

∣∣∣∣∣.

Note that I1(n) → 0 because ∂ fn → ∂ f weakly in L1
loc(D) by the first part of the

proof. Next, I3(n)≤ I′3(n)+ I′′3 (n), where

I′3(n) =

∣∣∣∣∣
∫

B

ν(z)(∂ f (z)− ∂ fn(z))dxdy

∣∣∣∣∣

and

I′′3 (n) =

∣∣∣∣∣
∫

B

(ν(z)−νn(z))∂ fn(z)dxdy

∣∣∣∣∣ .
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Again, by the weak convergence ∂ fn → ∂ f in L1
loc(D), we have that I′3(n) → 0

because ν ∈ L∞(D). Moreover, given ε > 0, by (9.2.2)
∫

E

| ∂ fn(z)| dm(z)< ε, n = 1,2, . . . , (9.2.3)

whenever E is every measurable set in B with |E|< δ for small enough δ > 0.
Further, by the Egoroff theorem (see, e.g., III.6.12 in [73]), νn(z) → ν(z)

uniformly on some set S ⊂ B such that |E| < δ , where E = B \ S. Hence |νn(z)−
ν(z)|< ε on S and, by (9.2.3),

I′′3 (n) ≤ ε
∫

S

| ∂ fn(z)| dm(z)+ 2
∫

E

| ∂ fn(z)| dm(z)

≤ ε

⎧⎪⎨
⎪⎩2+

⎛
⎝∫

B

Q(z) dm(z)

⎞
⎠

1/2

| f (λ B)|1/2

⎫⎪⎬
⎪⎭

for some λ > 1 and for all large enough n, i.e., I′′3 (n)→ 0 because ε > 0 is arbitrary.
The fact that I2(n) → 0 is proved similarly. Thus,

∫
B ζ (z)dxdy = 0 for all disks

B with B ⊂ D. Finally, by the Lebesgue theorem on differentiability of indefinite
integral (see, e.g., IV(6.3) in [224]), ζ (z) = 0 a.e. in D. ��
Corollary 9.1. Let D be a domain in C and fn : D →C, n = 1,2, . . ., be a sequence
of quasiconformal mappings which satisfy the equations ∂ fn = μn∂ fn+νn∂ fn with
|μn(z)|+ |νn(z)| < 1 a.e. and the condition (9.2.1). If fn → f locally uniformly
with respect to the spherical (chordal) metric, then either f is constant or f is
a homeomorphism of the class W 1,1

loc (D) and ∂ fn → ∂ f and ∂ fn → ∂ f weakly in
L1

loc(D). Moreover, if in addition μn → μ and νn → ν a.e., then ∂ f = μ∂ f +ν∂ f a.e.

Proof. Note that if f satisfies (9.1.2), then f also satisfies (9.1.1) with

μ∗(z) = μ(z)+ν(z)
fz

fz

setting here μ∗(z) = μ(z) at points z ∈ D where fz = 0. Hence, we may apply
to (9.1.2) the first part of Corollary 2.3 in Sect. 2.6. Thus, combining it with
Proposition 2.7 and Remark 2.8, we obtain the statement from Theorem 9.1. ��

9.3 The Main Lemma

The following lemma is the main tool for obtaining many criteria of existence of
regular solutions for the Beltrami equations with two characteristics:
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Lemma 9.1. Let D be a domain in C and let μ and ν : D → C be measurable
functions with |μ(z)|+ |ν(z)| < 1 a.e. and Kμ,ν ∈ L1

loc(D). Suppose that for every
z0 ∈ D there exist ε0 < dist(z0,∂D) and a one-parameter family of measurable
functions ψz0,ε : (0,∞)→ (0,∞), ε ∈ (0,ε0), such that

0 < Iz0(ε) : =

ε0∫

ε

ψz0,ε(t) dt < ∞ , (9.3.1)

and such that
∫

ε<|z−z0|<ε0

Kμ,ν(z) ·ψ2
z0,ε(|z− z0|) dm(z) = o(I2

z0
(ε)) (9.3.2)

as ε → 0. Then the Beltrami equation (9.1.2) has a regular solution.

Proof. Setting Dn = D∩B(n) and

μn(z) =

{
μ(z) , if z ∈ Dn, Kμ,ν (z)≤ n
0 , otherwise in B(n)

(9.3.3)

and

νn(z) =

{
ν(z) , if z ∈ Dn, Kμ,ν (z)≤ n
0 , otherwise in B(n)

(9.3.4)

we have that Kμn,νn(z) ≤ n in B(n). Then by Theorem 5.1 in [44], there exist
n-quasiconformal mappings ωn : B → B with ωn(0) = 0 that satisfy the equations
∂ωn = μ∗

n ∂ωn+ν∗
n ∂ωn a.e., where μ∗

n (z) = μn(nz) and ν∗
n (z) = νn(nz), z ∈B. Note

that fn(z) = ωn(z/n)/|ωn(1/n)| map B(n) onto B(Rn) for Rn = 1/|ωn(1/n)| ≥ 1,
fn(0) = 0, | fn(1)| = 1 and fn satisfy the equations ∂ fn = μn∂ fn + νn∂ fn a.e. in
B(n). We extend fn over ∂B(n) and ∂B(Rn) to C by the symmetry principle. The
latter implies, in particular, that fn(∞) = ∞.

Let Γε be a family of all paths joining the circles Cε = {z ∈ C : |z− z0|= ε} and
C0 = {z ∈C : |z− z0|= ε0} in the ring Aε = {z ∈C : ε < |z− z0|< ε0}. Let also ψ∗
be a Borel function such that ψ∗(t) = ψ(t) for a.e. t ∈ (0,∞). Such a function ψ∗
exists by the theorem of Lusin; see, e.g., [224], p. 69. Then the function

ρε(z) =

{
ψ∗(|z− z0|)/Iz0(ε), if z ∈ Aε
0, if z ∈ C\Aε

is admissible for Γε . Hence, by (2.5.6) applied to the restrictions hn = fn|Aε ,

M( fnΓε)≤
∫

ε<|z−z0|<ε0

Kμ,ν (z) ·ρε
2(|z− z0|) dxdy ,

and, in view of (9.3.2), M( fnΓε) → 0 as ε → 0 uniformly with respect to the
parameter n = 1,2, . . . . Thus, in view of the normalization fn(0) = 0, | fn(1)| = 1
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and fn(∞) = ∞, the sequence fn is equicontinuous in D by Lemma 2.13 with
δ (F) = 1/

√
2. Consequently, by the Arzela–Ascoli theorem (see, e.g., [73], p. 382,

and [74], p. 267), it has a subsequence, denoted again by fn, which converges
locally uniformly with respect to the spherical (chordal) metric to some nonconstant
mapping f in D. Then by Corollary 9.1, f is a homeomorphic solution of the class
W 1,1

loc (D) to (9.1.2).

By Corollary 2.4 from Sect. 2.4 it follows that f−1 ∈ W 1,2
loc . The latter condition

implies in turn that f has the N−1 property (see, e.g., Theorem III.6.1 in [152]),
and hence, Jf (z) �= 0 a.e.; see Theorem 1 in [189]. Thus, f is a regular solution of
(9.1.2). ��
Corollary 9.2. Let μ and ν : D → C be measurable functions with |μ(z)| +
|ν (z)|< 1 a.e. and Kμ,ν ∈ L1

loc(D) and let ψ : (0,∞) → (0,∞) be a measurable
function such that for all 0 < t1 < t2 < ∞

0 <

t2∫

t1

ψ(t) dt < ∞ ,

t2∫

0

ψ(t) dt = ∞ . (9.3.5)

Suppose that for every z0 ∈ D there is ε0 < dist (z0,∂D) such that

∫

ε<|z−z0|<ε0

Kμ,ν(z) ·ψ2(|z− z0|) dm(z) ≤ O

⎛
⎝

ε0∫

ε

ψ(t) dt

⎞
⎠ (9.3.6)

as ε → 0. Then (9.1.2) has a regular solution.

9.4 Some Existence Theorems

Theorem 9.2. Let D be a domain in C and let μ and ν : D → C be measurable
functions with |μ(z)|+ |ν(z)|< 1 a.e. such that

Kμ,ν (z) =
1+ |μ(z)|+ |ν(z)|
1−|μ(z)|− |ν(z)| ≤ Q(z) ∈ FMO(D) . (9.4.1)

Then the Beltrami equation (9.1.2) has a regular solution.

Proof. Lemma 9.1 yields this conclusion by choosing

ψz0,ε(t) =
1

t log 1
t

; (9.4.2)

see also Lemma 5.3. ��
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Corollary 9.3. In particular, if

lim
ε→0

−
∫

B(z0,ε)

1+ |μ(z)|+ |ν(z)|
1−|μ(z)|− |ν(z)| dm(z) < ∞ ∀ z0 ∈ D, (9.4.3)

then (9.1.2) has a regular solution.

Theorem 9.3. Let D be a domain in C and let μ and ν : D → C be measurable
functions with |μ(z)|+ |ν(z)|< 1 a.e. and Kμ,ν ∈ L1

loc(D). Suppose that

δ (z0)∫

0

dr
rkz0(r)

= ∞ ∀ z0 ∈ D, (9.4.4)

where δ (z0)< dist (z0,∂D) and kz0(r) is the mean of Kμ,ν(z) over |z− z0|= r. Then
the Beltrami equation (9.1.2) has a regular solution.

Proof. Theorem 9.3 follows from Lemma 9.1 by specially choosing the functional
parameter

ψz0,ε(t) ≡ ψz0(t) : =

{
1/[tkz0(t)] , t ∈ (0,ε0) ,

0 , otherwise,
(9.4.5)

where ε0 = δ (z0). ��
Corollary 9.4. In particular, if

kz0(r) = O

(
log

1
r

)
as r → 0 ∀ z0 ∈ D, (9.4.6)

then (9.1.2) has a regular solution.

In fact, it is clear that the condition (9.4.4) implies the whole scale of conditions
in terms of log, for instance, by using functions of the form 1/(t log . . . log1/t).

Remark 9.1. If, in addition, the conditions (9.3.2), (9.3.6), (9.4.1), (9.4.3), (9.4.4),
or (9.4.6), setting Kμ,ν ≡ 1 outside of D, hold at all points of ∂D in C, then there
is a superregular solution f of (9.1.2). Kμ,ν ≡ 1 in C \D means in fact that we set
μ(z)≡ 0 ≡ ν(z) in C\D. Some sense of the above conditions at ∞ if ∞ ∈ ∂D in C

remains to be elaborated.
The enumerated conditions for Kμ,ν (z) at ∞ should be understood as the

corresponding conditions for Kμ,ν (1/z) at 0. Of course, all these latter conditions
can also be rewritten explicitly in terms of Kμ,ν (z) itself after the inverse change of
variables z �−→ 1/z. For example, the main condition (9.3.2) at ∞ has the form

∫

R0<|z|<R

Kμ,ν (z) ·ψ2
∞,R(|z|)

dm(z)
|z|4 = o(I2

∞(R)) as R → ∞, (9.4.7)
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where

0 < I∞(R) : =

R∫

R0

ψ∞,R(t) dt < ∞ (9.4.8)

for some measurable functions ψ∞,R : (0,∞)→ (0,∞), R ∈ (R0,∞).
The concept of finite mean oscillation can also be extended to infinity in the

standard way. Namely, given a domain D in the extended complex plane C, ∞ ∈ D,
and a function ϕ : D → Re , we say that ϕ has finite mean oscillation at ∞ if the
function ϕ∗(z) = ϕ(1/z) has finite mean oscillation at 0. Clearly, by the inverse
change of variables z �−→ 1/z, the latter is equivalent to the condition

∫

|z|≥R

|ϕ(z)−ϕR|
dm(z)
|z|4 = O

(
1

R2

)
, (9.4.9)

where

ϕR =
R2

π

∫

|z|≥R

ϕ(z)
dm(z)
|z|4 . (9.4.10)

Thus, to obtain a superregular solution of (9.1.2), we may assume in (9.4.1) that
Q ∈ FMO(C) in the given sense. In particular, the condition (9.4.3) at ∞ is rewritten
in the form ∫

|z|>R

Kμ,ν (z)
dm(z)
|z|4 = O

(
1

R2

)
as R → ∞ . (9.4.11)

The condition (9.4.4) at ∞ has the form

∞∫

Δ

dR
RK(R)

= ∞ (9.4.12)

for some Δ > 0, where K(R) is the average of Kμ,ν (z) over the circle |z| = R. The
condition (9.4.6) at ∞ is rewritten in the form

K(R) = O(logR) as R → ∞ . (9.4.13)

9.5 Consequences for the Reduced Beltrami Equations

The equation of the form

fz = λ (z) Re fz (9.5.1)
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with |λ (z)| < 1 a.e. is called the reduced Beltrami equation; see, e.g., [26, 44–47,
265]. Equation (9.5.1) can be rewritten as (9.1.2) with

μ(z) = ν(z) =
λ (z)

2
(9.5.2)

and then

Kμ,ν (z) = Kλ (z) : =
1+ |λ (z)|
1−|λ (z)| . (9.5.3)

Thus, the results of the previous sections give the following consequences for the
reduced Beltrami equation (9.5.1):

Theorem 9.4. Let D be a domain in C and let λ : D →C be a measurable function
with |λ (z)|< 1 a.e. such that

Kλ (z) =
1+ |λ (z)|
1−|λ (z)| ≤ Q(z) ∈ FMO(D). (9.5.4)

Then the Beltrami equation (9.5.1) has a regular solution.

Corollary 9.5. In particular, if

lim
ε→0

−
∫

B(z0,ε)

1+ |λ (z)|
1−|λ (z)| dm(z) < ∞ ∀ z0 ∈ D, (9.5.5)

then (9.5.1) has a regular solution.

Theorem 9.5. Let D be a domain in C and let λ : D →C be a measurable function
with |λ (z)|< 1 a.e. and Kλ ∈ L1

loc(D). Suppose that

δ (z0)∫

0

dr
rΛz0(r)

= ∞ ∀ z0 ∈ D, (9.5.6)

where δ (z0) < dist(z0,∂D) and Λz0(r) is the mean of Kλ (z) over |z− z0| = r. Then
the Beltrami equation (9.5.1) has a regular solution.

Corollary 9.6. In particular, if

Λz0(r) = O

(
log

1
r

)
as r → 0 ∀ z0 ∈ D, (9.5.7)

then (9.5.1) has a regular solution.

Remark 9.2. If, in addition, the conditions (9.5.4)–(9.5.7), setting Kl ≡ 1 outside of
D, hold at all points of ∂D in C, then there is a superregular solution f of (9.5.1);
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Kl ≡ 1 in C\D means that we set λ (z)≡ 0 in C\D. For a sense of these conditions
at ∞ if ∞ ∈ ∂D in C, see Remark 9.1. In particular, the reduced Beltrami equation
(9.5.1) has a superregular solution if a.e. in D

Kλ (z) =
1+ |λ (z)|
1−|λ (z)| ≤ Q(z) ∈ BMO(C); (9.5.8)

see Theorem 1.2 in [48]. All the above results remain true for the case in (9.1.2)
when

ν(z) = μ(z) eiθ(z) (9.5.9)

with an arbitrary measurable function θ (z) : D→Re and, in particular, for equations
of the form

fz = λ (z) Im fz (9.5.10)

with a measurable coefficient λ : D →C, |λ (z)|< 1 a.e.; see, e.g., [44–47].

9.6 Existence Theorems with Integral Conditions

We obtain the next significant result immediately from Theorem 9.3 and
Corollary 2.7.

Theorem 9.6. Let D be a domain in C and let μ and ν : D → C be measurable
functions with |μ(z)|+ |ν(z)|< 1 a.e. such that

∫

D

Φ(Kμ,ν (z)) dm(z) < ∞, (9.6.1)

where Φ : [0,∞]→ [0,∞] is a non-decreasing convex function. If Φ satisfies at least
one of the conditions (2.8.12)–(2.8.17), then the Beltrami equation (9.1.2) has a
regular solution.

Remark 9.3. The condition (9.6.1) can be also localized to neighborhoods Uz0 of
points z0 ∈ D with Φ = Φz0 under the same conditions on the functions Φz0 .
If ∞ ∈ D, then the condition (9.6.1) for Kμ,ν (z) at ∞ ∈ D should be understood
as the corresponding condition for Kμ,ν(1/z) at 0. The latter condition can also be
rewritten explicitly in terms of Kμ,ν (z) itself, after the inverse change of variables
z �−→ 1/z, in the form

∫

U∞

Φ∞(Kμ,ν(z))
dm(z)
|z|4 < ∞ . (9.6.2)
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If the domain D is unbounded, then it is better to use the global condition

∫

D

Φ(Kμ,ν (z))
dm(z)

(1+ |z|2)2 < ∞ (9.6.3)

instead of the condition (9.6.1). The latter means integration of the function Φ ◦Kμ,ν
in the spherical area.

We may assume in the above theorem that the functions Φz0(t) and Φ(t) are not
convex and nondecreasing on the whole segment [0,∞], but only on a segment [T,∞]
for some T ∈ (1,∞). Indeed, every function Φ : [0,∞]→ [0,∞] which is convex and
nondecreasing on a segment [T,∞], T ∈ (0,∞), can be replaced by a nondecreasing
convex function ΦT : [0,∞]→ [0,∞] in the following way: We set ΦT (t)≡ 0 for all
t ∈ [0,T ], Φ(t) = ϕ(t), t ∈ [T,T∗], and ΦT ≡ Φ(t), t ∈ [T∗,∞], where τ = ϕ(t) is the
line passing through the point (0,T ) and touching the graph of the function τ =Φ(t)
at a point (T∗,Φ(T∗)), T∗ ≥ T . For such a function, we have by the construction that
ΦT (t)≤ Φ(t) for all t ∈ [1,∞] and ΦT (t) = Φ(t) for all t ≥ T∗.

From Theorem 9.6, we obtain the following consequence for the reduced
Beltrami equations (9.5.1):

Theorem 9.7. Let D be a domain in C and let λ be a measurable function with
|λ (z)|< 1 a.e. such that

∫

D

Φ(Kλ (z)) dm(z) < ∞, (9.6.4)

where Φ : [0,∞]→ [0,∞] is a nondecreasing convex function. If Φ satisfies at least
one of the conditions (2.8.12)–(2.8.17), then the reduced Beltrami equation (9.5.1)
has a regular solution.

Remark 9.4. Remark 9.3 are valid for the reduced Beltrami equation. Moreover, the
above results remain true for the case in (9.1.2) when

ν(z) = μ(z) eiθ(z) (9.6.5)

with an arbitrary measurable function θ (z) : D →R and, in particular, for equations
of the form

fz = λ (z) Im fz (9.6.6)

with a measurable coefficient λ : D →C, |λ (z)|< 1 a.e.; see, e.g., [44–46].
Next, note that the example following the proof of Theorem 7.8 (see Lemma 7.2)

from a previous chapter for the Beltrami equations of the first type (B) shows that
the conditions (2.8.12)–(2.8.17) are not only sufficient but also necessary for the
Beltrami equations with two characteristics (9.1.2) to have regular solutions.
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Finally, the same is valid for the reduced Beltrami equations (9.5.1) because the
examples in the mentioned theorem had the form

f (z) =
z
|z| ρ(|z|),

where ρ(t) = eI(t) and

I(t) : =

t∫

0

dr
rK(r)

.

Indeed, setting z = reiϑ , we have by (7.5.10) and (7.5.11) that

∂ f
∂ z

=
1
2

(
ρ(r)
rK(r)

+
ρ(r)

r

)
=

ρ(r)
2r

· 1+K(r)
K(r)

> 0

and

∂ f
∂ z

=
e2iϑ

2

(
ρ(r)

rK(r)
− ρ(r)

r

)
= e2iϑ · ρ(r)

2r
· 1−K(r)

K(r)
,

i.e.,

λ (z) = e2iϑ · 1−K(r)
1+K(r)

= − z
z
· K(|z|)− 1

K(|z|)+ 1

and, consequently, Kλ (z) = K(|z|).



Chapter 10
Alternating Beltrami Equation

10.1 Introduction

Roughly speaking, this term refers to equation (B) in the case where μ is a
measurable complex-valued function in a domain D in C with |μ | < 1 a.e. in parts
of D and |μ | > 1 a.e. in other parts of D. With further assumptions on μ , every
nonconstant solution f : D → C of (B), i.e., an ACL mapping which satisfies (B)
a.e., is locally quasiregular (and in particular open, discrete, and sense preserving)
in the regions where | μ |< 1 and anti-quasiregular (and in particular open, discrete,
and sense-reversing) in the regions where | μ | > 1. These mappings may branch at
some isolated points in D or may have folds and cusps. This leads to the notation
and study of, what we call, folded quasiregular maps (abbreviated as FQR-maps)
and branched folded maps (abbreviated as BF-maps).

A first systematic study of alternating Beltrami equations which started in [233]
and continued in [235,236] revealed new phenomena, which may have applications
in other areas. Earlier results in this subject can be found in [1, 75, 266, 271].

10.1.1 The Geometric Configuration and the Conditions on μ

Let E be a one-dimensional set in D of two-dimensional Lebesgue measure zero,
such that (D,E) is a locally finite two-color map painted black and white; see Fig. 4.
The local assumption on E says that every point z of E has a neighborhood U such
that E ∩U is an arc (see Fig. 5) or a (finite) star with a vertex at z, i.e., a union
of finitely many arcs, each connecting the point z with ∂U and which are disjoint
except for their common end point z; see Fig. 6. Below, we will assume that μ : D →
C is a measurable function such that |μ | < 1 a.e. in the white regions of D\E and
1/|μ |< 1 a.e. in the black regions of D\E.

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6 10,
© Springer Science+Business Media, LLC 2012
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E

Fig. 4 A two-color map

E

D2

D1

Fig. 5 A cross-cut

Z

Fig. 6 A star

10.1.2 A Symmetric Form of the Alternating Beltrami
Equation

In order to include the case wz = 0, we rewrite (B) in a symmetric form:

A(z)wz +B(z)wz̄ = 0, (10.1.1)
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where A(z) and B(z) are measurable functions in D and μ = −A/B at points where
B �= 0. Then |A(z)| < |B(z)| a.e. in the white regions and |A(z)| > |B(z)| a.e. in
the black regions. With no loss of generality, we may use (B) instead of (10.1.1),
agreeing that μ = ∞ corresponds to B = 0 in (10.1.1). We will assume that at every
point of D\E either |A/B| or |B/A| is locally bounded, implying that (10.1.1) is
locally strongly elliptic in D\E . Note that A,B, and μ may be continuous on E .
We will be mainly interested in solutions which are branched folded mappings in D.
These mappings are described in the following sections.

10.1.3 Branched Folded Maps

The notion of a branched folded covering (abbreviated as BF-covering) was
introduced by Tucker [253]. However, the class of BF-maps and related classes
of maps were studied earlier by Hopf [109] and others, and in the last 30 years
by Church [62], Church and Timourian [64], Väisälä [259], and others. More
recently, these mappings have appeared in connection with problems in graph theory
(cf. [52]), in the study of light harmonic functions [156], in the study of nonlinear
operators in Banach spaces and elliptic boundary value problems [39, 63], and in
some aspects of singularity theory [20]. Here, BF-maps are defined in a wider sense,
which is more appropriate for the study of alternating Beltrami equations where
smoothness is not assumed.

10.1.4 Definition of BF-Maps

Let X and Y be oriented surfaces. A map f : X →Y is called a branched folded map
(abbreviated as BF-map) if f is discrete, i.e., the points of f−1(y) are isolated in X
for any y in Y , and if there exists a one-dimensional set E in X such that (X ,E) is a
locally finite two-color map painted black and white such that f is open and sense
preserving in the white regions and open and sense-reversing in the black regions.

BF-maps according to the classical definition, simplicial maps, open discrete
maps, nonconstant quasiregular maps, and nonconstant holomorphic maps form
subclasses of BF-maps. A BF-map in the classical definition is locally simplicial,
and its critical set looks like the critical set of a BF-map in our definition. The critical
set of a classical BF-map and its image look alike. This need not be the case for a
BF-map in our definition.
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10.1.5 Discrete Maps, Canonical Maps, and Classification
of Critical Points

Let f : X → Y be a discrete map, where X and Y are oriented surfaces, and
let Σ f denote the critical set of f , i.e., the set of points where f is not a local
homeomorphism. The critical points of f , i.e., points of Σ f , are classified into three
categories: branch points, folding points, and cusp points.

A critical point is called a branch point if it is isolated in Σ f . A critical point
p will be called a folding point if p has a neighborhood U such that f |U is
topologically equivalent to the standard folding map (x,y)→ (x, |y|) of R2 into itself,
where p corresponds to the point (0,0). A critical point which is neither a branch
point nor a folding point will be called a cusp point. The behavior of a map near a
cusp point is not well understood. Only some special cusp points will be classified
and described here.

10.1.6 Branch Points, Power Maps, and Winding Maps

If p is a branch point for a discrete map f : X → Y , where X and Y are as above,
then p has a neighborhood in which f is topologically equivalent to a power map
z → zd of C for some integer d = d(p) > 1 where the point p corresponds to the
point z = 0 in the map zd . This result follows from the fact that f must be open
in some neighborhood of p (cf. [168], Theorem 2.10) and by a theorem of Stoilow
(cf. [240, 269]). Note that the power map z → zd is topologically equivalent to a
winding map gd of order d, which is defined by

gd(reit) = reidt , d ∈ Z+.

10.1.7 Folding Maps

A map f : X → Y, X and Y as above, is a proper folding if f is topologically
equivalent to the standard folding (x,y)→ (x, |y|) of R2. In this case, X and Y must
be simply connected, the critical set Σ f is a line, called a folding line, and every
point of Σ f is a folding point. A folding map is defined as a restriction of a proper
folding map g to a domain, say U , such that U ∩Σg is connected.

One may consider folding maps in the following wider sense: f : X → Y is a
folding map along a folding line l, if l is a Jordan arc or a Jordan curve in X , X\l has
two components X1 and X2, f |X1 ∪ l is a sense-preserving embedding and f |X2 ∪ l
is a sense-reversing embedding. If X ⊂ C and Y = C̄, the definitions agree.
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10.1.8 (p,q)-Cusp Maps and (p,q)-Cusp Points

The simplest cusp point appears as the point (0,0) in Whitney’s canonical cusp
mapping

(x,y)→ (x,xy− y3).

This map is topologically equivalent to the so-called straight (3,1)-cusp map f3,1

of C onto itself which is defined by f3,1(z) = z3/|z|2 for Im z > 0 and f3,1(z) = z̄
for Im z < 0. Similarly, the straight (p,q)-cusp map fp,q of C is defined for any
positive integers p and q with p ≡ q (mod 2) by zp/|z|p−1 if Im z > 0, and z̄q/|z|q−1

if Im z < 0. Then the critical set of fp,q is the real axis R, the point z = 0 is a (p,q)-
cusp point, and every other point on the real axis is a folding point. Also, fp,q(x) = x
for x ∈ R if p and q are odd and fp,q(x) = |x| for x ∈ R if p and q are even. A map
f : D → C is called a proper (p,q)-cusp map if it is topologically equivalent to
the straight (p,q)-cusp map, and the point p in D which corresponds to z = 0 is a
(p,q)-cusp point. The restriction of f to a subdomain of D which contains the cusp
point is called a (p,q)-cusp map. Some of these (p,q)-cusp maps are considered in
Lyzzaik [156] in connection with the local behavior of light harmonic maps.

10.1.9 Umbrella and Simple Umbrella Maps

Next, we describe a wider class of cusp points. These are associated with what
are called umbrella maps and simple umbrella maps. Mappings of this type are
considered in [123, 156]. A map f : C → C is called a simple straight umbrella
map if f (0) = 0 and f (z) = |z|ϕ(z/ |z|) for z �= 0, for some continuous piecewise
injective function ϕ : S1 → S1, where S1 is the unit circle. A mapping f : X → Y
is called a proper simple umbrella map, if f is topologically equivalent to a simple
straight umbrella map. The restriction of a proper simple umbrella map f : X → Y
to a domain D in X is called a simple umbrella map.

A mapping f : C → C is called a straight umbrella map if f (0) = 0 and
f (z) = tγt(z/|z|) for |z| = t > 0 for some path γ : [0,∞) → Fd in the space Fd of
all continuous and piecewise injective maps of S1 into itself of a given degree d,
which has the property that all maps γt = γ(t) : S1 → S1, t ∈ [0,∞) have the same
critical points on S1. A mapping f : X → Y is called a proper umbrella map, if f is
topologically equivalent to a straight umbrella map. The restriction of f to a domain
in X is called an umbrella map.

Note that the critical set Σ f of a proper umbrella map f is either empty, consists
of a single point, or is a star. In the latter case, the vertex of the star will be called also
the vertex of the umbrella map, and it is then either a folding point or a cusp point.
Also, note that Σ f may be a star while its image need not be a star. If, however,
f is a proper simple umbrella map, and if its critical set is a star, so is its image.
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One can show that proper umbrella maps and proper (p,q)-cusp maps are proper in
the usual sense and that the restriction of umbrella, resp. simple umbrella maps to
certain subdomains are proper umbrella, resp. simple umbrella, maps.

Locally, a discrete map or even a BF-map f : D → C need not be equivalent to
any of the canonical maps mentioned above. However, one can see that if E is a free
arc in the critical set Σ f of a BF-map f : D → C, and if f (E) is contained in an arc,
then every point z of E has a neighborhood U such that U ⊂ D and such that f |U is
either a proper folding map or a proper (p,q)-cusp map for some odd integers p and
q which depend on the point z. As for the local behavior of a BF-map f : D → C

at a vertex z0 of a star E in the critical set Σ f of f , one can show that if f (E) is
included in a star and the image of each arm of E is included in an arm of f (E) and
if f |E is piecewise injective, then the point z0 has a neighborhood U such that f |U
is a proper simple umbrella map.

10.2 Branched Folded Maps

The main purpose of this section is to study the local behavior of a BF-map at
a critical point. In general, a BF-map need not behave at a critical point like any
of the canonical maps, which we described in Sects. 10.1.6–10.1.9. However, we
will show that under some assumptions on the image of the critical set, a BF-map
does behave like one of the canonical maps at every critical point. It should be
mentioned here that at an isolated critical point, a BF-map behaves like a power
map or, equivalently, like a winding map. Indeed, one can show that a discrete map
is open in a neighborhood of an isolated critical point (see [168], Theorem 2.10),
and then the result follows by a theorem of Stoilow; cf. [240,269]. For convenience,
we quote this result in the following lemma:

Lemma 10.1. Let f : D → C be a discrete map which is open in D\{a}, for some
point a in D with f (a) = 0. Then the point a has a simply connected neighborhood
U and a homeomorphism h of D onto a disc Dr = {z : |z| < r} such that h(a) = 0
and such that f |U = gp ◦ h for some integer p = p(a)> 0, where gp(ρeit) = ρeipt

is a winding map. Furthermore, h is sense preserving if f is sense preserving.

We will conclude this section with examples of BF-maps which do not behave
locally like any of the canonical maps and with examples of discrete maps which
differ completely from BF-maps in terms of the shape of the critical set.

Proper folding maps, proper (p,q)-cusp maps, and proper umbrella maps were
defined in 10.1.6–10.1.9 as being topologically equivalent to the standard folding
map (x,y) → (x, |y|) of R2, to the straight (p,q)-cusp map, and to the straight
umbrella map, respectively. Each of the latter maps is proper, in the sense that the
preimage of every compact set is compact; therefore, proper folding maps, proper
(p,q)-cusp maps, and proper umbrella maps are proper in the usual sense. Since
we are mostly interested here in the local properties of BF-maps, the following two
lemmas are relevant to our study:
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Lemma 10.2. If f is a folding map of a domain D with a folding line E,E ⊂ D,
then E has a simply connected neighborhood U such that U ⊂ D and such that f |U
is a proper folding map.

Proof. By definition, f is a restriction of a proper folding map which, in turn, is
topologically equivalent to the standard folding map (x,y)→ (x, |y|) of R2. Hence,
it suffices to prove the lemma in case that E is an arc in the real axis R, E ⊂ D and
f (x,y) = (x, |y|) for (x,y) ∈ D. In this situation, the statement is clear, and thus, the
general case follows. 
�
Lemma 10.3. Let f be a (p,q)-cusp map or an umbrella map of a domain D with
a cusp point at a point a ∈ D. Then the point a has a neighborhood U such that
U ⊂ D and such that f |U is a proper (p,q)-cusp map or a proper umbrella map,
respectively.

Proof. As in Lemma 10.2. 
�
Next, we study the local behavior of a BF-map f at a free arc E in the critical set

of f when f (E) is again an arc. Since we are interested merely in the local behavior
of f , we will assume that f is defined in a simply connected neighborhood of E .

Theorem 10.1. Let D be a simply connected domain in C, E a crosscut in D, i.e.,
an arc in D with end points on ∂D, D1 and D2 the two connected components of
D\E (see Fig. 5), f : D →C a discrete map, which is open and sense preserving in
D1, and open and sense-reversing in D2 such that f (E) is an arc.

Then every point a in E has a neighborhood U such that U ⊂ D and such that
f |U is either a proper folding map or a proper (p,q)-cusp map with a cusp point at
the point a for some positive integers p and q with p ≡ q(mod 2), which depend on
the point a.

Furthermore, if, in addition, f |E is injective, then all cusps that f has on E are
odd.

Proof. Since in R2 every arc is tame (cf. [175], p. 72), we may assume that E and
f (E) are subarcs of the real axis R. We may also assume that D is symmetric with
respect to R.

Let f1 denote the symmetric extension of f |D1 ∪ E , i.e., f1(z) = f (z) for
z ∈ D1 ∪E and f1(z) = f̄ (z̄) for z ∈ D2. Then f1 is continuous and discrete in D,
open and sense preserving in D1 ∪D2 = D\E , and f1(E)⊂ R.

It then follows by [252], Theorem B, that f1 is open in D. Then, in view of
Stoilow’s theorem and the topological equivalence between the power maps zd and
the winding map gd , it follows that every point a in E has a neighborhood V1 and
sense-preserving homeomorphism h1 of V1 onto a disc Dr1 = {z : |z|< r1} for some
r1 > 0, with h1(a) = 0, and a positive integer p such that V1 ⊂ D and such that
f1(z) = gp(h1(z))+ f1(a) for all z ∈V1, where gp(z) is a winding map of order p.

In a similar way, a symmetric extension of f |D2 ∪E yields a discrete map f2 :
D →C, with f2(z) = f (z) for z ∈ D2 ∪E and f2(z) = f̄ (z̄) for z ∈ D1, which is open
and sense-reversing in D\E . Again by [252], f2 is open, and by Stoilow’s theorem
every point a in E has a neighborhood V2 and a sense-preserving homeomorphism
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h2 of V2 onto a disc Dr2 = {z : |z|< r2} for some r2 > 0, with h2(a) = 0, and positive
integer q such that V2 ⊂ D and such that f2(z) = g−q(h2(z))+ f2(a) for all z ∈ V2,
where g−q(z) is a winding map of order −q.

Since gp(e2kπ i/pz) = gp(z) for k = 1,2, . . . , p−1, and g−q(e2mπ i/qz) = g−q(z) for
m = 1,2, . . . ,q− 1, we may replace h1 and h2 by the map z → e2kπ i/ph1(z) and by
the map z → e2mπ i/qh2(z), respectively, for some k and m, and thus may assume that
each of the maps h1 and h2 maps E ∩V1 ∩V2 into R, preserving orientation.

Now, f1 and f2 agree on E ∩V1 ∩V2 and gp and g−q agree on fi(E ∩V1 ∩V2) =
f (E ∩V1 ∩V2), i = 1,2. Therefore p ≡ q(mod 2), the map h, which is defined as h =
h1 on D̄1 ∩V1 ∩V2 and h = h2 on D̄2 ∩V1 ∩V2, is a homeomorphism of V =V1 ∩V2

onto a disc Dr = {z : |z| < r},r = min(r1,r2), the map g which is defined as gp in
the upper half of Dr and g−q in the lower half of Dr is a proper folding if p = q = 1,
and it is a proper (p,q)-cusp map otherwise, and f (z) = g(h(z))+ f (a) for all z ∈V .

This shows that f |V is a proper folding or a proper (p,q)-cusp map. Finally,
if p and q are even at a cusp point a on E , then f |E is not injective in any
neighborhood of a. This shows the only way that f |E is injective is if all cusp points
of f on E are odd. 
�
Corollary 10.1. Let E be a Jordan curve in S2, D1 and D2 the two connected
components of S2\E, f : S2 → S2 a discrete map, which is open and sense preserving
in D1, and open and sense-reversing in D2, such that f (E) is an arc or a Jordan
curve.

Then every point a of E has a neighborhood V such that f |V is either a folding
map or a (p,q)-cusp map.

Furthermore:

(i) f has at most finitely many cusp points on E.
(ii) If f |E is injective, then all cusp points on E are odd.

(iii) If f (E) is an arc, then f has at least two even cusp points on E.

Sections 10.1.1 and 10.1.2 concern two classes of maps, defined in domains in C

and in S2, respectively. A straight (p,q)-cusp map belongs to the first class. It has
only one cusp point in C, and if p and q are odd, it maps R homeomorphically onto
itself. In this case, this map has a continuous extension to C̄ = C∪ {∞}, C̄ being
homeomorphic to S2.

The extended map is discrete in C̄, open and sense preserving in the upper half
plane, open and sense-reversing in the lower half plane, it maps R̄ = R∪{∞}, which
is a Jordan curve in C̄, homeomorphically (in fact by identity) onto itself, and it has
two cusp points (of the same orders (p,q)), one at z = 0 and one at ∞.

Similarly, an even straight (p,q)-cusp map of C extends to a BF-map of C̄ with
two cusp points, 0 and ∞.

One may ask whether a map described in Theorem 10.1 may have more than two
cusp points in C̄. The following proposition not only gives an affirmative answer to
the question but also shows that one can prescribe the cusp points ak and arbitrary
odd orders (pk,qk) at each cusp point ak. We do not know if even orders can be
prescribed arbitrarily in the same way.



10.2 Branched Folded Maps 191

Proposition 10.1. Let xk, k = 1,2, . . . be points on the real axis R with no
accumulation point in R and with |x1| < |x2| < · · · , (nk,mk), k = 1,2, . . . be pairs
of nonnegative integers such that nk +mk > 0. Then there exists a BF-map F in
R2 whose critical set is the set R, such that every point of R except for the points
xk, k = 1,2, . . ., is a folding point of F and such that xk is a cusp point of order
(2nk + 1,2mk + 1), k = 1,2, . . ..

Proof. It is easy to see that the function

f1(z) = Π ∞
k=1(1− z/xk)

2nk e2nk(z/xk+···+(z/xk)
k/k)

if x1 �= 0, and

f1(z) = z2n1Π ∞
k=2(1− z/xk)

2nk e2nk(z/xk+···+(z/xk)
k/k)

if x1 = 0, is an entire function with zeros at z = xk of the orders 2nk, k = 1,2, . . ..
Furthermore, f1|R is real-valued and non-negative.

Then

F1(z) =
∫ z

0
f1(z)dz

is an entire function, F1|R is a strictly increasing real-valued function, and F1(z) is
locally topologically equivalent to z → (z− xk)

2nk+1 at the point z = xk.
Similarly, there is an entire function F2(z) which is topologically equivalent to

z → (z − xk)
2mk+1 at the point z = xk, and such that F2|R is a strictly increasing

real-valued function.
Define the function φ : R→R by φ : x→F1◦F−1

2 (x). Then φ is an automorphism
of R.

The function Φ : R2 → R2 which is defined by Φ(u,v) = (φ(u),−v) is an
automorphism ofR2. Then the mapping F which is given by F(z) =F1(z) if Im z≥ 0
and F(z) = Φ ◦F2(z) if Im z < 0 satisfies the requirements of the proposition.

We now turn to the local behavior of a BF-map f at a vertex of a star in the
critical set of f . We may restrict ourselves to a simply connected neighborhood of
the vertex. 
�
Theorem 10.2. Let D be a simply connected domain in C, E a star in D with a
vertex at a point a, a ∈ D and arms l1, l2, . . . , l2n, each of which has one end point
at the point a and one end on ∂D (see Fig. 3).

Let D1,D2, . . . ,D2n denote the connected components of D\E such that
D̄i−1 ∩ D̄i = li for i = 1,2, . . . ,2n and D̄1 ∩ D̄2n = l1.

Let f : D → C be a discrete map, which is open and sense preserving in the
domains D2,D4, . . . ,D2n, and open and sense-reversing in D1, D3, . . . , D2n−1, such
that f (E) is included in star E ′ with a vertex at the point a′, such that f (a) = a′,
and such that f (li), i = 1, . . . ,2n is included in an arm of E ′.

Then the point a has a neighborhood W such that W ⊂ D and such that f |W is a
proper simple umbrella map.
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Proof. Since every star in R2 can be tamely embedded in a straight star (cf. [175],
p. 76), we may assume that D = R2, that E is a straight star with a vertex at z = 0,
whose arms l1, l2, . . . , l2n are in directions 0,π/n, . . . ,(2n−1)π/n, respectively, and
that f (E) is included in a straight star with a vertex at the point z = 0, and that
f (0) = 0. With no loss of generality, we may assume that f (l1) = l1.

We consider separately the two cases:

Case 1. f (l2) = f (l1) = l1.

Case 2. f (l2)�= f (l1).

In the latter case, argz = β for z ∈ f (l2) for some β ∈ (0,2π).
Let ψ be an automorphism of C, which is the identity in Case 1, and which in

Case 2 is a piecewise winding map which maps the sector S = {z : 0 < argz < β}
onto the upper half plane U = {z ∈ C : Im z > 0} and maps the complementary
sector C\S onto C\U ;

ψ(reit) = reiπt/β for 0 < t < β ,

and

ψ(reit) = rei[π + π(t − β )/(2π − β )] for β ≤ t ≤ 2π .

In either case

ψ( f (∂D1)) = ψ( f (l1)∪ψ( f (l2)⊂ R.

Next, let φ = gn|D̄1 and F = ψ ◦ ( f (D̄1) ◦ φ−1. Then φ is a homeomorphic
winding map of D1 onto Ū , and F is a map of Ū into C, which is discrete in C,
open and sense-reversing in U , and maps R into itself. The symmetric extension of
F of C, which is denoted again by F , and defined by F(z) = F̄(z̄), is discrete in C,
open and sense-reversing in C\R and maps R into itself. Then, by [252], Theorem
B, F is open in C. Therefore, by Stoilow’s theorem, there exist a neighborhood
V of the point z = 0 and sense-preserving homeomorphism h of V onto a disc
Dr = {z ∈ C : |z|< r} such that F |V = g−p ◦ h for some positive integer p.

Let W1 = φ−1(V ∩ Ū). Then W1 ⊂ D̄1, and W1 is a neighborhood of the point
z = 0 relative to D̄1, and Φ1 = g1/n ◦h◦ (φ |W1) maps W1 homeomorphically, and in
a sense-preserving way, onto the region

W ′
1 = {z ∈ C : 0 ≤ arg z ≤ π/n, |z|< r1},

such that Φ1(0) = 0. The map g−p ◦ (gn|W ′
1) is a sense-reversing winding map of

W ′
1 into Dr1 , and G1 = ψ ◦ g−p ◦ (dn|W ′

1)) is a piecewise winding map of W ′
1 into C

with G1(0) = 0.
In the same way, we can construct for each sector Dk, k = 1,2, . . . ,2n, a region

Wk, with Wk ⊂ Dk, a sense-preserving homeomorphism Φk of Wk onto the region

W ′
k = {z ∈ C : (k− 1)π/n≤ arg z ≤ kπ/n, |z|< rk}

and a piecewise winding map Ψk of W ′
k into C, such that f |Wk =Ψk ◦Φk.
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By restricting ourselves to a subregion of Wk, if needed, for instance by redefining
Wk = Φk(Dr), where Dr = {z ∈ C : |z| < r} and r = min{rk,k = 1,2, . . . ,2n}, we
may assume that r1 = r2 = · · ·= r2n = r > 0.

We now show that Φk−1(z) =Φk(z) for all z ∈Wk−1∩Wk ⊂ l1 for k = 2,3, . . . ,2n,
with a similar relation for z ∈W2n ∩W1 ⊂ lk.

Let z ∈Wk−1
⋂

Wk, then arg Φk−1(z) = arg Φk(z). Next, Ψk−1(Φk−1(z)) = f (z) =
Ψk(Φk(z)), therefore |Ψk−1(Φk−1(z))|= |Ψk(Φk(z))|, and since each of Ψk−1 and Ψk

is a piecewise winding map, it follows that |Φk−1(z)| = |Φk(z)|, and consequently,
Φk−1(z) = Φk(z). Points z ∈W2n

⋂
W1 are treated in the same way.

Let W =
⋃2n

k=1 Wk. Since Φk−1 and Φk agree on Wk−1 ∩Wk, and since each Φk

is a homeomorphism of Wk onto W ′
k , it follows that Φ(z) = Φk(z) if z ∈ Wk,k =

1,2, . . . ,2n, defines a map Φ which maps W homeomorphically onto Dr =
⋃2n

k=1 W ′
k .

Similarly, Ψ(z) = Ψk(z) if z ∈ W ′
k defines a piecewise winding map of Dr onto

itself. Finally, f |Wk = Ψk ◦ Φk,k = 1,2, . . . ,2n, implies that f |W = Ψ ◦ Φ , and
consequently, f |W is a simple umbrella map. 
�

10.2.1 BF-Maps Which Are Locally Different
from the Canonical Maps

We describe now BF-maps f : C→ C with critical sets in the real axes and which
are not topologically equivalent to any of the canonical maps, which were described
in 10.1.6–10.1.9, in any neighborhood of the point z = 0.

Each of the sets En = {(1/n,y) : 0 ≤ y ≤ 1/n}, n = 1,2, . . ., is a line segment in
C, which is orthogonal to the real axis R and which has an end point at R. Let h be a
conformal map of the upper half plane U onto the domain D=U\⋃∞

n=1 En such that
h(z)→ 0 as z → 0 in U . Then h has a continuous extension to Ū , which is denoted
again by h.

Every point on ∂D has either one preimage point or two. Hence, h is discrete
in Ū and homeomorphic in U . Let g be the standard folding map (x,y) → (x, |y|)
and f = h ◦ g. Then f is continuous and discrete in Ū , open and sense preserving
in U , and open and sense preserving in the lower half plane L. It is clear that f is
not topologically equivalent to an umbrella map at any neighborhood of the point
z = 0. Other canonical maps need not be mentioned since each of them is a special
umbrella map.

10.2.2 Discrete Maps Which Are Not BF-Maps

There are many ways to construct discrete maps in R2 which are not BF-maps. We
will present here only a few examples, each of which has a critical set which is
different from the critical set of a BF-map in a different way.
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Example (a). Let φ : R→R be given by φ(x) = 2x+x sinx and f (x,y) = (φ(x),y).
Then f : C → C is a discrete map whose critical set is a union of lines which are
parallel to the y-axis and cluster at the y-axis; hence, it is not a BF-map.

One can use this idea to construct a discrete map f : R2 →R2, whose critical set
is a union of a Cantor type set of lines parallel to the y-axis.

Example (b). Let φ : R2 → R2 be as in Example (a), and let f : R2 → R2 be given
by f (reit ) = reiφ(t) for |t| ≤ π . Then f is continuous and discrete in R2, and the
critical set of f is a union of infinitely many rays emanating from the point z = 0
and clustering on the positive half of the real axis.

One can use this idea to construct a discrete map f : R2 → R2 whose cluster set
is a union of rays in a Cantor type set of directions.

Example (c). Let D be a triangle in C with vertices at the points −1,1 and i, and D′
the triangle with vertices −1,1 and 2i. Let f : C → C be the piecewise linear map
for which f (z) = z if z ∈ C\D′ and f (z) = z̄ if z ∈ D.

Then f is a BF-map with critical set Σ f = ∂D, which is sense reversing in D and
sense preserving in C\D′. The points −1 and 1 are (3,1)-cusp points, and every
point on ∂D is a folding point.

Next, let φ be an automorphism of C. Then φ ◦ f ◦ φ−1 is a BF-map whose
critical set is φ(∂D), and its restriction to φ(C\D′) is the identity map. Finally,
let {φα : α ∈ A} be a family of automorphisms of C such that the sets φα (D′) are
disjoint, and let F : C → C be defined by F(z) = φα ◦ f ◦ φ−1

α (z) if z ∈ φα(D′),
and F(z) = z otherwise. Then F is a continuous and discrete map of C onto itself
whose critical set is ΣF =

⋃
α∈A φα(∂D). By choosing the automorphisms properly,

the sets φα (∂D) may cluster in very strange ways yielding discrete maps which are
not BF-maps.

10.2.3 The Degree of a BF-Map and Prime BF-Maps

The degree of a continuous map f : S2 → S2 will be denoted by deg f . If f : D →R2

is a proper umbrella map, then f is topologically equivalent to a straight umbrella
map F : C→ C, and F has a continuous extension F̃ : C̄→ C̄ where C̄= C∪{∞}
is homeomorphic to S2. The degree of f is then defined by deg f = deg F̃ .

Let G and D be domains in S2 with D̄ ⊂ G, f : G → S2 a map, and y a point in
S2\ f (∂D). The local (topological) index or the local degree of f at y relative to D
is denoted by μ(y, f ,D). Then μ(y, f ,D) is a constant integer in every connected
component of S2\ f (∂D); see [203], p. 16 or [191]. The local topological index of
f at point x ∈ G will be denoted by i(x, f ). For discrete maps f : G → S2,G ⊂ S2,
i(x, f ) can be defined as i(x, f ) = μ(x, f ,D), where D is any neighborhood of x with
D̄ ⊂ G and with f−1( f (x))∩D = {x}.

The existence of such a neighborhood D follows from the continuity and the
discreteness of f . Obviously, the notion of i(x, f ) applies also to maps f : X → Y ,
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where X and Y are surfaces. At a noncritical point x, i(x, f ) = 1 or −1, depending
on the orientation of f at x; i(x, f ) = 0 at a folding point x, and i(x, f ) = (p−q)/2 at
a (p,q)-cusp point x. It can be easily verified that if f : D → Y is a proper umbrella
map with a cusp at x, then deg f = i(x, f ).

We say that a proper umbrella map f is prime if f cannot be written as a
composition of a proper umbrella mapping g with a noninjective analytic function h.

By degree considerations, it is clear that if f is a proper umbrella map with
|deg f | = 1, then f is prime. The following theorem describes the case where
|deg f |> 1:

Theorem 10.3. Let f : D → C be a proper umbrella map with a vertex at the point
a. If |deg f |= d > 1, then there exists a proper prime umbrella map g with g(a) = 0
such that f (z) = (g)d(z)+ f (a), z ∈ D.

Proof. We will show that ( f (z)− f (a))1/d has a single-valued branch g(z), that g(z)
is a proper umbrella, and that |deg g|= |(deg f )/d|= 1. It will then follow that g is
prime and that f (z) = (g)d(z)+ f (a), as needed.

Since f is a proper umbrella map, there are homeomorphisms φ : D → C and
ψ : C → f (D) and a straight umbrella map f0 : C → C such that f = ψ ◦ f0 ◦ φ .
We may assume that the ray E0 from z = 0 to ∞ along the positive half of the
real axis consists of noncritical points for f0 except for the initial point z = 0. Let
E = φ−1(E0) and E ′ = f (E). Then E ′\{ f (a)} has a neighborhood V where w1/n

has a branch g0(w). Let g(z) = g0( f (z)) for z ∈ E .
Fix r > 0. Then Φ(t) = f (φ−1(reit )), 0 ≤ t ≤ 2π defines a map F of the circle

S1(r) of radius r onto a Jordan curve with |deg F|= |deg f |= d. Therefore,

Ψ(t) = Φ1/d(t) = |Φ(t)|1/dei(argΦ(t)/d

has a continuation from the point g(r) along [0,2π ], and since |deg F |= d, Ψ (0) =
Ψ(2π). Hence, the relation

g(φ−1(reit)) =Ψ(t), 0 ≤ t ≤ 2π

defines a single-valued function g from φ−1(S1(r)) to C, such that (g(z))d = f (z)−
f (a).

By doing the same for all r > 0 and letting g(0) = 0, we get a function g : D →C

such that (g(z))d = f (z)− f (a) for all z ∈ D. By the construction, g is a proper
umbrella and deg g = (deg f )/d. Hence, |deg g|= 1, and thus, g is a proper prime
umbrella. 
�
Corollary 10.2. A proper umbrella map f of deg f �= 0 is prime if and only if
|deg f |= 1.

Theorem 10.4. Let f : D → C be a proper (p,q)-cusp map with a vertex at the
point a and with |deg f |= d .

If d = 0, then there exists a proper folding map g with g(a) = 0 such that
f (z) = (g)p(z)+ f (a), z ∈ D, for some integer p ≥ 1.
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If d > 1, then there exists a proper prime simple cusp map g with g(a) = 0 such
that f (z) = (g)d(z)+ f (a), z ∈ D.

Proof. If d = 0, then f is topologically equivalent to a straight simple (p, p)-cusp
map fp,p and, clearly, fp,p = f p

1,1, which proves the theorem for d = 0.
Suppose now that d > 1. By Theorem 10.3, there exists a prime umbrella map g

with g(a) = 0 such that f (z) = gd(z)+ f (a). It remains to show that g is a cusp map.
Let E denote the critical set of f . Then E, f (E), and consequently g(E) are arcs,
and thus, by Corollary 10.1, a is a cusp point for g. Clearly, all other points of E are
folding points for g. Consequently, g is a cusp map, which is prime. This completes
the proof. 
�
Corollary 10.3. A proper (p,q)-cusp map f with p �= q is prime if and only if
|deg f |= 1.

10.3 Alternating Beltrami Equations and FQR-Maps

Let D,E , and μ be as in Sect. 10.1.1. A BF-map f : D → C will be called a folded
quasiregular map (abbreviated as FQR-map) if f is locally quasiregular or anti-
quasiregular at every noncritical point and at every isolated critical point. It follows
from the definition of FQR-maps that every FQR-map satisfies an alternating
Beltrami equation (B) with μ which is locally bounded in the white regions and
such that 1/μ is locally bounded in the black regions. And conversely, a solution of
an alternating Beltrami equation with a μ satisfying these assumption is an FQR-
map if it is discrete.

One property is clearly shared by classical Beltrami equations and alternating
ones, namely, if f is a nonconstant solution of (B) in a domain D and if h is analytic
in f (D), then h ◦ f is a solution too.

In the classical case, every homeomorphic solution is unique up to a conformal
mapping and generates the set of all elementary solutions and thus may be
considered as a prime solution. It is not known, however, whether every alternating
Beltrami equation has what are called prime solutions, i.e., solutions f which cannot
be written as a composition h ◦ g where h is a noninjective analytic function, and
whether the set of all BF solutions is generated by prime solutions.

10.3.1 Proper Folding, Cusp, and Umbrella Solutions

A function f : D → C is called a proper folding solution, resp., a proper (p,q)-
cusp or a proper umbrella, if f is a solution to (B) in D and f is a proper folding
mapping, resp., a proper (p,q)-cusp or a proper umbrella map. One of the main
results in [233] asserts that every solution which belongs to one of the following
families of solutions is prime and generates the set of all BF solutions:
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(a) Proper folding solutions
(b) Proper (p,q)-cusp solutions with |p− q|= 2
(c) Proper umbrella solutions of degree 1 or −1

These results may be viewed as uniqueness and representation theorems and are
the counterparts of the classical theory (see Chap. 3) and imply a strong rigidity
property, namely, if f is a solution of a Beltrami equation (B) of any type mentioned
above in (a)–(c), then every other solution of (B) with the same μ preserves
the equivalence relation z1 ∼ z2 if f (z1) = f (z2), which is determined by f .
This phenomenon does not occur in the classical case where the prime solutions
are homeomorphisms which determine only the trivial equivalence. The rigidity
property implies that an alternating Beltrami equation cannot have solutions of
different types, as, for instance, prime (p,q)-cusp solutions with different pairs
(p,q). Furthermore, one can show that if f is a proper (p,q)-cusp solution with
|p − q| = 2d > 2 or a proper umbrella solution with |deg f | = d > 1, then B
has a prime solution g which is a proper (r,s)-cusp solution with |r − s| = 2, or,
respectively, a prime umbrella solution of degree 1 or −1, such that f (z) = (g(z))d .

Theorem 10.5. Let D be a simply connected domain in C, E a crosscut in D with
m2(E) = 0, D1 and D2 the two connected components of D\E and μ : D → C =
C∪{∞} a measurable function such μ is locally bounded in D1 and 1/μ is locally
bounded in D2, and let w = f (z) be a proper folding solution of the Beltrami
equation (B).

If w = g(z) is a solution of (B) in D, then there exists a function h which is
continuous in f (D) and analytic in f (D1) = f (D2) such that g= h◦ f . Furthermore,
g(z1) = g(z2) whenever f (z1) = f (z2).

Proof. Let fi = f |Di and hi = g ◦ f−1
i , i = 1,2. Since μ is locally bounded D1 and

1/μ is locally bounded in D2, it follows that f and g are sense preserving in D1

and sense-reversing in D2. Therefore, both h1 and h2 are sense preserving. Since μ
is locally bounded in D1 and 1/μ is locally bounded in D2, it follows that f1 and
f2 are locally quasiconformal and therefore have generalized derivatives which are
locally square integrable, and so does g, being a solution of (B). Hence, h1 and h2

have generalized derivatives which are locally integrable. Since f and g have a.e. the
same complex dilatation μ , we get by a standard computation of the dilatation of
hi that hi satisfies a.e. the Cauchy–Riemann equations, i = 1,2. In view of the local
integrability of the derivatives of hi, we obtain by Weyl’s lemma that hi is analytic
in f (Di), i = 1,2.

Since f is a folding, f1 and f2 have, respectively, homeomorphic extensions to
D1 ∪E and to D2 ∪E . It thus follows that h1 and h2 have the same boundary values
on the set f (E) and that f (E) is a free arc in the boundary of f (D1). Hence, h1 and
h2 represent the same analytic function, denoted by h, in f (D1). The last implication
follows, for instance, by an application of the two constant theorem. Clearly, h has
a continuous extension to f (D1)∪ f (E), which is denoted again by h, and g = h◦ f .

The statement that g(z1) = g(z2) whenever f (z1) = f (z2) is a trivial consequence
of the fact that g = h ◦ f . This completes the proof. 
�
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Remark 10.1. As a consequence of Theorem 10.5, one obtains the following result:
If (B) has a folding solution f , then any other solution of (B) will preserve the
equivalence relation z1 ∼ z2 if f (z1) = f (z2).

Theorem 10.6. Let D,E,D1,D2, and μ be as in Theorem 10.5, and let w = f (z)
be a proper (3,1)-cusp solution of the Beltrami equation (B) in D. If w = g(z) is a
solution of (B) in D, then there exists a function h which is analytic in f (D) such
that g = h ◦ f . Furthermore, g(z1) = g(z2) whenever f (z1) = f (z2).

Proof. Since f is a proper (3,1)-cusp map in D, there exist homeomorphisms φ of
D onto C and ψ of C onto f (D) such that f = ψ ◦ f3,1 ◦φ , φ(E) = R and ψ(R) =
f (E). Here, f3,1 is the straight (3,1)-cusp map; see 10.1.8. Let z0 = φ−1(0),w0 =
f (z0),D′ = f (D) and E ′ = f (E). Then D′\E ′ has two components D′

1 and D′
2, and

E ′\w0 has two components E ′
1 and E ′

2. For k = 1,2,3, let

Sk = {z ∈ C : (k− 1)π/3 < arg z < kπ/3},
and Gk = φ−1(Sk), and let G4 = D2.

Then f (G1) = f (G3) = f (G4) = D′
1, and f (G2) = D2. Now, let f j = f |G j and

h j = g ◦ f j , j = 1,2,3,4. Since f and g are solutions of (B), then as shown in the
proof of Theorem 10.5, all h j are analytic. The functions h1 and h4 are defined in
D′

1 and have the same boundary values on one component, say, E ′
1 of E ′\w0 and h3

and h4 have the same boundary values on E ′
2. Hence, h1 = h4 = h3 in D′

1.
We show now that h2 is an analytic continuation of h1 across E ′

2 and of h3 across
E ′

1. Indeed, let a′ be a point on E ′
2. Let a be the unique point in D1 such that

f (a) = a′. Since f is a local homeomorphism at a,a has a neighborhood W which
is mapped homeomorphically by f onto a neighborhood V of a′. Then, as above,
hV = g ◦ ( f |W )−1 is analytic in V , and hV = h j in V ∩D′

j , j = 1,2. It thus follows
that h2 is an analytic continuation of h1 across E ′

2. Similarly, h2 is an analytic
continuation of h3 across E ′

1. Then h j, j = 1, . . . ,4, define a function h which is
analytic in f (D)\w0 such that h|D′

1 = h1 = h3 = h4 and h|D′
2 = h2. Obviously,

w0 is removable, and hence, h has a continuous extension to D′, which is denoted
again by h, and h is analytic in w0 too, g = h ◦ f in D, and g(z1) = g(z2) whenever
f (z1) = f (z2). 
�
Corollary 10.4. Let D,E,D1,D2, and μ be as in Theorem 10.5. Then (B) cannot
have both folding solutions and (3,1)-cusp solutions.

Remark 10.2. By Theorems 10.5 and 10.6, it follows that if a Beltrami equation
(B) has a solution f which is either a homeomorphism or a proper folding or a
proper (3.1)-cusp, then f generates the BF solutions. However, not every (p,q)-cusp
solution of (B) has this property, as can be seen in the following example. Below,
we will characterize all (p,q)-cusp solutions and all umbrella solutions which have
the generating property.
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10.3.2 Example

We present here a function μ(z) for which equation (B) has a proper (5,1)-cusp
solution f and a proper (3,1)-cusp solution g. Then, clearly, g �= h ◦ f for any
analytic function h, since deg f = 2 and deg g = 1. This shows that f does not
generate the set of all BF solutions.

Let Φ and Ψ be automorphisms of R2 which are given in polar coordinates by
Φ(r,θ ) = (r,φ(θ )) and Ψ(r,θ ) = (r,ψ(θ )), where φ and ψ are piecewise linear
increasing self-maps of [0,2π ] such that φ([0,π/5]) = [0,π/3], φ([π/5,4π/5]) =
[π/3,2π/3], φ([π/5,π ])= [2π/3,π ], φ([π ,2π ]) = [π ,2π ], and ψ([0,π ]) = [0,π/2],
ψ([π ,4π/3])= [π/2,π ],ψ([4π/3,5π/3])= [π ,3π/2],ψ([5π/3,2π ])= [3π/2,2π ].
Recall that f3,1(z) = z3/|z|2 if Im z > 0 and f3,1(z) = z̄ if Im z ≤ 0. Then
g = Ψ ◦ f3,1 ◦Φ is a proper (3,1)-cusp solution of (B) with μ = gz̄/gz. Next, let
f (z) = (g(z))2, z ∈ C. Then f is a solution of (B) with the same μ , and f is
topologically equivalent to the straight (5,1)-cusp map f5,1. Consequently, f is a
proper (5,1)-cusp solution.

Theorem 10.7. Let D,E,D1,D2, and μ be as in Theorem 10.5 and let w = f (z) be
a proper (p+ 2, p)-cusp solution of the Beltrami equation (B) in D. If w = g(z) is a
BF solution of (B) in D, then there exists a function h which is analytic in f (D) such
that g = h ◦ f . Furthermore, g(z1) = g(z2) whenever f (z1) = f (z2).

Proof. Let z0 ∈ E be the cusp point of f , and let E1 and E2 be the two components
of E\{z0}. Denote w0 = f (z0), D′ = f (D) and E ′ = f (E).

We consider the two cases:

(i) p is odd.
(ii) p is even.

In the first case, we suppose that p = 2n− 1, then p+ 2 = 2n+ 1. Since p is odd,
f maps E homeomorphically onto E ′. Let E ′

i = f (Ei), i = 1,2.
As in the proof of Theorem 10.6, one sees that the set f−1(E ′) divides D1 into

2n+ 1 sectors G1, . . . ,G2n+1 and divides D2 into 2n− 1 sectors G̃1, . . . , G̃2n−1. We
may assume that G1 is adjacent to G̃1 along E1, and G2n+1 to G̃2n−1 along E2.

Let fi = f |Gi,hi = g ◦ f−1
i , i = 1, . . . ,2n + 1, and f̃ j = f |G̃ j h̃ j = g ◦ f−1

j ,
j = 1, . . . ,2n− 1. Since f and g satisfy the same Beltrami equation, it follows as
in Theorem 10.5 that all hi and h̃ j are analytic.

Since h1 and h̃1 have the same boundary value along f (E1), it follows that h1 =
h̃1. Similarly, h2n+1 = h̃2n−1. Now, h2 is an analytic continuation of h1 and h̃2 of h̃1.
Since h1 = h̃1 and since h2 and h̃2 are defined in the same domain, it follows that
h2 = h̃2. Similarly, hi = h̃i, i = 3, . . . ,2n− 1. Starting now with h2n+1 = h̃2n−1, the
same argument yields h2n = h̃2n−2 and by continuing in the same way also hi = h̃i−2,
i = 3, . . . ,2n− 1. But h1 = h̃1. Therefore, h1 = h3 = h5 = · · · , and h2 = h4 = h6 =
· · · , and similar relations hold for h̃1, h̃2, . . .. As in Theorem 10.5, these relations
determine a function h which is analytic in D′, including the points of E ′, which
coincides with h1 in f (D1) and with h2 in f (D2). Clearly, g = h ◦ f .
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In the second case, we suppose that p = 2n. Then f (E1) = f (E2) = E ′ and
D′

0 = D′\E ′ is a simply connected domain. The set f−1(D′
0) has n+ 1 connected

components G1, . . . ,Gn+1 in D1 and n components divide G̃1, . . . , G̃n in D2. We may
assume that G1 is adjacent to G̃1 along E1 and Gn+1 to G̃n along E2.

Let fi = f |Gi, hi = g ◦ f−1
i , i = 1, . . . ,n + 1, and f̃ j = f |G̃ j, h̃ j = g ◦ f−1

j ,
j = 1, . . . ,n. Since f and g satisfy the same Beltrami equation, it follows as above
that all hi and h̃ j are analytic. Since h1 and h̃1 have the same boundary value
along f (E1), it follows that h1 = h̃1. Similarly, hn+1 = h̃n. Now, h2 is an analytic
continuation of h1 and h̃2 of h̃1. Since h1 = h̃1, and since h2 and h̃2 are defined in
the same domain, it follows that h2 = h̃2. Similarly, hi = h̃i, i = 3, . . . ,n. Starting
with hn+1 = h̃n, the same argument yields hn = h̃n−1,hn−1 = h̃n−2 and hi = h̃i−1,
i = 3, . . . ,n. But h1 = h̃1; hence, hn+1 = · · · = h2 = h1 = h̃1 = h̃2 = · · · = h̃n. These
relations define a function h which is analytic in f (D), including the points of E ′,
which satisfies g = h ◦ f . The analyticity of h at a point w ∈ E ′\{w0} follows from
the fact that f−1(w) meets D1, and w0 is an isolated removable singularity. In both
cases, g = h ◦ f implies g(z1) = g(z2) whenever f (z1) = f (z2). 
�
Corollary 10.5. Let f be a proper (p,q)-cusp solution of (B) in a domain D. If
|p− q|= 2, then f generates the solution set.

Theorem 10.8. Let w = f (z) be a proper (p,q)-cusp solution of (B) in a domain D.
If |p− q|= 2, then f is prime.

Proof. A simple computation shows that |p− q|= 2 implies |deg f | = 1, which, in
turn, shows that f is prime. 
�

The following theorem shows that a proper (p,q)-cusp solution with |p− q|> 2
is not prime and can be factored as h ◦ g, where g is a proper prime cusp solution
and h is an analytic power map, and in particular f is not prime:

Theorem 10.9. Let f be a proper (p,q)-cusp solution of (B) in a domain D with
|p−q|= 2d > 2 such that its cusp point is at z= 0 and f (0) = 0. If d > 1, then there
exists a proper prime (n,m)-cusp solution g of (B) in D such that f (z) = (g(z))d ,
z ∈ D.

Proof. Since |deg f | = |p − q|/2 = d, it follows by Theorem 2.12 that f (z) =
(g(z))d , where g is a proper (m,n)-cusp map with |m− n| = 2. The power map
z → zd is analytic; therefore, g is a solution of (B) too. The relation |m− n| = 2
implies |deg g|= 1, and consequently, g is a proper prime cusp solution. 
�

We now turn to proper umbrella solutions of degree 1 or −1. It is shown in [233]
that such a solution is prime and generates the set of all BF solutions.

Lemma 10.4. If f : S1 → S1 is a piecewise injective map of nonzero degree, then
every fiber f−1(w),w ∈ S1, contains at least one noncritical point.
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Proof. For z ∈ S1, let i(z, f ) denote the local topological index of f at z; see
Sect. 10.2.3. Then i(z, f ) = 0 if z is a critical point, and i(z, f ) = 1 or −1 otherwise.
Fix w ∈ S1. The set S1 is compact; hence, f is proper and

deg f = ∑
z∈ f−1(w)

i(z, f ).

Since deg f �= 0, it follows that i(z, f )�= 0 at least for one point z in f−1(w) and
so z is noncritical. 
�
Lemma 10.5. Let J be a Jordan curve in C, F : S1 → J a piecewise injective map
with critical points sk = eitk ,k = 1,2, . . . ,2n,

0 < t1 < t2 < · · ·< t2n < 2π .

Let γ : [0,2π ]→ J be defined by γ(t) = F(eit),0 ≤ t ≤ 2π .
For each t ∈ [0,2π ], let (ht ,Dt) be an analytic function element at the point

γ(t), where Dt = {z : |z − γ(t)| ≤ rt} for some rt > 0, 0 ≤ t ≤ 2π , such that
{ht : 0 ≤ t ≤ 2π} defines an analytic continuation from (h0,D0) to (h2π ,D2π) along
the path γ .

If (h0,D0) = (h2π ,D2π) and if |deg f | = 1, then there exist a neighborhood V of
J and a (single-valued) analytic function h in V such that h = ht in V ∩Dt for all
t ∈ [0,2π ].

Proof. By induction on n.
If n = 0, then F has no critical points, and since |deg f | = 1, it follows that F is

a homeomorphism of S1 onto J.
Since J is compact and can be mapped tamely onto S1, we may replace the

function elements (ht ,Dt), 0 ≤ t ≤ 2π by a finite chain of function element (h j,G j),
j = 1,2, . . . ,m, such that each is a disc centered at a point on J and contained in
one of the discs Dt , h j = ht |G j, G1 ⊂ D0 and Gm ⊂ D2π , G j meets only G j−1 and
G j+1 and such that h j is a direct analytic continuation of h j−1, j = 1,2, . . . ,m. Then
V =

⋃m
j=1 G j is a neighborhood of J. Since (h0,D0) = (h2π ,D2π), it follows by the

way that the chain (h j,G j), j = 1,2, . . . ,m was constructed such that the function h
which is defined by h(z) = h j(z) for z ∈ G j is a well-defined (single-valued) analytic
function in V , and the lemma follows.

Suppose now that the lemma holds for functions from S1 into J with 2n− 2
critical points, and let F : S1 → J have 2n critical points. The reduction of F to a
function with 2m−2 critical points will be done by a certain surgery on a subarc of
S1 which is folded by F .

First, note that F has a critical point eitk such that F is sense-reversing at ei(tk−t)

and sense preserving at ei(tk+t) for all sufficiently small t > 0.
Choose a sense-preserving parametric representation γ̃ : [0,2π ] → J of J with

γ̃(0) = F(eitk ). Let t0 be the maximal of numbers for which the restriction γ̃|[0, t0]
has two lifts γ− and γ+ from the point eitk. Let γ−(t0) = eiα and γ+(t0) = eiβ .
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Then α < t < β and β −α < 2π . Note that eiα �= eiβ , since otherwise deg F = 0,
contradicting the assumption that |deg F| = 1. By the maximality of t0, it follows
that eiα or eiβ is a critical point.

In view of the assumption that (h0,D0) = (h2π ,D2π), we may replace F by
φ ◦F for any sense-preserving automorphism φ of S1. Hence, we may assume that
tk = π ,α = π/2,β = 3π/2 and that F(e−it) = F(eit) for all t ∈ [π/2,π ]. Then by
uniqueness of analytic continuation, hπ−t = hπ+t in Dπ−t ∪Dπ+t for all t ∈ [0,π/2],
and in particular, hπ/2 = h3π/2 in a neighborhood of the point F(i) = F(−i).

We now replace F by a function F̃ : S1 → J which has 2n−2 critical points, and
the family (ht ,Dt) by a family (h̃t , D̃t), as follows.

Define F̃ : S1 → J by letting F̃(eit) = F(eit/2) if |t|< π/2 and F̃(−i) = F(i).
Now, F is continuous in {eit : |t| ≤ π/2} and F(i) = F(−i); therefore, F̃ is

continuous. Recalling that i or −i is a critical point of F , therefore, F̃ has 2n− 2
critical points and deg F̃ = deg F = 1 or −1.

Now, define (h̃t , D̃t) = (ht/2,Dt/2) for t ∈ [0,π ] and (h̃t , D̃t) = (h(2π+t)/2,
D(2π+t)/2) for t ∈ [π ,2π ].

Note that (hπ/2,Dπ/2) = (h3π/2,D3π/2), since they are obtained by continuation
of (hπ ,Dπ) along the same arc. Therefore, (h̃2π , D̃2π) is well defined, and conse-
quently, (h̃t , D̃t) and F̃ satisfy the assumptions of the lemma.

By the induction hypothesis, there exist a neighborhood V of J and a single-
valued analytic function h in V such that h(z) = h̃t(z) for all z ∈V ∩ D̃t , t ∈ [0,2π ].

Now, for t ∈ [−π/2,π/2],(ht,Dt) = (h̃t/2, D̃t/2), and hence, h(z) = ht(z) for
all z ∈ V ∩ Dt , |t| ≤ π/2. It remains to show that h(z) = ht(z) for π/2 ≤ t ≤
3π/2. This follows from the fact that (ht ,Dt),π/2 ≤ t ≤ π and (ht ,Dt),π ≤
t ≤ 3π/2 are analytic continuations along the same curve, since F(ei(π−t)) =
F(ei(π+t)) for t ∈ [0,π/2] and the fact that the two curves mentioned above, i.e.,
{γ(t) : π/2 ≤ t ≤ π} and {γ(t) : π ≤ t ≤ 3π/2}, are contained in V and the
function elements (hπ/2,Dπ/2) = (h3π/2,D3π/2) coincide with the value of h in
a neighborhood of the point F(i) = F(−i). Consequently, h(z) = ht(z) for all
z ∈V ∩Dt for π/2 ≤ t ≤ 3π/2, too. This completes the proof. 
�

10.3.3 Definition

A piecewise analytic continuation along a path γ : [a,b]→ C with degeneration at
the points ti, i = 1,2, . . . ,n, 0 < t1 < t2 < · · · < tn < b is a one-parameter family of
maps ft : Dt →C, a ≤ t ≤ b such that:

(a) Dt = {z : |z− γ(t)| ≤ r(t)}, where r(t) = 0 if t ∈ T = {t1, t2, . . . , tn} and r(t)> 0
if t ∈ [a,b]\T .

(b) The function t → ft(γ(t)) is continuous in [a,b].
(c) Each ft is analytic in IntDt .
(d) If t < t ′ in the same connected component of [a,b]\T, then ft is an analytic

continuation of ft′ along the sub-path γ|[t, t ′].
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Lemma 10.6. Let J be a Jordan curve, F : S1 → J a piecewise injective map with
|deg F | = 1 and with critical points eit j , j = 1,2, . . . ,2n, where 0 < t1 < t2 < · · · <
t2n < 2π .

Let ht ,0 ≤ t ≤ 2π be a piecewise analytic continuation along the path
γ : [0,2π ] → J, which is defined by γ(t) = F(eit), 0 ≤ t ≤ 2π with degeneration
at the points t1, t2, . . . , t2n and with h0 = h2π .

Suppose that for every point of degeneration t j there is δ j > 0 such that ht(γ(t)) =
ht′(γ(t ′)) for every t and t ′, t j − δ < t < t j < t ′j < t j + δ with γ(t) = γ(t ′).

Then there exist a neighborhood V of J and an analytic function h in V such that
h = ht in V ∩Dt for all t ∈ [a,b].

Proof. Since |deg F | �= 0, it follows by Lemma 10.4 that for each critical point eitk

of F , there is a noncritical point eit′k such that F(eitk ) = F(eit′k ), k = 1,2, . . . ,2n.
For each k, choose real numbers t+k and t−k such that tk −δk < t−k < tk < t+k < tk+δk,
such that Γk = {F(t) : t−k ≤ t ≤ t+k } ⊂ Dt′k , and such that the arcs Γk, k = 1,2, . . . ,2n
are disjoint. We now apply the same kind of surgery that we performed on the arc
{eit : π/2 ≤ t ≤ 3π/2} in the induction process in the proof of Lemma 10.5 to each
of the arcs Γk, k = 1,2, . . . ,2n, and get a piecewise injective map F̃ : S1 → J and
a one-parameter family of function elements (h̃t , D̃t),0 ≤ t ≤ 2π which satisfy the
assumptions of Lemma 10.5.

By Lemma 10.5, there exist a neighborhood V of J and a single-valued analytic
function h in V such that h(z) = h̃t(z) for all z ∈V ∩ D̃t for all t ∈ [0,2π ]. Since each
Γk ⊂ Dt′k ∩J ⊂V ∩Dt′k , k = 1,2, . . . ,2n, it follows that h(z) = ht(z) for all z ∈V ∩Dt

for all t ∈ [0,2π ]. This completes the proof of the lemma. 
�
Theorem 10.10. Let f : D → C be a proper umbrella solution of the equation (B).
If |deg f |= 1, then f generates the solution set.

Furthermore, if g is a solution, then g(z1) = g(z2) whenever f (z1) = f (z2).

Proof. Let g be a solution of (B). We will show that g = h ◦ f for some analytic
function h. The case where f is a homeomorphism follows from the Theorem 3.1.

Suppose that f is not injective. Then |deg f |= 1 implies that the critical set E of
f is not a point, and hence, it is a star. With no loss of generality, we may assume
that the vertex of E is at z = 0 and that f (0) = 0.

Since f is a proper umbrella map, there are homeomorphisms φ of C onto D
and ψ onto C of D′ = f (D) such that φ(0) = 0, ψ(0) = 0, φ−1(E) is a straight
star and f̃ = ψ ◦ f ◦ φ is a straight umbrella map, which maps each circle S1(r) =
{z ∈C : |z|= r} onto itself. Since |deg f |= 1 and φ and ψ are homeomorphisms, it
follows that

|deg f̃ |= |deg f ◦φ |= |deg ( f ◦φ)|S1(r)|= 1

for all r > 0. We may assume that φ−1(E) does not contain the positive half of the
real axis or, in other words, that every real and positive z is a noncritical point of f .

Fix r > 0. For each point s ∈ S1(r)\φ−1(E), the point φ(s) has a neighborhood
Us which is mapped by f homeomorphically onto a disc Vs centered at the point
f (φ(s)).
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Let fs = f |Us and ht = g ◦ ( f |Us)
−1 for t ∈ [0,2π ] with s = reit . The functions

g and f satisfy the same Beltrami equation in Us and ||μ |Us||∞ < 1; therefore, ht is
analytic.

Every point s′ in S1(r)∩φ−1(E) is a folding point for f̃ , and the point φ(s′) is a
folding point for f . By Lemma 10.2, the point φ(s′) has a neighborhood Us′ , where
f is a proper folding map, and by Theorem 10.5, there is a continuous function ht′ in
Vs′ = f (Us′) which is analytic in intVs′ , such that g|Us′ = ht′ ◦( f |Us′) where s′ = reit′ .

Let F = f ◦φ ,Dt = V̄t for t ∈ [0,2π ] with φ(reit) ∈ D\E and Dt = { f (φ(reit ))}
for t ∈ [0,2π ] with φ(reit ) ∈ D ∩ E . Then J = F(S1(r)) is a Jordan curve, F :
S1(r)→ J is a piecewise injective map with critical points at the points of φ−1(E)∩
S1(r), and {(ht ,Dt) : 0 ≤ t ≤ 2π} is a piecewise injective analytic continuation
with degenerations. Since (h0,D0) = (h2π ,D2π) and |deg F | = 1, it follows, by
Lemma 10.6, that there exist a neighborhood Wr of J and a singe-valued analytic
function Hr such that Hr(z) = ht(z) for all z ∈ Dt for all t ∈ [0,2π ]. As a result of
the relations g = ht ◦ ( f |Us), where s = reit , we have g|Wr = Hr ◦ ( f |Wr). The last
relation holds for all r > 0, and clearly, Hr′ is an analytic continuation of Hr for all
0 < r < r′; therefore, the function Hr,r > 0 defines a singe-valued analytic function
h in f (D) \ {0} such that g = h ◦ f in D \ {0}. The point 0 is removable for h and
therefore g = h ◦ f everywhere in D.

The relation g = h ◦ f implies that g(z1) = g(z2) whenever f (z1) = f (z2). This
completes the proof. 
�
Theorem 10.11. Let f : D →C be a proper umbrella solution of equation (B) with
|deg f |= d ≥ 1 and with a vertex at the point z0:

(i) If d = 1, then f is a prime solution.
(ii) If d > 1, then (B) has a proper prime solution w = g(z) in D such that f (z) =

(g(z))d + f (z0).

Proof. (i) follows from the fact that if f = h ◦ g where h is analytic, then both h
and g are proper and deg f = (deg h) · (deg g). Then |deg f | = 1 implies that
|deg h|= 1 and hence h is injective. Consequently, f is prime.

(ii) By Theorem 10.6, there exists a proper prime umbrella map g such that f (z) =
(g(z))d + f (z0). The power map z → zd is analytic; therefore, g is a solution
too, and thus, g is a proper prime solution.


�

10.4 Existence of Local Folding Solutions

10.4.1 Assumptions on the Equation and Geometric
Configuration

Let μ : D → C̄ be a measurable function in the unit disk D = {z ∈ C : |z|< 1} such
that μ is locally bounded in D1 = {z ∈ D : Im z > 0} and such that 1/μ is locally
bounded in D2 = {z ∈ D : Im z < 0}. Let E = D∩R.
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Theorem 10.12. (Existence of local folding solutions). Let D,D1,D2,E, and μ
be as in Theorem 10.4.1. If there exist r ∈ (0,1), a nonnegative integer m, and a
complex-valued real analytic function Q(x,y) in |z|< r, z = x+ iy, with

(a) Re Q(0,0)> 0

such that for |z|< r,

(b) μ(z) = 1− y2m+1Q(x,y),

then (B) has a folding solution in some neighborhood of 0.

Proof. In [234], Theorem 1.1, it was considered a Beltrami equation (B) with

μ(z) = e2iθ(z)[1−ρ(y)M(z)], (M)

where θ and ρ are real-valued functions and M is a complex-valued function which
satisfy certain conditions. We then applied a process, which we called a deformation
of the complex dilatation, and reduced (B) to a Beltrami equation in the (ξ ,η) plane
with complex dilatation

μ̃(ξ ,η) = 1−ρ(η)M̃(ξ ,η),

where ρ is the same as in (M) and M̃ satisfies a similar condition as M; see [234],
pp. 475–477. The same method can be applied here. Thus, we will assume that
θ (z) ≡ 0. We will also assume that m = 0 and that M is a polynomial. The general
case is proved in a similar way.

In view of (a), M has the form

M(x,y) = 2a+ 2ib+
N

∑
n+k=1

qnkznz̄k, (10.4.1)

where N ≥ 1, a and b are real, and a > 0.
As in [150, pp. 23–24], we set in (B)

w = f (z) = z+ c01z̄+
∞

∑
n+k=2

cnkznz̄k (10.4.2)

with cn0 = 0 for all n> 1. On applying of (M), one obtains all cnk (uniquely). Again,
exactly as in [150], one can show that the series in (10.4.2) converges uniformly in
U0 = {z : |z|< r0} for some r0 ∈ (0,r).

It remains to show that f is a folding in some neighborhood U of 0 which is
contained in U0. Let f = u+ iv; then, by (10.4.2),

u = 2x− b(x2+ y2)+
∞

∑
n+k=3

αnkxnyk (10.4.3)
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and

v = a(x2 + y2)+
∞

∑
n+k=3

βnkxnyk (10.4.4)

for some αnk and βnk which depend on the cnk’s.
Next, define ϕ : U0 →C by letting

ϕ(x,y) = (u(x,y),y) (10.4.5)

with u as in (10.4.3). Then ϕ has a nonzero Jacobian at 0, and hence, it is a
diffeomorphism in some neighborhood U1 ⊂ U0 of 0. Consequently, there exists
a mapping F : ϕ(U1)→C such that f = F ◦ϕ . Since ϕ |U1 is injective, it suffices to
show that F is a folding. Now, (ϕ |U1)

−1 has the form

ϕ−1(u,y) = (x(u,y),y); (10.4.6)

hence,
F(u,y) = (u, ṽ(u,y)), (10.4.7)

where, by (10.4.4),

ṽ(u,y) = v(x(u,y),y) = a[x2(u,y)+ y2]+
∞

∑
n+k=3

βnkxn(u,y)yk, (10.4.8)

or

ṽ(u,y) = A0(u)+A1(u)y+A2(u)y
2 +

∞

∑
k=3

Ak(u)y
k (10.4.9)

for some functions Ak(u).
We now show that A1(u) ≡ 0 and A2(u) �= 0 in some neighborhood of 0. This

will imply that F is a folding in some neighborhood of 0. Indeed, in view of (b), the
Jacobian of f vanishes at all points (x,0). Hence, for y = 0,

A1(u) =
∂ ṽ(u,y)

∂y
|y=0 = JF |y=0 = Jf◦ϕ−1|y=0 = 0.

By (10.4.8) and (10.4.9),

2A2(0) =
∂ 2ṽ(0,0)

∂y2 = 2a > 0,

and by continuity, A2(u)> 0 in |u|< δ for some δ > 0.
Finally, since A2(u)> 0 and A1(u)≡ 0 for |u|< δ , we can get from (10.4.9)

F(u,y) = (u, ṽ(u,y)) = (u,A0(u)+w2(u,y)),
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where

w(u,y) = A1/2
2 (u)

(
y+

∞

∑
k=2

bk(u)y
k

)

for some functions bk(u). This shows that F is a local folding in some neighborhood
of 0, and hence, so is f . 
�

10.4.2 Uniformization and Folds

Let μ be as in Sect. 10.4.1. Then local solutions in each of the domains D1 and
D2 are related by conformal mappings and by the uniqueness theorems for folding
solutions; this is the case for local folding solutions. One would expect that if (B)
has a local folding solution at every point z ∈ D∩R, then (B) has a global folding
solution in D. It turns out that this is not the case as shown in the following example.

10.4.3 Example

We will construct complex-valued measurable functions A(z) and B(z) in D, such
that (B) has a local folding solution at every point in D∩R and such that (B) has no
global folding solution in D.

Let ϕ be a diffeomorphic map of D onto itself which maps D∩R onto the arc
E = {(x,y) ∈R2 : y = λ x2}∩D for some constant λ > 0. Since E is an analytic arc,
there is a neighborhood U of E,U ⊂ D, and a conformal map ψ : U →C, such that
ψ(E)⊂ R. Let k : ψ(U)→R2 denote the standard folding map k(x,y) = (x, |y|).

Now consider (B) with

A(z) =

{
μϕ(z), z ∈ D1

1, z ∈ D\D1

and

B(z) =

{−1, z ∈ D\D2

−μ̄ϕ(z), z ∈ D2
,

where

μϕ (z) = ϕz̄/ϕz, z ∈ D

is the complex dilatation of ϕ in D.
Clearly, A(z) and B(z) are measurable in D, and since ϕ is a diffeomorphism

μ(z) =−A(z)/B(z) = μϕ (z) is locally bounded in D1, and 1/μ(z) =−B(z)/A(z) =
μ̄ϕ(z) is locally bounded in D2. Furthermore, k ◦ψ ◦ ϕ : ϕ−1(U) → C is a local
folding solution of (B). Thus, (B) satisfies the assumptions in Theorem 10.5.
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We will show that for any choice of λ > 2, (B) has no global folding solution
in D. Fix λ > 2 and suppose that (B) has a global folding solution g : D → C.
With no loss of generality, we may assume that g(D∩R) ⊂ R and g(0) = 0, since
otherwise g can be replaced by another solution h ◦ g for some map h which is a
solution in g(D), conformal in int g(D), and which maps g(D∩R) into R and g(0)
onto 0.

Now, by “unfolding” g, one obtains the homeomorphism G : D → C,

G(z) =

{
g(z), z ∈ D\D2,

ḡ(z), z ∈ D2.

Then G and ϕ have the same complex dilatation μ(z) = μϕ(z) in D, and hence,
f = G ◦ϕ−1 is conformal in D and f (0) = 0. With no loss of generality, we may
assume that f ′(0) = 1. This can be obtained by replacing g by cg for some c > 0.
Consequently, the map

f (z) = z+ a2z2 + · · ·
belongs to the class S of all normalized univalent maps in D, and hence, |a2| ≤ 2.

On the other hand, f (E)⊂ R, which implies

Im f (t + iλ t2) = 0,

for all t ∈ R, with |t| sufficiently small, and straightforward computations give
|a2|> λ . This contradiction shows that (B) has no global folding solutions.

The following theorem shows that for some μ’s as in Sect. 10.4.1, there is a
local folding solution at every point of D∩R, yet any global solution must branch
somewhere off D∩R:

Theorem 10.13. [236]. Let D,D1,D2,and E be as in Sect. 10.4.1. Given a point
z0 ∈ D\E, there exists μ as in Sect. 10.4.1 for which (B) has a local folding solution
at every point of E, such that every global solution of (B) in D branches at z0, and
in particular, (B) has no (global) folding solution in D.

In view of the last theorem and the fact that a local folding solution can be glued
conformally, one may ask whether the existence of a global solution in D which
folds along E and is locally injective off E implies that (B) has a global folding
solution in D. The following theorem answers this question negatively:

Theorem 10.14. [236]. Let D,D1,D2,and E be as in Sect. 10.4.1. There exists μ
satisfying the condition of Sect. 10.4.1 such that (B) has a solution which folds along
E and is locally injective off E, and (B) has no global folding solution in D.



Appendix A
Archives of the Existence Theorems

Here, we give the original existence theorems for the Beltrami equations from the
papers [56, 57, 98, 99, 158] and [174] as well as the original part of one example
from [117] (cf. [116]), which have been important contributions to the development
of the theory of the degenerate Beltrami equations. We will mainly retain the
authors’ styles of the aforementioned works. The corresponding advances can be
found in Chap. 7; see historical comments and comparisons in Sect. 7.7.

A.1 The Existence Theorems of Brakalova–Jenkins

We start from the existence criteria in the papers of Brakalova–Jenkins [56, 57].
In the paper [56], they study the existence and uniqueness of solutions of the

Beltrami equation fz̄(z) = μ(z) fz(z), where μ(z) is a measurable function defined
almost everywhere in a plane domain Δ with ‖μ‖∞ = 1. Here, the partials fz̄ and
fz of a complex-valued function f (z) exist almost everywhere. In case ‖μ‖∞ ≤
q < 1, it is well known that homeomorphic solutions of the Beltrami equation
are quasiconformal mappings. In case ‖μ‖∞ = 1, much less is known. They give
sufficient conditions on μ(z) that imply the existence of a homeomorphic solution
of the Beltrami equation, which is ACL and whose partial derivatives fz̄ and fz are
locally in Lq for any q < 2. They also give uniqueness results. Their conditions
improved already known results.

A.1.1 Introduction

In the Beltrami equation, (B) μ(z) is to be a measurable function defined almost
everywhere in a plane domain Δ with ‖μ‖∞ = 1. In case ‖μ‖∞ ≤ q < 1, it is well
known that homeomorphic solutions of the Beltrami equation are quasiconformal

V. Gutlyanskii et al., The Beltrami Equation: A Geometric Approach,
Developments in Mathematics 26, DOI 10.1007/978-1-4614-3191-6,
© Springer Science+Business Media, LLC 2012
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mappings with maximum dilatation D(z)≤ K = (1+q)/(1−q). In case ‖μ‖∞ = 1,
much less is known. The only significant results known to the authors are due to
Lehto [148, 149] and David [70].

In [148], Lehto treats the case of the plane with the following two stringent
restrictions on μ(z):

(Λ1) In the complement of a compact set of measure 0, |μ | is to be bounded from 1
on every compact subset.

(Λ2) For any complex z and 0 < r1 < r2 <∞,

∫ r2

r1

(
1+ 2π

∫ 2π

0

|1− e−2iθμ(z+ reiθ )|2
1−|μ(z+ reiθ)|2 dθ

)−1
dr
r

is strictly positive and tends to ∞ as r1 → 0 or r2 → ∞.

Under these conditions, he proves the existence of a homeomorphic solution to
the Beltrami equation. Condition (Λ2) essentially supposes the pointwise equiconti-
nuity of the approximating functions to be discussed below, thus bypassing the most
difficult step in the existence proof. In [148,149], Lehto does not study the question
of uniqueness.

In [70], David follows through the proof of existence in Ahlfors’ monograph [9]
giving some very detailed and complicated estimates. He considers the case when μ
is defined in the plane and assumes the condition (A.1.1) that there exist constants
α > 0 and C > 0 such that for ε > 0 sufficiently small

mes{z : |μ(z)|> 1− ε} ≤Ce−
α
ε . (A.1.1)

Under this condition, he proves the existence of a homeomorphic solution and shows
that under suitable normalizations, it satisfies a uniqueness result.

The main results as well as various auxiliary results in this paper are obtained
under conditions of the form

∫
B

F

(
1

1−|μ(z)|
)

dA <ΦB,

where B is a bounded measurable set, ΦB > 0 is a constant which depends on B,
and F(x), defined for x ≥ 1, is either the identity function, or F(x) = xλ ,λ > 1,
or F(x) = exp(x/(1+ logx)). With the choice F(x) = exp(x/(1+ logx)), i.e.,
condition (A.1.2) below, we prove the existence of a homeomorphic solution of the
Beltrami equation, having properties detailed in the statement of our Theorem A.1
(existence theorem). We also give uniqueness results, which are stated as Theorems
A.2 and A.3.
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In the appendixes, we prove comparisons between our results and those already
known. First, we show that David’s results are not subsumed by Lehto’s by
providing an example where (A.1.1) holds while (Λ1) does not. We also show that
(A.1.1) implies conditions (A.1.2) and (A.1.3) of Theorem A.1, while our condition
(A.1.2) does not imply David’s condition (A.1.1).

A.1.2 Statements of the Main Results

Theorem A.1. (Existence Theorem). Let Δ be a plane domain, μ(z) a measurable
function defined a.e. in Δ with ‖μ‖∞≤ 1. For every bounded measurable set B ⊂ Δ ,
let there exist a positive constant ΦB such that

∫
B

exp

1
1−|μ |

1+ log

(
1

1−|μ |
) dA <ΦB, (A.1.2)

and ∫

{|z|<R}∩Δ

1
1−|μ | dA = O(R2), R → ∞. (A.1.3)

Then there exists a homeomorphic mapping f (z) of Δ which is ACL and whose
partial derivatives fz and fz̄ are in Lq on every compact subset of Δ for every q < 2
and which satisfies the Beltrami equation (B) a.e. The partials fz and fz̄ are also
distributional derivatives.

Theorem A.2. (Uniqueness Theorem). Let μ(z) be as in Theorem A.1, with Δ
equal the plane. Let f̂ (z) be a homeomorphism of the plane onto itself which has
partial derivatives f̂z(z) and f̂z̄(z) locally in L2. If f̂ satisfies the Beltrami equation
(B) a.e., then

f̂ (z) ≡ a f (z)+ b,

where a and b are constants, a 	= 0.

Theorem A.3. If f̂ is a homeomorphism of a domain Δ onto a domainΘ and has
the same properties as in the above uniqueness theorem, then

f̂ (z) = ξ ( f (z)),

where ξ is a conformal mapping of f (Δ) ontoΘ .
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A.1.3 Construction of the Function f(z)

We can assume that μ(z) is defined in the plane by assigning the value 0 in the
complement of Δ . For the construction of the function f (z), we use only (A.1.2).
Condition (A.1.3) is used to prove that f (z) maps the plane onto itself.

Now, we define μn, n = 1,2, . . . so that

μn(z) = μ(z) if |μ(z)| ≤ 1− 1/n
μn(z) = 0 if |μ(z)|> 1− 1/n.

From the theory of quasiconformal mappings, we know that there exist q.c.
mappings fn, n = 1,2, . . . , of the plane onto itself with complex dilatations μn,
n = 1,2, . . . .

Let z0 be a fixed point in the plane. For r2 > r1 > 0, denote by A the circular ring

A = {z : r1 < |z− z0|< r2},
and by Mn(r1,r2) the module of its image under fn. The module Mn(r1,r2) can be
estimated from below in terms of the complex dilatation μn, where μn = μn(z) =
μn(z0 + reiθ ), in the following manner (see [6]):

Mn(r1,r2)≥
∫ r2

r1

1
2π∫
0

|1− e−2iθμn|2
1−|μn|2 dθ

dr
r
.

Proposition A.1. For any point z0 and circular ring A = {r1 < |z− z0| < r2}, the
module Mn(r1,r2) of the image of A under fn tends uniformly to ∞ as r1 → 0.

Proof. Using the lower estimate for the module of the image domain introduced
earlier, we obtain

Mn(r1,r2)≥ 1
4

∫ r2

r1

1
2π∫
0

1
1−|μ |dθ

dr
r
.

For any z0 in a compact subset T of the plane containing the disc |z− z0|< r2,

∫ r2

r1

r2
∫ 2π

0
exp

1
1−|μ |

1+ log
1

1−|μ |
dθ

dr
r

≤C,

where C depends only on the compact subset T and the choice of r2. Now, we have

r2
∫ 2π

0
exp

1
1−|μ |

1+ log
1

1−|μ |
dθ <

2C

log
r2

r1
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on a set E of logarithmic measure
1
2

log
r2

r1
. Therefore,

1
2π

∫ 2π

0
exp

1
1−|μ |

1+ log
1

1−|μ |
dθ <

C

πr2 log
r2

r1

on E.

The function

h(x) = exp
x

1+ logx

is convex and increasing, and limx→∞ h(x) = ∞. Let l(y) = logy log logy for y > 1
and let h−1(y) be the inverse of h(x). One can show that

lim
x→∞

h−1(h(x))
l(h(x))

= 1,

so for some constant c > 0, h−1(y)< cl(y). Therefore, using the convexity of h(x),

h

(
1

2π

∫ 2π

0

1
1−|μ |dθ

)
<

C

πr2 log
r2

r1

on E

and

1
2π

∫ 2π

0

1
1−|μ |dθ < h−1

⎛
⎜⎝ C

πr2 log
r2

r1

⎞
⎟⎠ on E.

Combined with the asymptotic behavior of l(y), this implies

1
2π

∫ 2π

0

1
1−|μ |dθ < cl

⎛
⎜⎝ C

πr2 log
r2

r1

⎞
⎟⎠ on E.

Now, we fix R, 0< R< 1 and evaluate Mn(R2N+1
,R2N

), N = 0,1, . . . for any fixed
function fn:

Mn

(
R2N+1

,R2N
)
≥ 1

4

∫ R2N

R2N+1

1
2π∫
0

1
1−|μ |dθ

dr
r
≥ 1

8πc

∫
E

1

l

(
C

πr2 log(1/R)N

) dr
r

≥ 1
8πc

∫ R(3/2)2N

R2N+1

1

l

(
C

πr2 log(1/R)N

) dr
r
.
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Using the properties of l(y), the logarithmic function and explicit integration, one
can prove that

1
8πc

∫ R(3/2)2N

R2N+1

1

l

(
C

πr2 log(1/R)N

) dr
r
∼ A0

N
, A0 > 0, as N → ∞.

Thus, for some L > 0

∞

∑
N=L

Mn

(
R2N+1

,R2N
)
>

∞

∑
N=L

A1

N
,

A1 being some constant. By the additive property of the module, it follows that

lim
N→∞

Mn(R
2N
,R) = ∞,

independent of the choice of z0 and n.
Now, let 0 < R < min{1,r2}. For any fixed N, there is r1, sufficiently small, such

that {
R2N

< |z− z0|< R
}
⊂ {r1 < |z− z0|< r2} ,

and therefore, Mn(r1,r2) ≥ Mn(R2N
,R) or limr1→0 Mn(r1,r2) ≥ Mn(R2N

,R) for any
fixed N. Thus, limr1→0 Mn(r1,r2) = ∞ independent of the choice of z0 and n. 
�

From now on, we will assume that the quasiconformal mappings { fn(z)},
n = 1, 2, . . . , have two fixed points a1 and a2 with d = |a1 − a2|> 0.

Proposition A.2. The family of quasiconformal mappings { fn(z)}, n = 1,2, . . . , is
uniformly equicontinuous on each compact subset T of the plane.

Proof. Suppose that this is not the case. Then for some ε > 0 and every δ > 0,

0 < δ < d/2, there exist fn and points z(n)1 and z(n)2 in T , such that |z(n)1 − z(n)2 | < δ
and | fn(z

(n)
1 )− fn(z

(n)
2 )| ≥ ε.

Denote by z0 an accumulation point of the sequence {z(n)1 }. The distance between
z0 and at least one of the points a1 and a2 is at least d/2. We assume that this
point is a1. The image of the ring δ < |z− z0| < d/2 lies in a doubly connected
domain for which one complementary component has a diameter ≥ ε , and the other
contains a1 and ∞, thus the module of the image will be finite, which contradicts
Proposition A.1. 
�
Proposition A.3. For the sequence fn(z), there exists a subsequence of functions
which converges uniformly to a function f (z) on compact subsets.

Proof. The result follows from Proposition A.2 and Arzela–Ascoli’s theorem. 
�
We denote the converging sequence again by fn(z).
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Proposition A.4. If
∫

|z|<R

1
1−|μ | dA = O(R2) as R → ∞,

then fn(z) converges uniformly to ∞, as z → ∞.

Proof. There exists a constant P such that

∫ ∫

R≤|z|≤R2

1
1−|μ | dA ≤ PR4.

We can show that for R ≥ R0 > 0,

2π∫
0

1
1−|μ | dθ ≤ 3PR2

r

on a set E , E ⊂ (R,R2), of length at least (R2 −R)/2. Otherwise, there would be a
set X of length equal to (R2 −R)/2 such that

R2∫
R

2π∫
0

1
1−|μ |rdrdθ ≥ 2π

∫
X

3PR2

r
rdr ≥ 3πPR2(R2 −R),

which contradicts our assumption. Therefore,

∫ R2

R

1
2π∫
0

1
1−|μ |dθ

dr
r

≥ R2 −R
6PR2 .

Now, we fix R > R0 > 1. There exists P such that
∫ ∫

Rk−1<|z|<Rk

dA
1−|μ | ≤ PR4k, for k = 1,2, . . . .

Let AN be the annulus {z : R < |z|< R2N} and let MN
n be the module of its image

under fn, n = 1,2, . . . . Then

MN
n ≥

R2N∫
R

1
2π∫
0

|1− e−2iθμn|2
1−|μn|2 dθ

dr
r

≥ 1
4

N

∑
k=1

R2k∫

R2(k−1)

1
2π∫
0

1
1−|μ |dθ

dr
r

≥ 1
4

N

∑
k=1

R2k −R2(k−1)

6PR2k =
(R2 − 1)
24PR2 N.
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Therefore, MN
n tends uniformly to ∞ as N → ∞. We know also that as n → ∞,

fn(z) tends uniformly on compact subsets to f (z), so we can conclude that

f (z)→∞, as z → ∞. 
�

A.1.4 f(z) Is a Homeomorphism

Lemma A.1. Let hn, n = 1,2, . . . , be a sequence of homeomorphisms of the plane
onto itself with two fixed points a1 and a2. If hn converges uniformly on every
compact subset of the plane to a function h(z), and if for every annulus A there
is a q > 0 such that

M(hn(A))≥ q, (A.1.4)

then h is a homeomorphism.

Proof. Assume that h is not a homeomorphism. Then there exist two points z1 	= z2

such that h(z1) = h(z2) = w0. We can assume that none of the points z1,z2, and w0

coincide with a2 and that z1 does not lie on the segment connecting z2 and a2.
Construct a line t through z1 which does not meet that segment, a circle C1 passing
through a2 and z2 which does not meet t, and a concentric circle C2, outside of C1,
which also does not meet t. Let D be the doubly connected domain bounded by C1

and t and A be the ring domain bounded by C1 and C2. Then A ⊂ D and

M(hn(D))> M(hn(A)).

On the other hand, the spherical diameters of hn(C1) and hn(t) are bounded away
from zero, while the spherical distance between them tends to 0 as n → ∞. This
implies that M(hn(D))→ 0 as n → ∞, which contradicts (A.1.4). 
�
Lemma A.2. Let μ∗ be a measurable complex-valued function with ‖μ∗‖∞ = 1
and let μ∗

n be a sequence of measurable functions, constructed in the same way as
in Sect. A.1.3. If:

(i) hn is the corresponding quasiconformal mappings of the complex plane onto
itself with two distinct fixed points,

(ii) hn converges uniformly on compact subsets of the plane to h,
(iii) For each compact subset L in the plane, and some positive constant ΦL,

∫
L

1
1−|μ∗|dA <ΦL, (A.1.5)
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then:

1. There exists q > 0 such that M(hn(A))≥ q.
2. h is a homeomorphism.

Proof. Fix a point z0 in the plane, and for 0 < r1 < r2, let S be the annulus
{z : r1 ≤ |z− z0| ≤ r2}. According to (A.1.5), there exists constant ΦS such that

∫
S

1
1−|μ∗|dA <ΦS. (A.1.6)

As in Proposition A.1, using the appropriate estimate for the module of the image

M(hn(A))≥ π
r2∫

r1

dr/r
2π∫
0

1
1−|μ∗| dθ

.

There is a measurable subset X of [r1,r2] of measure (r2 − r1)/2 on which

2π∫
0

1
1−|μ∗| dθ ≤ 8ΦS

(r2 − r1)(r2 + 3r1)
.

Otherwise, we would have

r2∫
r1

2π∫
0

1
1−|μ∗| dθ rdr ≥ 8ΦS

(r2 − r1)(r2 + 3r1)

(r1+r2)/2∫
r1

rdr =ΦS,

which is a contradiction to (A.1.3).
Therefore,

M(hn(A))≥ π
∫
X

dr/r
2π∫
0

1
1−|μ∗| dθ

≥ π(r2 + 3r1)(r2 − r1)

8ΦS

r2∫

(r1+r2)/2

dr
r
= q > 0.

By Lemma A.1, h(z) is a homeomorphism. 
�
Proposition A.5. The function f(z) constructed in Proposition A.3 is a homeomor-
phism and maps the plane onto the plane.

Proof. Inequality (A.1.5) for μ follows from (A). This together with the properties
of fn(z) implies that f (z) is a homeomorphism. 
�
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A.1.5 Differentiability Properties of f(z)

Lemma A.3. If hn(z) is quasiconformal mappings of the plane onto itself with
complex dilatation μ∗

n , satisfying |μ∗
n | ≤ |μ∗| ≤ 1 a.e., if hn(z) converges uniformly

on the compact subsets of the plane to h(z), and if for every rectangle R there is a
positive constant ΦR such that

∫
R

1
1−|μ∗| dA <ΦR, (A.1.7)

then h(z) is ACL.

Proof. Let R = {(x,y) : a ≤ x ≤ b,c ≤ y ≤ d}. Denote by Iy the segment with
ordinate y and a ≤ x ≤ b and by Ry the rectangle which is the subset of R below
that segment. Let A(y) be the area of the image of Ry under h(z). Now, A(y) is an
increasing function of y and thus has a finite derivative A′(y) for almost all y in the
interval [c,d]. Moreover, by Fubini’s theorem,

∫
Iy

1
1−|μ∗| dx

is finite for almost all y in [c,d]. Further, for any systems of infinitely many
nonoverlapping subintervals (ξk,ξ ∗

k ), k = 1,2, . . . ,m, of (a,b) and any δ > 0
sufficiently small (i.e., y+ δ < d), consider

1
δ

m

∑
k=1

ξk+1∫

ξk

y+δ∫
y

1
1−|μ∗| dA.

By the theorem of Lebesgue, for almost all y in (c,d), this expression has a limit as
δ → 0, which is

m

∑
k=1

ξk+1∫

ξk

1
1−|μ∗| dA.

Allowing all possible rational pairs of ξk,ξ ∗
k , this will hold simultaneously for

almost all y in (c,d). Choose y0 for which all of this applies. Now, let (xk,x∗k) be
an arbitrary system of nonoverlapping subintervals of (a,b). Let ξk,ξ ∗

k be rational
such that xk < ξk < ξ ∗

k < x∗k , and let

wk = h(xk + iy0), w∗
k = h(x∗k + iy0),

ωk = h(ξk + iy0), ω∗
k = h(ξ ∗

k + iy0).



A.1 The Existence Theorems of Brakalova–Jenkins 219

To prove that f is absolutely continuous on Iy0 , it is enough to show that
∑m

k=1 |w∗
k −wk| has an upper bound which tends to zero with ∑m

k=1(x
∗
k − xk).

We choose δ > 0 with y0 + δ < d and denote by Rk(δ ) the rectangle
{(x,y) : ξk < x< ξ ∗

k , y0 < y< y0+δ}. Assuming its corners as vertices, it becomes a
quadrangle whose image under h(z) we denote by Qk(δ ). Let m(Qk(δ )) be the area
of Qk(δ ) and βk(δ ) the distance between the images of the vertical sides of Rk(δ ).
Let M(Qk(δ )) be the module of Qk(δ ) for curves joining the images of horizontal
sides of Rk(δ ). Then

M(Qk(δ ))≥ (βk(δ ))2

m(Qk(δ ))
.

Let the corresponding entities under h j(z) be R j
k(δ ), Q j

k(δ ), and M(Q j
k(δ )). By an

upper estimate for the module of a quadrangle from [6], after applying the Schwarz
inequality, we have

M(Q j
k(δ )) ≤

1
δ 2

y+δ∫
y

ξk+1∫

ξk

1+ |μ∗
j |2

1−|μ∗
j |2

dA ≤ 2
δ 2

y+δ∫
y

ξk+1∫

ξk

1
1−|μ∗| dA.

Passing to the limit as j → ∞

M(Qk(δ )) ≤ 2
δ 2

y+δ∫
y

ξk+1∫

ξk

1
1−|μ∗| dA,

and therefore,

(βk(δ ))2

m(Qk(δ ))
≤ 2
δ 2

∫

Rk(δ )

1
1−|μ∗| dA.

Thus,
m

∑
k=1

(βk(δ ))2

m(Qk(δ ))
≤ 2
δ 2

∫

∪Rk(δ )

1
1−|μ∗| dA.

Using the Schwarz inequality,

(
m

∑
k=1

βk(δ )

)2

≤
m

∑
k=1

(βk(δ ))2

m(Qk(δ ))
·

m

∑
k=1

m(Qk(δ ))

≤ 2
δ 2

∫ ∫

∪Rk(δ )

1
1−|μ∗| dA · (A(y0 + δ )−A(y0)) .
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Letting δ → 0, we have

(
m

∑
k=1

|ω∗
k −ωk|

)2

≤ 2A′(y0)
m

∑
k=1

ξ ∗k∫

ξk

1
1−|μ∗| dx

≤ 2A′(y0)
m

∑
k=1

x∗k∫
xk

1
1−|μ∗| dx.

Letting ξk → xk, ξ ∗
k → x∗k , we have

(
m

∑
k=1

|w∗
k −wk|

)2

≤ 2A′(y0)
m

∑
k=1

x∗k∫
xk

1
1−|μ∗| dx.

Since the integral is absolutely continuous as a set function, this completes the proof.

�

Proposition A.6. The function f(z) is ACL.

Proof. Since (A) holds for μ , so does (A.1.7), and μn,μ , fn,and f satisfy the
conditions of Lemma A.3. This implies that f is ACL. 
�
Lemma A.4. If:

(i) hn is quasiconformal mappings of the plane onto itself with complex dilatation
μ∗

n satisfying |μ∗
n | ≤ |μ∗| ≤ 1 a.e.,

(ii) hn(z) converges uniformly on compact subsets of the plane to h(z),
(iii) For some λ > 1 and any compact subset L of the plane there is a positive

constant ΦL such that

∫
L

(
1

1−|μ∗|
)λ

dA ≤ΦL, (A.1.8)

then h(z) has partial derivatives hz and hz̄ which are in Lq on every compact subset
of the plane, where q ≤ (2λ )/(1+λ ).

Proof. We consider a Jordan domainΘ such that L is contained in it. By condition
(ii), hn has a subsequence converging uniformly on Θ̄ which we again denote by hn.
Let Jn denote the Jacobian of hn. We will use the fact that a.e.

|(hn)z|= (Jn)
1/2

(1−|μ∗
n |2)1/2

.
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Using the Hölder inequality, it follows that

∫

Θ̄

|(hn)z|qdA =

∫

Θ̄

(Jn)
q/2

(1−|μ∗
n |2)q/2

dA

≤
⎛
⎝∫
Θ̄

(Jn)
qp′
2 dA

⎞
⎠

1
p′
⎛
⎝∫
Θ̄

1

(1−|μ∗
n |2)

qq′
2

dA

⎞
⎠

1
q′

,

where 1/p′ + 1/q′ = 1. We choose p′ = 2/q, which implies that q is at most
2λ/(1+ λ ). Then the first integral becomes

∫
Θ̄ Jn dA, which is the area of the

image of Θ̄ under h(z) and therefore is finite. Thus, the first integral is uniformly
bounded for all n. The second integral is also uniformly bounded because of (A.1.8).
Therefore, ∫

Θ̄

|(hn)z|qdA

is uniformly bounded for all n. For q > 1, Lq(Θ̄) is a Banach space. Therefore, the
sequence of functions (hn)z has a weakly convergent subsequence (hnk)z. The same
is true for (hn)z̄ because hn is sense preserving, and thus, |(hn)z̄|< |(hn)z|. The same

is true for the real partials (hnk)x and (hnk)y, which converge to ĥ and ˆ̂h in Lq(Θ̄).
Since hn is quasiconformal, (hnk)x and (hnk)y are distributional derivatives; see [9],
p. 28. For any test function t(x,y)

∫

Θ̄

(hnk)xt(x,y)dA =−
∫

Θ̄

hnkt(x,y)xdA.

Passing to the limits as k → ∞, by the weak convergence of (hnk)x and the uniform
convergence of hnk , we have

∫

Θ̄

ĥt dA =−
∫

Θ̄

htx dA.

Similarly, ∫

Θ̄

ˆ̂ht dA =−
∫

Θ̄

hty dA.

Thus, h(z) has distributional derivatives in Lq(Θ̄). By Theorem 2.1.4 [272], h,
being continuous, coincides with its representative in the context of this theorem
and its partial hz ∈ Lq(Θ̄). The same is true for hz̄, and therefore, both partials are in
Lq(L).

Note that this also proves that h is ACL, but under stronger conditions than in
Lemma A.3. 
�
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Proposition A.7. The partials fz and fz̄ of f (z) are in Lq on compact subsets of the
plane for every q < 2.

Proof. Since (A) holds for μ , so does (A.1.8) for every λ > 1. This together with the
properties of fn, f ,μn, and μ implies that fz and fz̄ are in Lq(L) for every compact
set L in the plane and 1 < q < 2, and thus, for any q, 0 < q < 2. 
�

A.1.6 The Limit Function Satisfies the Beltrami Equation

Lemma A.5. Let hn be quasiconformal mappings of the plane onto itself with
complex dilatation μ∗

n , satisfying |μ∗
n | < |μ∗| ≤ 1, limn→∞ μ∗

n = μ∗, a.e. Let hn

converge uniformly on compact subsets of the plane to h and let λ > 1. If, for any
rectangle R with sides parallel to the axes, there exists a positive constant ΦR such
that ∫

R

(
1

1−|μ∗|
)λ

dA ≤ΦR, (A.1.9)

then

hz̄(z) = μ∗hz(z) a.e.

Proof. Denote ζ (z) = hz̄(z)− μ∗(z)hz(z); ζ (z) is defined a.e. Now, we can write

ζ = [hz̄ − (hn)z̄]+ [(hn)z̄ − μ∗
n (hn)z]+ [μ∗(hn)z − μ∗

n (hn)z]+ [μ∗(hn)z − μ∗hz].

If we set

I1,n(z) = hz̄ − (hn)z̄,

I2,n(z) = (hn)z̄ − μ∗
n (hn)z,

I3,n(z) = μ∗
n (hn)z − μ∗(hn)z,

I4,n(z) = μ∗(hn)z − μ∗hz,

then ∫
R

ζ dA =

∫
R

I1,n dA+

∫
R

I2,n dA+

∫
R

I3,n dA+

∫
R

I4,n dA.

The integral
∫

R I2,ndA = 0 because I2,n = 0 a.e. According to Lemma A.4, h has
L1 derivatives in R and so do hn as quasiconformal mappings. By formula (6.17) on
p. 50 of [152], ∫

R

[
(hn)z̄ − hz̄

]
dA =

1
2i

∫

∂R

[
hn − h

]
dz.
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Since hn tends uniformly to h on the boundary ∂R, the above integrals converge
to 0 as n → ∞. So we have

lim
n→∞

∫
R

I1,n dA = 0. (A.1.10)

Further, from Hölder’s inequality, it follows that

∣∣∣∣
∫
R

I3,n dA

∣∣∣∣ =
∣∣∣∣
∫
R

(
μ∗

n − μ∗)(hn)z dA

∣∣∣∣

≤
(∫

R

∣∣μ∗
n − μ∗∣∣pdA

) 1
p
(∫

R

∣∣(hn)z
∣∣qdA

) 1
q

,

where 1/p+1/q= 1, p, q > 0, and q= 2λ/(1+λ ); thus 1< q < 2. As in the proof
of Lemma A.4, one can show that

∫
R

∣∣(hn)z
∣∣q dA are uniformly bounded for all n.

Since μ∗
n → μ∗ as n → ∞ a.e., and

∣∣μ∗
n − μ∗∣∣p ≤ 2p, by Lebesgue’s theorem

∫
R

∣∣μ∗
n − μ∗∣∣pdA → 0 as n → ∞.

Therefore, ∫ ∫
R

I3,n dA → 0 as n → ∞.

By p. 138 of [152], μ∗ can be approximated by uniformly bounded step
functions φk with constant values on squares with sides parallel to the axes, so that
limk→∞ φk = μ∗ a.e. in R. Using this, we have

∫
R

I4,n dA =

∫
R

(μ∗ −φk)
(
(hn)z − hz

)
dA+

∫
R

φk
(
(hn)z − hz

)
dA.

By Hölder’s inequality,

∫
R

∣∣∣∣(μ∗ −φk)
(
(hn)z − hz

)∣∣∣∣dA ≤
(∫

R

∣∣μ∗ −φk
∣∣pdA

) 1
p
(∫

R

∣∣(hn)z − hz
∣∣qdA

) 1
q

,

with q as above. Since
∫

R

∣∣(hn)z
∣∣qdA is uniformly bounded and hz ∈ Lq(R), then∫

R

∣∣(hn)z − hz
∣∣qdA is uniformly bounded. Since limk→∞ φk = μ∗ a.e., by Lebesgue’s

theorem, we can choose k0 so that for k > k0 and for every n,
∫
R

∣∣μ∗ −φk

∣∣∣∣(hn)z − hz
∣∣dA ≤ ε.
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On the other hand, since φk0 has a constant value on the finitely many squares or
parts of squares covering R and by the argument used to prove (A.1.10), we have

∫
R

φk0

(
(hn)z − hz

)
dA → 0 as n → ∞.

Therefore, there is N0 so that for n ≥ N0

∣∣∣∣
∫
R

φk0

(
(hn)z − hz

)
dA

∣∣∣∣< ε

or ∣∣∣∣
∫
R

I4,n dA

∣∣∣∣≤ 2ε.

Thus, ∫
R

I4,n dA → 0 as n → ∞,

and ∫
R

ζ dA = 0.

Using the measure-theoretic argument on p. 189 of [152], one can show that
ζ = 0 a.e., and hence, we have

hz̄(z)− μ∗(z)hz(z) = 0 a.e.


�
Proposition A.8. The function f (z) satisfies the Beltrami equation (B).

Proof. Since (A.1.2) holds for μ , so does (A.1.9). This together with the properties
of fn, f ,μn, and μ implies that f satisfies the Beltrami equation (B). 
�

A.1.7 The Inverse Function g(w) of f(z)

Lemma A.6. Let:

(i) hn, n = 1,2, . . . , be homeomorphisms of the plane onto itself with fixed points
a1 	= a2.

(ii) hn converge uniformly to h on compact subsets of the plane.
(iii) hn converge uniformly to ∞ as z → ∞ and n → ∞.
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(iv) For any fixed annulus A, the module M(hn(A)) be uniformly bounded away
from zero.

(v) ln, n= 1,2, . . . , and l be the inverse homeomorphisms to hn, n= 1,2, . . . , and h.

Then the sequence ln, n = 1,2, . . . , is pointwise equicontinuous, and ln converges
uniformly to l on compact subsets of the plane.

Proof. Assume that the sequence ln is not pointwise equicontinuous. Then there
exist a point p and a number ε > 0, a sequence δk ↓ 0, sequences {wk}∞k=1 and
{lnk}∞k=1 such that |wk − p|< δk and

∣∣lnk(wk)− lnk(p)
∣∣≥ ε. (A.1.11)

The sequence lnk(p) has a finite accumulation point because hn converges uniformly
to ∞ as z → ∞ and n → ∞. We can find a subsequence which tends to this accumu-
lation point. We denote this subsequence again by {lnk}∞k=1 and the accumulation
point by z0. If necessary, after taking another subsequence, we can assert that there
is a finite point q such that lnk(p) → q, as k → ∞. Because of (A.1.11), we have
z0 	= q.

Assume that z0 	= a1 and that q does not lie on the segment joining z0 and a1.
Draw a circle Γ 0

1 through z0 and a1 such that q is outside of Γ 0
1 and a line Γ 0

2
through q not meeting Γ 0

1 . Draw a second circle Γ1 tangent to Γ 0
1 at a1 of larger

radius which does not meet Γ 0
2 and a line Γ2 parallel to Γ 0

2 which lies between Γ1

and Γ 0
2 . There is an integer k0 such that for k ≥ k0, lk(wk) is inside Γ1 and lnk(p) is

in the half plane determined by Γ2 not containing Γ1. For each k ≥ k0, we construct

a circle Γ (k)
1 passing through a1 and lnk(wk), tangent to Γ1 at a1, and a line Γ (k)

2
parallel to Γ2 and passing through lnk(p).

For each k ≥ k0, hnk(Γ
(k)

1 ) passes through a1 and wk, and hnk(Γ
(k)

2 ) passes through

p and∞. Therefore, the spherical diameter of each of the families of curves hnk(Γ
(k)

1 )

and hnk(Γ
(k)

2 ) is bounded away from 0. However, the spherical distance between

Γ (k)
1 and Γ (k)

2 is less than δk. If we denote by Ak the doubly connected domain

bounded by Γ (k)
1 and Γ (k)

2 and by M
(
hnk(Ank)

)
the module of its image under hnk , it

follows from Lemma 2 of [148] that M
(
hnk(Ak)

)→ 0 as k → ∞.
Now, consider A to be the doubly connected domain bounded by the curves Γ1

and Γ2, and let M
(
hnk(A)

)
be the module of its image under hnk . Since A ⊂ Ak, for

k ≥ k0

M
(
hnk(A)

)≤ M
(
hnk(Ak)

)
,

and thus, M
(
hnk(A)

)→ 0 as k → ∞. This contradicts our assumption (iv).
If q lies on the segment joining z0 and a1 and q 	= a1, we reverse the roles of z0

and q in the above proof. If q = a1 and a2 	= z0, then the proof proceeds as above
interchanging the roles of a1 and a2. Finally, if q = a1 and z0 = a2, instead of taking
circles tangent to a1, we take circles centered at a1.
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This proves the pointwise equicontinuity of the sequence {ln}. Therefore, by
Lemma 5.1, p. 71 of [152], there exists a subsequence of {lnk}∞k=1 converging
uniformly on compact subsets of the plane to a continuous function l0. For any z
and k, hnk

(
lnk(z)

)
= z and lnk

(
hnk(w)

)
= w. Since hnk converges uniformly to h and

lnk converges uniformly to l0, we have

h
(
l0(z)

)
= z and l0

(
h(w)

)
= w.

Therefore, l0(z) is identical to l(z), and the sequence ln(z) converges to l(z)
uniformly on compact subsets of the plane. 
�

Let g(z) be the inverse of f (z), and let gn(z) be the inverse of fn(z), for n =
1,2, . . . .

Proposition A.9. The sequence gn converges uniformly to g on compact subsets of
the plane.

Proof. Now, since (A) holds for fn, then (A.1.5) holds, and by Lemma A.2,
M
(

fn(A)
)

is uniformly bounded away from 0. This together with the properties of
fn, f , the definition of gn and g, and Lemma A.6 implies the statement of the above
proposition. 
�
Proposition A.10. The function g is ACL and gw is locally in L2.

Proof. Let B be a compact set in the plane and U be a compact disk such that B
lies in the interior of U . Let Jn denote the Jacobian of fn. The functions gn, n =
1,2, . . . , are quasiconformal with Jacobian 1/(Jn

(
gn(w)

)
). We denote their complex

dilatation by νn, n = 1,2, . . . . Thus,

∫
U

∣∣(gn)w(w)
∣∣2dAw =

∫
U

1

Jn
(
gn(w)

)(
1− ∣∣νn(w)

∣∣2)dAw

=
∫

gn(U)

Jn(z)dAz

Jn(z)
(
1− ∣∣μn(z)

∣∣2) =
∫

gn(U)

1

1− ∣∣μn(z)
∣∣2 dAz.

By the uniform convergence of gn, all gn(U) lie in a compact set V, so

∫

gn(U)

1

1− ∣∣μn(z)
∣∣dAz ≤

∫
V

1

1− ∣∣μ(z)∣∣dAz,

and all the terms
∫

U

∣∣(gn(w)
)

w

∣∣2dAw are uniformly bounded because (A) holds

for μ(z). Since gn, n = 1,2, . . . , is sense preserving,
∫

U

∣∣(gn(w)
)

w̄

∣∣2dAw is also
uniformly bounded. Thus, the sequences (gn)w and (gn)w̄ are uniformly bounded
sequences in the Hilbert space L2(U), and there are subsequences (gnk)w and (gnk)w̄

which converge weakly in L2(U). The same is true for the real partials (gnk)u
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and (gnk)v, w = u+ iv, which converge weakly to ĝ and ˆ̂g in L2(U). Since gn are
quasiconformal, (gnk)u and (gnk)v are distributional derivatives (see p. 28 of [9]).
Then for any test function t(u,v),

∫
U

(gnk)utdAw = −
∫
U

(gnk)tudAw,

∫
U

(gnk)vtdAw = −
∫
U

(gnk)tvdAw.

Passing to the limit as k →∞, by the weak convergence of (gnk)u and (gnk)v and the
uniform convergence of gnk ,

∫
U

ĝtdAw =−
∫
U

gtudAw and
∫
U

ˆ̂gtdAw =−
∫
U

gtvdAw.

Thus, g has distributional derivatives in L2, and so, by Lemma 2 of [9] or Theorem
2.1.4 of [272], g is ACL. (Note that, since g is continuous, it coincides with its
representative in the sense used in Theorem 2.1.4 of [272].) Moreover, gw is in
L2(U) and thus in L2(B). 
�

A.1.8 Proof of the Main Results

Proof of Theorem A.1. As mentioned in the beginning of Sect. A.1.3, we can extend
μ(z) to a measurable function in the whole plane which satisfies condition (A) for
any bounded measurable set B. The existence of the homeomorphism f (z) of the
plane onto itself is proved in Sect. A.1.4. By the statements in Sect. A.1.5, f (z) is
ACL, and its partial derivatives fz and fz̄ are in Lq(K), K being any compact subset
of the plane and any q < 2. Moreover, they are distributional derivatives. By the
results in Sect. A.1.6, they satisfy the Beltrami equation. By restricting f to Δ , this
completes the proof of Theorem A.1. 
�
Proof of Theorem A.2. Since f̂ and g have partials locally in L2, then f̂ (g(w)) is
absolutely continuous in the sense of Tonelli and a.e.

∂
∂ w̄

f̂
(
g(w)

)
= f̂z

(
g(w)

)
gw̄(w)+ f̂z̄

(
g(w)

)
gw(w).

Except for a set E of measure 0, f̂z̄(z) = μ(z) f̂z(z), and except for the set f (E),
f̂z̄
(
g(w)

)
= μ
(
g(w)

)
f̂z
(
g(w)

)
. Therefore,

f̂z
(
g(w)

)
gw̄(w)+ f̂z̄

(
g(w)

)
gw(w) = f̂z

(
g(w)

)[
gw̄(w)+ μ

(
g(w)

)
gw(w)

]
,

except for the set f (E).
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Now, we can show that gw = 0 and gw̄ = 0 a.e. on f (E). Obviously, we are done
if f (E) is a set of measure 0. If we assume that f (E) has a positive measure, then

0 =
∫
E

1
1−|μ(z)|2 dA =

∫

f (E)

Jw(w)

1− ∣∣μ(g(w))∣∣2 dAw =
∫

f (E)

∣∣gw(w)
∣∣2dAw.

Here, Jw is the Jacobian of g, and the change of variables is justified by Lemma
2.1, Chap. III of [152]. Therefore, gw = 0 a.e. on f (E). Since g is sense preserving,
gw̄ = 0 a.e. on f (E).

Now, let F and G be the sets where f (z) and g(z) are not differentiable,
respectively. Let H be the set where f does not satisfy (β ). By the same argument
as above, it follows that, since F and H have measures 0, gw = 0 and gw̄ = 0 a.e. on
f (F)∪ f (H).

One can show, using differentiability a.e., that except on the set f (F)∪G,

gw(w) =
fz
(
g(w)

)
Jz
(
g(w)

) and gw̄ =− fz̄
(
g(w)

)
Jz
(
g(w)

) ,
where Jz is the Jacobian of f . Using a substitution with the above expressions, except
on the set f (E)∪ f (F)∪G, we have

f̂z
(
g(w)

)[
gw̄(w)+μ

(
g(w)

)
gw(w)

]
= f̂z
(
g(w)

)[− fz̄
(
g(w)

)
Jz
(
g(w)

)+μ(g(w)) fz
(
g(w)

)
Jz
(
g(w)

)
]
,

and except on the set f (H)

− fz̄
(
g(w)

)
+ μ
(
g(w)

)
fz
(
g(w)

)
= 0.

Since G has measure 0 and gw and gw̄ are 0 a.e., on f (E)∪ f (F)∪ f (H), we can
conclude that

f̂z
(
g(w)

)[
gw̄(w)+ μ

(
g(w)

)
gw(w)

]
= 0 a.e.

This proves that

∂
∂ w̄

f̂
(
g(w)

)
= 0 a.e.

By Corollary 1, p. 31 of [9], f̂
(
g(w)

)
is a conformal mapping of the plane onto

itself. Thus,

f̂
(
g(w)

)
= aw+ b with constants a 	= 0 and b.

Therefore,

f̂ (z) = a f (z)+ b.


�
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Proof of Theorem A.3. We extend μ(z) to the whole plane, construct the
homeomorphisms f (z) and g(z), and restrict g(z) to f (Δ). Then f̂

(
g(w)

)
defined

on f (Δ) satisfies the condition

∂
∂ w̄

f̂
(
g(w)

)
= 0

a.e. in f (Δ). Thus, f̂
(
g(w)

)
is a conformal mapping of f (Δ) ontoΘ = f̂ (Δ), which

we call ξ (w). 
�

A.1.9 Examples and Comparisons

Example. Here, we are going to construct an example of a function μ(z) which
satisfies David’s condition (Δ ) but does not satisfy Lehto’s condition (Λ1). To do
so, we construct two sequences {In}∞n=1 and {Cn}∞n=1 of subsets of the open unit
interval I0 using the following procedure by induction: Denote by C1 a Cantor set
in I0 of measure t,0 < t < 1. Then I1 = I0 \C1 is a set of countably many open
intervals. Assume that In−1 is constructed and it is a union of countably many open
intervals. Then Cn is defined as the union of Cantor sets on the open subintervals of
In−1 each with a measure t times the measure of the corresponding subinterval. Then
we define In as In = In−1 \Cn; thus, In is a union of countably many open intervals.

From now on, depending on the context, we denote by l(A) the linear measure or
by m(A) the area measure of a measurable set A. Thus, we have

I1 = I0 \C1, l(C1) = t, l(I1) = 1− t,
I2 = I1 \C2, l(C2) = t(1− t), l(I2) = (1− t)2,
...
In = In−1 \Cn, l(Cn) = t(1− t)n−1, l(In) = (1− t)n.

We define also En = In × In and Gn = Cn ×Cn. Then m(En) = (1− t)2n. Also
Gn ⊂ En−1, En = En−1 \Gn and En−1 ⊃ Gl , for l ≥ n. Denote E∞ =

⋂∞
n=1 En and let

μ(z) be a measurable function defined as

μ(z) =

⎧⎨
⎩

1− en, on Gn+1

1, on E∞
0, everywhere else.

Here, en is a decreasing sequence of positive numbers defined as

en =
α

2n ln(1− t)
,

where α is a positive constant.
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To show that μ(z) satisfies David’s condition (Δ ), we choose ε > 0 to be a
sufficiently small number, and we define A = {z : |μ(z)| > 1 − ε}. There exist
numbers en and en+1 such that en+1 ≤ ε < en. Therefore, A⊂ {z : |μ(z)|> 1−en}⊂
En+1. Thus, m(A) < m(En+1) = (1− t)2(n+1) = e−α/en+1 ≤ e−α/ε . Therefore, μ(z)
satisfies David’s condition (Δ ). However, μ(z) = 1 on the set E∞, which is not
compact and whose closure is the closed unit square Q. Therefore, μ is not less
than 1 outside of a compact set of measure 0 and thus does not satisfy Lehto’s
condition (Λ1).

Comparisons. In this section, we relate (A.1.2) and (A.1.3) of Theorem A.1 to
David’s condition (A.1.1). We show that (A.1.1) implies (A.1.2) and (A.1.3) but
(A.1.2) does not imply (A.1.1).

Lemma A.7. Let K be a bounded measurable subset of the plane and μ be a
complex-valued measurable function on K with ‖μ‖∞ ≤ 1. Then the following two
conditions are equivalent:

(C) There exists β > 0 such that

∫
K

exp

{
β

1−|μ |
}

dA <Φ,

where Φ is a positive constant.
(D) There exists α > 0 and C > 0 such that, for sufficiently small ε > 0,

measure{z : |μ(z)|> 1− ε} ≤Ce−α/ε .

Proof. We first show that (D) implies (C). Let

Sn =

{
z :

1
2n+1 ≤ 1−|μ |< 1

2n

}
.

Therefore, measure {Sn} ≤Ce−α2n
for n > n0. Thus,

∫
K

exp

(
β

1−|μ |
)

dA =

∫

K\ ⋃
n>n0

Sn

exp

(
β

1−|μ |
)

dA+

∫
⋃

n>n0
Sn

exp

(
β

1−|μ |
)

dA

≤ A1 +
∞

∑
n=n0

∫
Sn

exp

(
β

1−|μ |
)

dA

≤ A1 +
∞

∑
n=1

C exp{2β −α}2n,

where A1 is an appropriate constant. If α > 2β , this series converges, which proves
that (D) implies (C). Now, we will show that (C) implies (D).
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Let M be any positive number, M > 1. The set where exp{β/(1−|μ |)}> M has
measure less than Φ/M. Therefore, the set where 1− |μ |< β/ logM has measure
less than Φ/M. Choosing ε = β/ logM, the set where |μ |> 1− ε has measure less
than Φe−β/ε . This completes the proof that (C) implies (D). 
�
Lemma A.8. Let μ(z) be defined in the plane. David’s condition (A.1.1) implies
(D) for every bounded measurable set K. However, condition (D) for every bounded
measurable set K does not imply (A.1.1).

Proof. The statement that (A.1.1) implies (D) for every bounded measurable set K
is obvious. To prove the second part, let

μ(z) = μ(x+ iy) =

⎧⎨
⎩

1− 1
log(1/y)

0 < y < 1, x ∈ R,

0 elsewhere.

Then for some small ε > 0, the set where 1−|μ |< ε is the set where y ≤ exp−1/ε.
Let K be a bounded measurable set with |x| < l on K. The measure of the set
1−|μ |< ε is less than 2le−1/ε . Therefore, condition (D) is satisfied for any K.
However, the measure of the set in the whole plane where 1−|μ |< ε is infinite, and
therefore, condition (A.1.1) does not hold. 
�
Lemma A.9. Condition (D) for every bounded measurable set in the plane implies
(A.1.2). Condition (A.1.2) does not imply condition (D) for every bounded measur-
able set K.

Proof. To prove the first part of the statement, we use Lemma A.7 and the fact that
(C) for every bounded measurable set implies (A.1.2).

To prove the second part of the statement, we give an example of a function μ
for which (A.1.2) holds but (D) does not hold for some bounded measurable set.

Let {Sn} be a set of disjoint disks in the plane contained in a finite disk S with

measure{Sn}= e
− 2n+1

n log(1.5) − e
− 2n+2

(n+1) log(1.5) .

Let μ(z) = 0 in the complement of
⋃∞

n=1 Sn and μ(z) = 1− 1/2n+1 on Sn. Let K be
any bounded measurable set. Then

∫
K

exp

1
1−|μ |

1+ log

(
1

1−|μ |
) dA ≤ C+

∞

∑
n=1

∫
Sn

exp
2n+1

1+(n+ 1) log2
dA

≤ C+
∞

∑
n=1

exp{−2(n+1)/2}< ∞.

Thus, (A.1.2) holds for μ .
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Assume that condition (D) holds for S and the above constructed μ(z). Then the
measure of the set {z : 1− |μ | < 1/2n} is ≤ Ce−α2n

for some constant α . On the
other hand, the set {z : 1−|μ |< 1/2n} has measure e(−2n+1)/(n log(1.5)). Therefore,

e
−2n+1

n log(1.5) ≤Ce−α2n
;

thus, e
2n(− 2

(n log(1.5))+α) ≤C, as n → ∞, which is a contradiction. Therefore, (C) does
not hold for μ(z) on the set S. 
�
Lemma A.10. If μ(z) satisfies condition (A.1.1), then

∫

|z|<R

1
1−|μ | dA = O(R2).

Proof. Since (A.1.1) implies (D) for every bounded measurable set, we can choose
a suitable ε > 0 such that (D) holds for |z| < R and for some constants C and α .
Using the same argument as in Lemma A.7, one can show that for every R > 0

∫
1−|μ |<ε
|z|<R

1
1−|μ | dA <Φ,

where Φ is a constant independent of R, while

∫
1−|μ |≥ε
|z|<R

1
1−|μ | dA ≤ πR2

ε
.

This shows that ∫

|z|<R

1
1−|μ | dA = O(R2), as R → ∞.


�
Lemma A.11. No condition of the form

∫
K

(
1

1−|μ |
)λ

dA <Φ

is sufficient for the conclusion of Proposition 1, where K is a bounded measurable
set, Φ is a constant that depends on K and λ ≥ 1.

Proof. We define

f (ρeiθ ) = eρ τeiθ ,
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where 0 < τ < 1 and 0 < ρ < 1. The complex dilatation of the mapping is

μ(ρeiθ ) = e2iθ
(
τρτ − 1
τρτ + 1

)
,

thus 1/(1−|μ |) = 1/2+ 1/(2τρτ). Therefore,

∫ ∫
ρ<1

1

(1−|μ |)λ dA =

∫ ∫

|ρ |<1

(
1
2
+

1
2τρτ

)λ
dA.

This is finite if and only if
∫ 1

0

1

ρτλ−1
dρ < ∞.

Given λ , we can always choose τ < 2/λ . But f maps the punctured disc 0 < |z|< 1
onto a proper annulus 1 < |z| < e, and therefore, we do not get the conclusion of
Proposition A.1 for this f . 
�

A.1.10 Formulations of New Existence Theorems

Here, we give results from the paper [57]. Let h(x) be a convex, increasing function
defined on [1,∞) such that h(x) �Cλ xλ for any λ > 1 with Cλ > 0. From now on,
we will assume also that

∞∫
1

1
th−1 (t)

dt = ∞. (A.1.12)

Theorem A.4. Let Δ be a plane domain, μ (z) a measurable function defined a.e.
in Δ , with ||μ ||∞ � 1. Suppose that for every bounded measurable set B ⊂ Δ there
exists a positive constant ΦB such that

∫
B

h

(
1

1−|μ |
)

dA <ΦB. (A.1.13)

Then there exists an ACL homeomorphism f (z) of Δ into the plane which
satisfies the Beltrami equation (B) a.e., with partials fz and fz, locally in Lq, for 0 <
q < 2. The partials are also distributional derivatives. The inverse g(ω) = f−1 (ω)
is ACL in f (Δ) and has partials gω and gω locally in L2.
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Theorem A.5. If Δ is the plane and if, in addition to (A.1.13), μ (z) satisfies

∫

{|z|<R}

1
1−|μ | dA = O

(
R2) , R → ∞,

then there exists an ACL homeomorphism f which maps the plane onto itself with
all the properties listed in Theorem A.4.

A.1.11 Auxiliary Results and an Equivalent Statement

Let h(x) be the function defined in Sect. A.1.10. Denote θ (x) = ln(h(x)) for x
greater than some constant c � 1, such that h(c) > e; θ (x) is a positive increasing
function in [lnh(c),∞). Next, we show that the following conditions,

∞∫
c1

dx
xh−1 (x)

= ∞ (A.1.14)

and
∞∫

c2

θ (x)
x2 dx = ∞, (A.1.15)

hold simultaneously, where c1 and c2 are suitable constants. The result can be
stated as:

Lemma A.12. Conditions (A.1.14) and (A.1.15) are equivalent.

Proof. Make a change of variables in
∫ ∞

c1
dx

xh−1(x)
by using the substitution y = ln(x).

Then the last integral becomes
∫ ∞

c∗
dx

θ−1(x)
, where c∗ = lnc1. Since 1

θ−1(x)
and θ

(
1
x

)
are inverses of each other, it follows that

∫ ∞
c∗

dx
θ−1(x)

is divergent if
∫ c∗

0 θ
( 1

x

)
dx is for

some suitable constant c∗ < 1. After another substitution y = 1
x , we obtain that the

divergence of the last integral is equivalent to the divergence of
∫ ∞

c3

θ(x)
x2 dx, where

c3 =
1
c∗ . 
�

A statement equivalent to Theorem A.4 follows from the auxiliary results above.

Theorem A.6. Let Δ be a plane domain and μ(z) a measurable function defined
a.e. in Δ , with ||μ ||∞ � 1. Suppose that for every bounded measurable set B ⊂ Δ
there exists a positive constant ΦB such that

∫
B

exp

(
θ
(

1
1−|μ |

))
dA <ΦB.
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If
∞∫

1

θ (x)
x2 dt = ∞,

there exists an ACL homeomorphism f (z) of Δ into the plane which satisfies the
Beltrami equation (B) a.e., with partials fz and f z, locally in Lq, for 0 < q < 2. The
partials are also distributional derivatives. The inverse g(ω) = f−1 (ω) is ACL in
f (Δ) and has partials gω and gω locally in L2.

A.1.12 Construction of a Solution

Here, we assume that μ(z) satisfies condition (A.1.13), with h(z) satisfying
(A.1.12). In Δ , we define μn,n = 1,2, . . . , so that

μn (z) =

{
μ (z) , if |μ (z)|� 1− 1/n,
0, if |μ (z)|> 1− 1/n.

From the theory of quasiconformal mappings, we know that there exist qc mappings
fn, n = 1,2, . . . , of Δ into the plane with complex dilatations μn, n = 1,2, . . . .

Let z0 be a fixed point in the plane. For r2 > r1 > 0, denote by A the circular ring
A = {z : r1 < |z− z0|< r2} and by Mn(r1,r2) the module of its image under fn.

Proposition A.11. For any point z0 and circular ring A = {r1 < |z− z0|< r2}, the
module Mn(r1,r2) of the image of A under fn tends uniformly to ∞ as r1 → 0.

Proof. The module Mn(r1,r2) can be estimated from below in terms of the complex
dilatation μn, where μn = μn(z) = μn(z0 + reiθ ), as follows (see [198]):

Mn(r1,r2)�
r2∫

r1

1
2π∫
0

|1−e−2iθ μn|2
1−|μn|2 dθ

dr
r

.

Using this, we obtain

Mn(r1,r2)�
1
4

r2∫
r1

1
2π∫
0

1
1−|μ|dθ

dr
r
.

For any z0 in a compact subset T of the plane containing the disc |z− z0|< r2,

r2∫
r1

r2

2π∫
0

h

(
1

1−|μ |
)

dθ
dr
r
�C,
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where C depends only on the compact subset T and the choice of r2.
Now, we have

r2

2π∫
0

h

(
1

1−|μ |
)

dθ <
2C

log r2
r1

on a set E of logarithmic measure 1
2 log r2

r1
. Thus,

1
2π

2π∫
0

h

(
1

1−|μ |
)

dθ <
C

πr2 log r2
r1

on E.

Using the convexity of h(x), we have

h

⎛
⎝ 1

2π

2π∫
0

1
1−|μ | dθ

⎞
⎠<

C
πr2 log r2

r1

on E

and

1
2π

2π∫
0

1
1−|μ | dθ < h−1

(
C

πr2 log r2
r1

)
on E.

From the estimates of the module and monotonicity properties of h(x), we have

Mn (r1,r2)�
1

8π

r2∫
r1

1

h−1

(
C

πr2 log
r2
r1

) dr
r
� 1

8π

√
r1r2∫

r1

1

h−1

(
C

πr2 log
r2
r1

) dr
r
.

Now, we consider a monotonically decreasing sequence {sk}∞k=1 of positive
numbers tending to 0 such that each interval [sk+1,sk] has the same logarithmic
length, where sk/sk+1 = c. By a ring decomposition, we mean a family of rings

r( j)
1 < |z− z0|< r( j)

2 with r( j+1)
2 � r( j)

1 and r( j)
1 and r( j)

2 → 0 as j → ∞.
We take two ring decompositions with

r( j)
1 = s2 j+1, r( j)

2 = s2 j−1,

r̂( j)
1 = s2 j+2, r̂( j)

2 = s2 j.

Now,

Mn

(
r( j)

1 ,r( j)
2

)
� 1

8π

∞

∑
j=1

s2 j∫
s2 j+1

1

h−1
(

C
πr2 logc

) dr
r
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while

∞

∑
j=1

Mn

(
r̂( j)

1 , r̂( j)
2

)
� 1

8π

∞

∑
j=1

s2 j+1∫
s2 j+2

1

h−1
(

C
πr2 logc

) dr
r
,

so

Mn

(
r( j)

1 ,r( j)
2

)
+

∞

∑
j=1

Mn

(
r̂( j)

1 , r̂( j)
2

)
� 1

8π

s1∫
0

1

h−1
(

C
πr2 logc

) dr
r
.

With a change of variables t = C/πr2 logc, this last term becomes equal to
1

8π
∫ ∞
�

1
th−1(t)

dt, which is a well-defined lower limit. Thus, at least one of the ring

decompositions has module sum bounded below by 1
16π
∫ ∞
�

1
th−1(t)

dt and therefore
approaches ∞ uniformly with respect to n and z0. From the superadditivity property
of the module, it follows that limr1→0 Mn (r1,r2) = ∞, uniformly with respect to z0

and n. 
�
From now on, we shall assume that the quasiconformal mappings { fn (z)},

n = 1,2 . . . have two fixed points a1 and a2, with d = |a2 − a1|.
The next proposition follows from Proposition A.2 and Arzela–Ascoli theorem.

Proposition A.12. For the sequence { fn (z)}, there exists a subsequence of func-
tions which converges uniformly to a function f (z) on compact subsets.

Here, we follow the proof of Theorem A.4 above.

A.1.13 The Solution Is a Homeomorphism

In the same manner as above in Sect. A.1.4, one can prove:

Proposition A.13. The function f (z) constructed in Proposition A.12 is a homeo-
morphism of Δ into the plane.

A.1.14 Differentiability Properties of the Solution

In the same manner as in the proofs of Lemmas A.3 and A.4, respectively, one can
prove:

Proposition A.14. The function f (z) is ACL.

Proposition A.15. The partials fz and fz are in Lq on compact subsets of Δ for
every q < 2.

Thus, f (z) has generalized Lq-derivatives according to the terminology intro-
duced in [152].
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Using the same methods as in the proof of Lemmas A.5, one can prove:

Proposition A.16. The function f (z) satisfies the Beltrami equation.

A.1.15 The Inverse Mapping

In the same manner as in the proof of Proposition A.10, one can prove

Proposition A.17. The function g is ACL, and gw and gw are locally in L2.

So far, we have proved Theorems A.4 and A.5.

A.1.16 The Case of the Whole Plane

In the same manner as in the proof of Proposition A.4, one can prove

Proposition A.18. If

∫

|z|<R

1
1−|μ | dA = O

(
R2) as R → ∞,

then fn (z) converges uniformly to ∞ as z → ∞.

This proposition and the rest of the results imply Theorem A.4. This concludes
the proofs of Theorems A.4 and A.5.

A.2 The Existence Theorems
of Gutlyanski–Martio–Sugawa–Vuorinen

A.2.1 Introduction

The analytic theory of plane quasiconformal mappings f is based on the Beltrami
partial differential equation

fz̄ = μ(z) fz a.e. (A.2.1)

with the complex-valued measurable coefficient μ satisfying the uniform ellipticity
assumption ‖μ‖∞ < 1. In the case |μ(z)| < 1 a.e. in C and ‖μ‖∞ = 1, (A.2.1) is
called a degenerate Beltrami equation, and the structure of the solutions depends
heavily on the degeneration of μ . In this article, unless otherwise stated, by a
Beltrami coefficient in a domainΩ , we mean a complex-valued measurable function
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μ inΩ such that |μ |< 1 a.e. inΩ , and by a solution to the Beltrami equation (A.2.1)
in a domain Ω , we mean a function f in the Sobolev space W 1,1

loc (Ω) whose partial
derivatives satisfy (A.2.1) inΩ . Then f is called μ-conformal inΩ . The measurable
Riemann mapping theorem (cf. [9]) states that, given a measurable function μ in the
plane C with ‖μ‖∞ < 1, there is a quasiconformal homeomorphism f : C→ C, f ∈
W 1,2

loc (C), satisfying (A.2.1). Contrary to this, the degenerate Beltrami equation need
not have a homeomorphic solution and a solution, if it exists, need not be unique.
See, for instance, [116]. Therefore, in order to obtain existence or uniqueness results,
some extra constraints must be imposed on μ .

The degeneration of μ is usually expressed in terms of the pointwise maximal
dilatation function

K(z) = Kμ(z) =
1+ |μ(z)|
1−|μ(z)| . (A.2.2)

This takes into account the absolute value of μ only. We show that for sharper
results, the argument of μ(z) should also be considered. For example, consider the
Beltrami coefficients μ1(z) = (1− |z|)z/z̄ and μ2(z) = (|z| − 1)z/z̄ defined in the
unit disk D. It is immediate that ‖μ j‖∞ = 1, j = 1,2, and Kμ1(z) = Kμ2(z) whenever
z ∈D\ {0}. The radial stretching f1 : D→D, defined by

f1(z) =
z
|z|2 e2(1−1/|z|) (A.2.3)

for z ∈ D\ {0}, f1(0) = 0, is μ1-conformal. The second radial stretching

f2(z) =
z

|z|(2−|z|) (A.2.4)

in the punctured disk D \ {0} is μ2-conformal and has the cavitation effect since it
maps D \ {0} homeomorphically onto the annulus 1/2 < |z| < 1. Actually, the
continuous solution to the Beltrami equation with μ = μ2 is unique up to the post-
composition of analytic functions (cf. Proposition A.22 below), and hence, the
cavitation is inevitable in this case. Thus, the cavitation problem requires more
precise information on μ than merely on |μ |.

To study the aforementioned problem, we employ the angular dilatation coeffi-
cient Dμ,z0 (see (A.2.6) below) to take into account an effect of the argument of
μ as well. On one hand, it allows us to prove the existence of a homeomorphic
solution f to the Beltrami equation (A.2.1) for a given Beltrami coefficient μ with
‖μ‖∞ = 1 provided that Dμ,z0 satisfies a local integrability condition for each z0;
see Theorem A.10. We also obtain an estimate for the modulus of continuity of f .
On the other hand, we establish a uniqueness theorem for the solution of (A.2.1) in
the case when the singular sets of μ are totally disconnected compacta with certain
geometric conditions involving Dμ,z0 ; see Theorem A.12. The modulus estimate
for annuli in Lemma A.18 in terms of the integral means of the angular dilatation
coefficients plays a crucial role in the proof of the existence and uniqueness results.
A normal family argument is also used; see Propositions A.19 and A.20.
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The idea of employing μ instead of |μ | in the study of some regularity problems
for quasiconformal mappings is due to Andreian Cazacu [15] and Reich and
Walczak [198]. Lehto [148, 149] was the first who considered the degenerate
Beltrami equation from this point of view.

The degeneration of μ in terms of |μ(z)| or Kμ(z) has recently been extensively
studied. This is due to the close connection of f in (A.2.1) to the solutions of elliptic
partial differential equations. For the earlier studies of μ-homeomorphisms, we refer
to [30, 34, 174, 185]. The results of Pesin [185] have been substantially extended
by Brakalova and Jenkins [56]. For the recent deep theorems on the existence and
uniqueness of μ-homeomorphisms, see Iwaniec and Martin [116], who extended
the well-known results of David [70] and Tukia [254], and see also [65, 211, 234]
and the references therein.

Let us indicate a couple of features of our main results. First, by virtue of
adoption of the angular dilatation coefficients, the existence theorem and its prim-
itive, Theorem A.9, cover many cases when Kμ fails to satisfy known integrability
conditions; see, for instance, Examples A.1 and A.2. Even the case when the
singular set of μ consists of finitely many points is of independent interest; see
Sect. 10.2.3.

Theorem A.7. Let μ(z) be a Beltrami coefficient in Ĉ such that the set of
singularity Sing(μ) (see Remark A.1) consists of finitely many points. Then there
exists a homeomorphism f : Ĉ→ Ĉ which is locally quasiconformal in Ĉ\Sing(μ)
and whose complex dilatation μ f satisfies |μ f (z)|= |μ(z)| a.e.

Secondly, Theorem A.10 applied to the classical setting involving Kμ only gives
the following result:

Theorem A.8. Suppose that a Beltrami coefficient μ on C satisfies

∫ ∫
C

eH(Kμ (z)) dm(z)
(1+ |z|2)2 <+∞

for a measurable function H : [1,+∞) → R for which there exist an integer n ≥ 1
and numbers c > 0, α ∈ (−∞,1] such that

H(t)≥ ct/(logt)(log2 t) · · · (logn−1 t)(logn t)α for large t.

Then there exists a homeomorphic solution f : C→C to the Beltrami equation with
μ such that f ∈ W 1,q

loc (C) for every 1 ≤ q < 2 and f−1 ∈ W 1,2
loc (C). Moreover, for

α < 1, n ≥ 2 and for α ∈ [0,1) if n = 1, f satisfies the inequality

| f (z)− f (z0)| ≤C exp

(
−c

2(1−α)

(
logn+1

1
|z− z0|

)1−α)
, |z− z0|< δ0,

where the constants C > 0 and δ0 > 0 are locally uniformly bounded above and
below, respectively. If n = 1 and α < 0, the above inequality still holds with the
constant c/(2(1−α)) being replaced by any larger number.
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Here, logn denotes the iterated logarithm; see Sect. A.2.5. Examples show that
this result is close to being optimal. Indeed, for each n, one cannot take α > 1
in the integrability condition above. Moreover, the constant c/(2(1−α)) and the
exponent 1−α in the above estimate for modulus of continuity cannot be replaced
by any smaller constants.

A.2.2 Sequences of Self-Homeomorphisms

The degenerate Beltrami equation need not have a homeomorphic solution nor
even a nonconstant solution. A usual approach for the existence of a solution is
to consider a sequence fn of quasiconformal homeomorphisms satisfying (A.2.1)
with the Beltrami coefficients μn, ‖μn‖∞ < 1, such that μn → μ a.e., and then to use
a normal family argument to obtain a limit mapping f . Some conditions must be
imposed on μ in order to pick a converging subsequence.

In the following, we introduce a modulus method to study normal families
of homeomorphisms. This will be employed to solve the degenerated Beltrami
equation; however, the method is of independent interest.

We introduce some notation. We denote the Euclidean distance and the spherical
distance between z and w by

d(z,w) = |z−w| and d�(z,w) = |z−w|/
√
(1+ |z|2)(1+ |w|2),

respectively. Also, we denote by A(z0,r,R) and by A�(z0,r,R) the (circular) annuli
in the Euclidean and the spherical metric, respectively, i.e.,

A(z0,r,R) = B(z0,R)\B(z0,r) and A�(z0,r,R) = B�(z0,R)\B
�
(z0,r)

for z0 ∈ Ĉ and 0 ≤ r < R, where B(z0,r) = {z ∈ C : |z− z0| < r} and B�(z0,r) =
{z ∈ Ĉ : d�(z,z0) < r}. Here, in the case when z0 = ∞, we set B(∞,r) =

{z∈ Ĉ : |z|> 1/r}, and hence, A(∞,r,R) = A(0,1/R,1/r). In the sequel, for subsets
E,E0,E1 of Ĉ, diamE and dist(E0,E1) stand for the diameter of E and the distance
between E0 and E1, respectively, measured in the Euclidean metric d. Similarly,
diam�E and dist�(E0,E1) stand for those measured in the spherical metric d�. We
also denote by A and A � the two-dimensional Lebesgue measure and the spherical
measure, respectively, i.e., A (E) =

∫∫
E dm(z) and A �(E) =

∫∫
E(1+ |z|2)−2dm(z).

A doubly connected domain is called a ring domain. The modulus m of a ring
domain A is the number such that A is conformally equivalent to {1 < |z| < em}
and will be denoted by modA. When A is conformally equivalent to C∗ = C\ {0},
we define modA = ∞. A nonnegative function ρ(z,r,R) in (z,r,R) ∈ Ĉ× (0,+∞)×
(0,+∞), r < R, will be called a modulus constraint if ρ(z0,r,R)→+∞ as r → 0 for
any fixed R ∈ (0,+∞) and z0 ∈ Ĉ.
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We denote by Hρ the family of all normalized homeomorphisms f : Ĉ→ Ĉ such
that the condition

mod f (A(z0,r,R))≥ ρ(z0,r,R)

holds for all z0 ∈ Ĉ and r,R ∈ (0,+∞) with r < R. Here and below, a homeomor-
phism f : Ĉ→ Ĉ is said to be normalized if f fixes 0,1, and ∞. Note that the above
condition is not Möbius invariant.

Note also that, without changing the family Hρ , we may always assume

the monotonicity condition ρ(z0,r1,R1) ≤ ρ(z0,r2,R2) for z0 ∈ Ĉ and r2 ≤ r1 <
R1 ≤ R2.

Similarly, a nonnegative function ρ �(z,r,R) in (z,r,R) ∈ Ĉ× (0,1)× (0,1),
r < R, will be called a spherical modulus constraint if ρ �(z,r,R) → +∞ as r → 0
for any fixed R ∈ (0,1) and z ∈ Ĉ. We let H �

ρ� be the family of all normalized self-

homeomorphisms f of Ĉ such that mod f (A�(z0,r,R)) ≥ ρ �(z0,r,R) holds for all
0 < r < R < 1 and z0 ∈ Ĉ.

A family of continuous maps from a domain Ω into Ĉ is said to be normal
or compact if it is relatively compact or compact, respectively, with respect to the
topology of local uniform convergence.

The following propositions are similar to a result in [149] where stronger
assumptions were used (see also Lemma 1 in Sect. 4 of [56]):

Proposition A.19. Let ρ � be a spherical modulus constraint. Then

1) H �

ρ� is a compact family with respect to the uniform convergence in Ĉ.

2) Every f ∈ H �

ρ� satisfies the inequality

d�( f (z1), f (z2))≤Ce−
1
2ρ

�(z0,r1,r2), z1,z2 ∈ B�(z0,r1), (A.2.1)

for z0 ∈ Ĉ and 0 < r1 < r2 < 1/2
√

2, where C is an absolute constant.

Proposition A.20. Let ρ be a modulus constraint. Then

1) Hρ is a compact family with respect to the uniform convergence in Ĉ.
2) For each R > 0, there is a constant C =C(R,ρ)> 0 depending only on R and ρ

such that every f ∈ Hρ satisfies

| f (z1)− f (z2)| ≤Ce−ρ(z0,r1,r2), z1,z2 ∈ B(z0,r1), (A.2.2)

for |z0| ≤ R and 0 < r1 < r2 < R.

In order to prove the propositions, we prepare a few lemmas. For the proof
of the first one, see [106], where the authors assert that one can take C0 =
π−1 log2(1 +

√
2) = 0.50118 . . . below. In fact, it essentially follows from the

famous Teichmüller lemma on his extremal ring domain.
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Lemma A.13. There exists a universal constant C0 > 0 with the property that for
a ring domain B in C with modB >C0 which separates a point z0 from ∞, we can
choose an annulus A in B of the form A = A(z0,r1,r2), r1 < r2, so that modA ≥
modB−C0.

We need information about the size of components of the complement of a ring
domain of sufficiently large modulus. There are several such estimates, and the
following form due to Lehto–Virtanen [152, Lemma I.6.1] is probably the best
known. Let B be a ring domain whose complement in Ĉ consists of continua E0

and E1. Then

min{diam�E0,diam�E1} ≤ π√
2modB

.

However, this bound can be improved when modB is large enough. The following
result provides an estimate which has a sharp coefficient of modB in the exponent:

Lemma A.14. Let B be an arbitrary ring domain in Ĉ and let E0 and E1 be the
components of Ĉ\B. Then the inequality

min{diam�E0,diam�E1} ≤C1e−
1
2 modB

holds, where C1 is an absolute constant.

Proof. We may assume that ∞ ∈ E1. Then we get the desired conclusion by com-
bining Lemma A.13 with the following elementary but sharp result. In particular,
we can use the value C1 = 2eC0/2 = 2.56957 . . . , where C0 is the constant in
Lemma A.13. 
�
Lemma A.15. Let A be an annulus in Ĉ whose complement consists of disjoint
closed disks E0 and E1. Then

min{diam�E0,diam�E1} ≤ 1

cosh( 1
2 modA)

.

Equality holds if and only if diam�E0 = diam�E1 and if the spherical centers of E0

and E1 are antipodal.

Proof. If diam�E j > diam�E1− j for some j = 0,1, then we can decrease diam�E j

while leaving diam�E1− j and min{diam�E0,diam�E1} invariant, and the resulting
annulus will have larger modulus. Hence, we may assume diam�E0 = diam�E1.
Performing a suitable isometric Möbius transformation with respect to the spherical
metric, we can further assume that E0 and E1 are symmetric in the imaginary axis
and that the center of E0 is a positive real number. Let E0 ∩R = [r,R] and δ be the
hyperbolic diameter of E0 in the hyperbolic plane H= {z : Rez > 0}. Note that

δ =

∫ R

r

dx
2x

=
1
2

log
R
r
= logt,
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where we set t =
√

R/r = eδ > 1. Since H\E0 is Möbius equivalent to the annulus
A(0, tanh(δ/2),1), we can compute the modulus of A as follows:

modA = 2mod(H \E0) = 2logcoth
δ
2
= 2log

t + 1
t − 1

.

In particular, we have t = coth(m/2) where m = modA/2. On the other hand,

diam�E0 = d�(r,R) =
R− r√

1+R2
√

1+ r2
=

(t2 − 1)r√
1+ t4r2

√
1+ r2

=
t2 − 1√

1+ t4+ r−2 + t4r2
≤ t2 − 1√

1+ t4+ 2t2
=

t2 − 1
t2 + 1

=
coth2(m/2)− 1

coth2(m/2)+ 1
=

1
coshm

,

where equality holds if and only if rt = 1 or, equivalently, rR = 1. The last relation
means that the spherical center of E0 is 1 and vice versa. In this case, the spherical
center of E1 is −1, which is the antipode of 1. Hence, the last assertion of the lemma
follows. 
�

Lemma A.14 has the sharp coefficient 1/2 in the exponent; however, in the case
of ring domains in the finite plane C, the coefficient is no longer best possible. The
following estimate has the sharp coefficient 1 in the exponent in this case:

Lemma A.16. Let B be a ring domain in C whose complement in Ĉ consists of the
bounded component E0 and the unbounded component E1. Then the inequality

diamE0 ≤C3 dist(E0,E1)e−modB

holds provided that modB >C2, where C2 and C3 are positive absolute constants.

Proof. We may assume that dist(E0,E1) = 1, 0 ∈ E0 and 1 ∈ E1. Let a 	= 0 be an
arbitrary point in E0. Then, by Teichmüller’s modulus theorem (see [152]), we have

modB ≤ 2μ

(√
|a|

1+ |a|

)
,

where μ(r) denotes the modulus of the Grötszch ring B(0,1)\ [0,r]. Using the well-
known estimate μ(r)< log(4/r), we obtain

|a| ≤ 16
emodB − 16

≤ 32e−modB

if modB > 5log2. Hence, diamE0 ≤ 64e−modB whenever modB > 5log2. In
particular, the assertion holds for C2 = 5log2 and C3 = 64. 
�
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Proof of Proposition A.19. Observe first that d�(0,1) = d�(1,∞) = 1/
√

2 and that
d�(0,∞) = 1. In particular, for r2 < 1/2

√
2, the disk B = B�(z0,r2) cannot contain

more than one of the three fixed points 0,1,∞. Therefore, the component E1 = Ĉ\
f (B) of the complement of f (A�(z0,r1,r2)) has spherical diameter at least 1/

√
2.

Meanwhile, the other component E0 = f (B
�
(z0,r1)) has spherical diameter at most

1. Consequently, diam�E0 ≤ √
2min{diam�E0,diam�E1}. Now, inequality (A.2.1)

follows from Lemma A.14 with C =
√

2C1, where C1 is the constant appearing in
the lemma. This inequality in turn implies the equicontinuity of H �

ρ� . Since Ĉ is

compact, then by the Arzelà–Ascoli theorem, the family H �

ρ� is normal.

Let f be the uniform limit of a sequence fn in H �

ρ� . We show that f is a member

of H �

ρ� . Since the mapping degree is preserved under uniform convergence, f has

degree 1, in particular, f : Ĉ→ Ĉ is a surjective continuous map. We now consider
the open set

V = {z ∈ Ĉ; f is locally constant at z}.

First, we show the following:

Claim. If z0 ∈ Ĉ\V, then f (z) 	= f (z0) for z ∈ Ĉ\ {z0}.
By permuting the roles of 0,1,∞ if necessary, we may assume that z0 	=∞ and that

f (z0) 	= ∞. Pick a point w0 	= z0. We will show that f (w0) 	= f (z0). Choose a small
positive number R so that R < min{d�(z0,w0),d�(z0,∞)}. Then, by the definition of
H �

ρ� , infn mod( fn(A�(z0,δ ,R))) > C0 for sufficiently small δ > 0, where C0 is the

constant in Lemma A.13. By virtue of Lemma A.13, we can find an annulus An of
the form A( fn(z0),rn,r′n), rn < r′n, in fn(A�(z0,δ ,R)) for n large enough.

Since f is not locally constant at z0, there exists a point z1 in the disk d�(z,z0)<
δ with f (z0) 	= f (z1). The annulus An separates fn(z0), fn(z1) from fn(w0),∞,
so we obtain | fn(z1) − fn(z0)| ≤ rn and r′n ≤ | fn(w0) − fn(z0)|. In particular,
| fn(z1)− fn(z0)| ≤ | fn(w0)− fn(z0)| for n large enough. Letting n → ∞, we obtain
0 < | f (z1)− f (z0)| ≤ | f (w0)− f (z0)|, and hence, f (w0) 	= f (z0).

We next show that V is empty. Suppose that V has a nonempty component V0.
Then f takes a constant value, say b, in V0. Because V0 	= Ĉ, there is a point z0 in
∂V0. By continuity, we have f (z0) = b. On the other hand, from the above claim,
it follows that f (z) 	= f (z0) = b for any point z other than z0, which contradicts the
fact that f = b in V0. Thus, we conclude that V is empty, namely, f is not locally
constant at any point.

By using the claim again, we obtain f (z1) 	= f (z2) if z1 	= z2. Thus, the injectivity
of f follows. Finally, the continuity of moduli of ring domains with respect to the
Hausdorff convergence (see [87]) implies that f ∈ H �

ρ� .

Proof of Proposition A.20. It is easy to see that there is a spherical modulus
constraint ρ � such that Hρ ⊂ H �

ρ� . From Proposition A.19, the compactness of

Hρ now follows. We next give an estimate of dist(E0,E1), where E0 and E1 are the
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bounded and unbounded components of Ĉ \ f (A), A = A(z0,r1,r2), respectively.
Since Hρ is compact, S = sup{|g(z)| : g ∈ Hρ , |z| ≤ 2R} < +∞. Now, it is clear
that dist(E0,E1) ≤ diam f (∂B(z0,r2)) ≤ 2S. Set m = mod f (A). If m > C2, we
obtain diamE0 ≤ 2SC3e−m by Lemma A.16. Otherwise, we have diamE0 ≤ 2S ≤
2SeC2e−m. Hence, the proof is complete. 
�

Let μ be a Beltrami coefficient defined in C with ‖μ‖∞ ≤ 1. In order to apply
Proposition A.20 to the study of the Beltrami equation, we first introduce a standard
approximation procedure. For n = 1,2, . . . , we set

μn(z) = μ(z), if |μ(z)| ≤ 1− 1/n, (A.2.3)

and μn(z) = 0 otherwise and denote by fn the sequence of quasiconformal auto-
morphisms of the extended complex plane preserving 0, 1 and ∞, and having μn as
its complex dilatation. The existence of such fn is guaranteed by the measurable
Riemann mapping theorem. We will call such fn the canonical approximating
sequence for μ . The topological structure of the family { fn} with respect to the
uniform convergence under some additional assumptions on μ will be described in
Theorem A.9.

A function H : [0,+∞) → R is called a dominating factor if the following
conditions are satisfied:

1. H(x) is continuous and strictly increasing in [x0,+∞) and H(x) = H(x0) for x ∈
[0,x0] for some x0 ≥ 0.

2. The function eH(x) is convex in x ∈ [0,+∞).

The convexity of eH implies that H(x)→+∞ as x →+∞. In the sequel, the inverse
H−1 of H will mean the inverse of the homeomorphism H : [x0,+∞)→ [H(0),+∞).

A dominating factor H is said to be of divergence type if

∫ +∞

1

H(x)dx
x2 =+∞, (A.2.4)

and otherwise H is said to be of convergence type. Denote by D the set of all
dominating factors of divergence type. Note that H(ηx) and ηH(x) are dominating
factors of the same type as H(x) if H(x) is a dominating factor and if η is a positive
constant.

Lemma A.17. Let H be a dominating factor. Then H is of divergence type if and
only if ∫ +∞

t1

dt
H−1(t)

= +∞ (A.2.5)

for a sufficiently large number t1.

Proof. By the change of variables t = H(x) and integration by parts, we see that

∫ t2

t1

dt
H−1(t)

=
∫ x2

x1

dH(x)
x

=
H(x2)

x2
− H(x1)

x1
+
∫ x2

x1

H(x)dx
x2 ,
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where t j = H(x j) for j = 1,2. Now, the “only if ” part follows because H(x)/x is
positive for large x. In order to show the “if ” part, assume that (A.2.4) fails. Then,
in view of the above identity, (A.2.5) would imply that H(x)/x → ∞ if x → ∞.
In particular, H(x)/x > C > 0 holds for sufficiently large x where C is a positive
constant. Hence, for x1 large enough, we obtain

∫ x2
x1

H(x)dx/x2 >
∫ x2

x1
C dx/x =

C log(x2/x1)→ ∞ as x2 → ∞, a contradiction. Thus, (A.2.4) follows from (A.2.5).

�

Let μ ∈ L∞(Ω) be a Beltrami coefficient with |μ | < 1 a.e. in an open subset Ω
of Ĉ. We define the angular dilatation Dμ,z0 of μ at z0 ∈ Ĉ as

Dμ,z0(z) =

∣∣∣1− μ(z) z̄−z̄0
z−z0

∣∣∣2
1−|μ(z)|2 (A.2.6)

in the case when z0 is finite and as Dμ,∞(z) = Dμ,0(z) in the case when z0 = ∞.
Then Dμ,z0 is a measurable function in Ω and satisfies the inequality 1/Kμ(z) ≤
Dμ,z0(z) ≤ Kμ(z) a.e. for each z0 ∈ Ĉ. Note that Dμ,0(z) = Kμ(z) holds a.e. if and
only if μ(z) has the form −ρ(z)z/z̄ for a nonnegative measurable function ρ . The
name of Dμ,z0 comes from the following important relation: If f is μ-conformal in
Ω and if we write z = z0 + reiθ , then

∣∣∣∣ ∂ f
∂θ

(z)

∣∣∣∣
2

= r2Dμ,z0(z)Jf (z) (A.2.7)

holds for almost all z ∈ Ω , where Jf is the Jacobian of f . The quantity D−μ,z0 is
called the radial dilatation of μ at z0 because it satisfies

∣∣∣∣∂ f
∂ r

(z)

∣∣∣∣
2

= D−μ,z0(z)Jf (z).

We call Dμ,z0 and D−μ,z0 directional dilatations.

Theorem A.9. Let μ be a Beltrami coefficient in C. Assume that for each z0 ∈ Ĉ,
one of the following conditions holds for some positive constants M = M(z0) and
r0 = r0(z0) :

1) Dμ,z0(z)≤ M a.e. in B(z0,r0).
2) There is a dominating factor H = Hz0 of divergence type such that

∫
B(z0,r0)

eH(Δ )dA (z)≤ M

holds when z0 ∈ C, while the above condition is replaced by

∫
B(∞,r0)

eH(Dμ ,0(z))
dA (z)
|z|4 ≤ M

when z0 = ∞.
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Then the canonical approximating sequence fn for μ forms a normal family
with respect to the uniform convergence in Ĉ and every limit function f of this
sequence is a self-homeomorphism of Ĉ. Moreover, f admits the following modulus
of continuity estimates according to cases (1) or (2) at each point z0 with |z0| ≤ R0,
where R0 is an arbitrary positive number:

| f (z)− f (z0)| ≤C|z− z0|1/M (A.2.8)

or

| f (z)− f (z0)| ≤C exp

{
−
∫ 2m+c

1+c

dt
2H−1(t)

}
, (A.2.9)

respectively, for |z− z0|< r1 and 0 < r1 ≤ min{r0,R0}, where m = log(r1/|z− z0|),
c = log(M/πr2

1) and C is a constant depending only on μ and R0.

Remark A.1. Note that Theorem A.9 does not say anything about the μ-conformal
mapping; it discusses the behavior of the limit mapping only. However, the
following conclusions can be reached. Let Sing(μ) be the singular set of a Beltrami
coefficient μ , i.e.,

Sing(μ) =
{

z0 ∈ Ĉ : ess limsup
z→z0

|μ(z)|= 1

}
.

Note that Sing(μ) is a compact set in Ĉ. Note also that Sing(μ) can have positive
area, although |μ | is always assumed to be less than 1 almost everywhere. By
definition, the open set Ω = Ĉ \Sing(μ) can be exhausted by a sequence of open
subsets Ωn, n = 1,2, . . . , in such a way that |μ | ≤ 1 − 1/n a.e. in Ωn. Since
μk = μ a.e. in Ωn for all k ≥ n, the limit f is μ-conformal in Ωn for each n.
Therefore, f is locally quasiconformal inΩ , in particular, f ∈W 1,2

loc (Ω), the complex
dilatation of f agrees with the given μ a.e. in Ω , and f |Ω is unique up to the
postcomposition by a conformal map. Further discussions on the existence of μ-
conformal homeomorphisms and their regularity will be conducted in the next
section.

The proof of the theorem is based on Proposition A.20, and an estimate on the
moduli of ring domains under homeomorphisms in the Sobolev space W 1,1

loc is stated
in the lemmas below.

The first result can essentially be found in [15, 198]. We give it under somewhat
weaker assumptions.

Lemma A.18. Let μ be a Beltrami coefficient on a domain Ω in C and f :Ω → C

be a μ-conformal embedding. Suppose that Dμ,z0(z) is locally integrable in the
annulus A = A(z0,r1,r2)⊂Ω . Then

mod f (A)≥
∫ r2

r1

dr
rψμ(r,z0)

, (A.2.10)
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where

ψμ(r,z0) =
1

2π

∫ 2π

0
Dμ,z0(z0 + reiθ )dθ . (A.2.11)

Proof. We may assume that z0 = 0 and Ω = A = A(0,1,R). We may further assume
that A′ = f (A) = A(0,1,R′). Let ν be the positive Borel measure on A defined by
ν(E) = A ( f (E)). By a usual argument (see, e.g., [9, 152]), we obtain Jf dA ≤ dν
on A in the sense of measure, where Jf = | fz|2 −| fz̄|2. In particular, Jf ∈ L1

loc(A).

Denote by γr the circle |z| = r. Then the assumption f ∈ W 1,1
loc (A) together with

the Gehring–Lehto theorem (see [152]) implies that, for almost all r ∈ (1,R), f is
absolutely continuous on γr and totally differentiable at every point in γr except
for a set of linear measure 0. By Fubini’s theorem, we observe that Dμ and Jf are
integrable on γr for almost all r ∈ (1,R). For such an r, we have

2π ≤
∫
γr
|darg f | ≤

∫
γr

|d f (z)|
| f (z)| =

∫ 2π

0

| fθ (reiθ )|
| f (reiθ )| dθ .

We use Schwarz’s inequality and (A.2.7) to obtain

(2π)2 ≤ r2
∫ 2π

0
Dμ(reiθ )dθ

∫ 2π

0

Jf

| f |2 (reiθ )dθ ,

and hence,

2π
rψμ(r)

≤ r
∫ 2π

0

Jf

| f |2 (reiθ )dθ

for almost all r ∈ (1,R), where ψμ(r) =ψμ(r,0). Integrating both sides with respect
to r from 1 to R, we obtain

2π
∫ R

1

dr
rψμ(r)

≤
∫ R

1

∫ 2π

0

Jf

| f |2 rdθdr =
∫

A

Jf dA

| f |2

≤
∫

A

dν
| f |2 =

∫
A′

dA (w)
|w|2 = 2π logR′ = 2πmod A′

and thus arrive at the required inequality (A.2.10). 
�
The following auxiliary result may be of independent interest. The basic idea is

due to Brakalova–Jenkins [56], Appendix A.1, see also [174, p. 51], Appendix A.4.

Lemma A.19. Let f be a μ-conformal embedding of A = A(z0,r0e−m,r0) into C.
Suppose that a dominating factor H satisfies

∫
A
eH(Dμ ,z0 (z))dA (z)≤ M, if z0 ∈C, (A.2.12)
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and ∫
A

eH(Dμ ,0(z))
dA (z)
|z|4 ≤ M, if z0 = ∞. (A.2.13)

Then we have

mod f (A(z0,r0e−m,r0))≥
∫ m

1/2

dt

H−1(2t + log(M/πr2
0))

. (A.2.14)

Proof. Let first z0 	= ∞. Setting

h(r) =
r2

2π

∫ 2π

0
eH(Dμ ,z0 (z0+reiθ ))dθ ,

we rewrite inequality (A.2.12) in the form

2π
∫ r0

r0e−m
h(r)

dr
r

= 2π
∫ m

0
h(r0e−t)dt ≤ M.

By Chebyshev’s inequality, the set T = {t ∈ (0,m) : h(r0e−t))> L} has length

|T |=
∫

T
dt ≤ M

2πL
.

Since eH is a convex function, Jensen’s inequality yields eH(ψ(r)) ≤ h(r)/r2 where
ψ(r) = ψμ(r,z0). This implies the inequality ψ(r0e−t) ≤ H−1(2t + log(L/r2

0)) for
t ∈ (0,m)\T. Lemma A.18 now yields

mod f (A) ≥
∫ m

0

dt
ψ(r0e−t)

≥
∫
(0,m)\T

dt

H−1(2t + log(L/r2
0))

≥
∫ m

|T |
dt

H−1(2t + log(L/r2
0))

≥
∫ m

M/2πL

dt

H−1(2t + log(L/r2
0))

.

Finally, letting L = M/π , we obtain (A.2.14).
The remaining case is that z0 = ∞. Let ϕ(z) = 1/z be the inversion. Let μ̂ be the

complex dilatation of the map g = ϕ ◦ f ◦ϕ . Then Dμ̂,0(z) = Dμ,0(1/z). Now the
required inequality immediately follows from the previous one. 
�
Proof of Theorem A.9. Let fn be the canonical approximating sequence for μ . First,
suppose that μ satisfies assumption (2) at z0 ∈ C. Since

H ◦Dμn,z0(z)≤ max
{

H ◦Dμ,z0(z), H(1)
}

(A.2.15)

for the dominating factor H, the sequence

Mn =
∫

B(z0,r0)
eH(Dμn ,z0 (z))dA (z) (A.2.16)
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satisfies

lim
n→∞

Mn =

∫
B(z0,r0)

eH(Dμ ,z0 (z))dA (z)≤ M = M(z0)

by Lebesgue’s dominating convergence theorem. Set M̂n = sup{Mk;k ≥ n}. We now
see from Lemma A.19 that

mod fn(A(z0,re−m,r))≥
∫ m

1/2

dt

H−1(2t + log(M̂n/πr2))
=: ρn(z0,re−m,r)

for 0 < r ≤ r0 and m > 1/2. Then, by virtue of Lemma A.17, ρn(z0,re−m,r) → ∞
as m →+∞. For z0 = ∞ the same conclusion follows. 
�

In the case when μ satisfies assumption (1), the situation is simpler. Since
ψμ(r,z0)≤M for a.e. 0< r ≤ r0, by Lemma A.18, we obtain mod fn(A(z0,re−m,r))
≥ m/M for 0 < r ≤ r0 and m > 0, so we just set ρn(z0,re−m,r) = m/M in this case.
For the other points (z0,r,R), we simply set ρn(z0,r,R) = 0.

The sequence fk, k ≥ n, then belongs to the class Hρn for each n. By Proposition
A.20, the limit map f of any convergent subsequence of fk is homeomorphic. We
show the estimates of the modulus of continuity of f . Since case (1) is easier to
treat, we consider only case (2). Noting that f ∈Hρn for each n, we obtain f ∈Hρ∞ ,
where ρ∞ = limn→∞ ρ̂n. By Proposition A.20, we now have

| f (z)− f (z0)| ≤C exp
(−ρ∞(z0,r1e−m, r1)

)

for |z − z0| ≤ r1e−m, |z0| ≤ R0 and r1 ≤ min{r0(z0),R0}, where C is a constant
depending only on μ and R0. We now obtain (A.2.9) by

ρ∞(z0,r1e−m,r1)≥
∫ m

1/2

dt

H−1(2t + log(M/πr2
1))

=

∫ 2m+c

1+c

dt
2H−1(t)

,

where c = log(M/πr2
1).

A.2.3 Existence Theorems

We first recall some regularity results (see, e.g., [56], Lemmas 4–6 and Proposition
10, and also [174,185]) on the degenerate Beltrami equation and then use them and
Theorem A.9 to study the existence problem of the solutions to the aforementioned
equation.

Proposition A.21. Let μ be a Beltrami coefficient in C and suppose that a home-
omorphism f : Ĉ→ Ĉ is a uniform limit of the canonical approximating sequence
fn for μ . If Kμ ∈ Lp

loc(C) for some p > 1, then f ∈W 1,q
loc (C), q = 2p/(1+ p), and f

satisfies the Beltrami equation with μ . Moreover, f−1 ∈W 1,2
loc (C).



252 A Archives of the Existence Theorems

Remark A.2. It is shown in [56, Lemma 3] that Kμ ∈ L1
loc(C) implies the ACL

property of f .

Remark A.3. The Sobolev embedding theorem for spheres [169] or Gehring’s
oscillation inequality (see, e.g., [116, Lemma 5.2]) implies that if f : C → C is a
μ-conformal homeomorphism with Kμ ∈ L1

loc(C), then for every compact set E in
C, there exist constants C and a such that

| f (z1)− f (z2)| ≥C e−a/|z1−z2|2 (A.2.1)

for z1,z2 ∈ E with z1 	= z2. The same inequality is also obtained in [247, p. 75] as a
consequence of the length-area principle.

Proposition A.19 together with Theorem A.9 yields the following statement:

Theorem A.10. Suppose that μ is a Beltrami coefficient in C such that:

(a) Kμ ∈ Lp
loc(C) for some p > 1.

(b) For each point z0 ∈ Ĉ, there exist positive constants M = M(z0) and r0 = r0(z0)
so that either (1) Dμ,z0 ≤ M a.e. in B(z0,r0) or (2)

∫
B(z0,r0)

eH(Dμ ,z0 (z))dA (z)≤ M, when z0 ∈ C, (A.2.2)

and ∫
B(∞,r0)

eH(Dμ ,0(z))
dA (z)
|z|4 ≤ M, when z0 = ∞, (A.2.3)

holds for some dominating factor H = Hz0 of divergence type.

Then there exists a normalized homeomorphic solution f : Ĉ → Ĉ of (A.2.1) such
that f ∈W 1,q

loc (C), q= 2p/(1+ p), and f−1 ∈W 1,2
loc (C). This homeomorphism admits

the modulus of continuity estimate, either | f (z)− f (z0)| ≤C|z− z0|1/M or

| f (z)− f (z0)| ≤C exp

{
−1

2

∫ 2m+c

1+c

dt

H−1
z0 (t)

}
, (A.2.4)

respectively, according to case (1) or (2), for |z − z0| < r1, |z0| ≤ R0 and r1 ≤
min{r0(z0),R0}, where m = log(r1/|z− z0|), c = log(M(z0)/πr2

1), R0 > 0 is a fixed
number, and C is a constant depending only on μ and R0.

Proof. Let fn be the canonical approximating sequence corresponding to the
Beltrami coefficient μ . From Theorem A.9, we see that fn forms a precompact
family with respect to the uniform convergence in Ĉ and every limit function f
of this family is a self-homeomorphism of Ĉ. Passing to a subsequence, we may
assume that fn → f uniformly in Ĉ and μn → μ a.e. as n → ∞. Since Kμ ∈ Lp

loc(C)
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for some p > 1, we see by Proposition A.21 that f ∈ W 1,q
loc (C), q = 2p/(1+ p)

and f satisfies (A.2.1). Moreover, f−1
n → f−1 uniformly in Ĉ as n → ∞ and f−1 ∈

W 1,2
loc (C). The modulus of continuity estimate in (A.2.4) follows from Theorem A.9.


�
Remark A.4. Assumption (b) in Theorem A.10 implies Dμ,z0 ∈ Lp(B(z0,r0)) for all
p > 1. Assumption (a), however, cannot be dropped in order to have the regularity
condition f ∈ W 1,1

loc (C). Indeed, for μ(z) = (1 + i|z|2)−1z/z̄, |z| < 1 and μ(z) =
0, |z| > 1, the normalized μ-conformal homeomorphism f : Ĉ → Ĉ has the form
f (z) = zei(1/|z|2−1), |z| < 1, and f (z) = z, |z| ≥ 1. A simple calculation shows that
Dμ,0(z) = 1 a.e. in C, and therefore, Dμ,z0 is bounded near z0 for each z0 ∈ Ĉ. Hence,
assumption (b) is fulfilled, but | fz̄|= 1/|z|2 is not locally integrable near the origin,
and thus f /∈W 1,1

loc (C). Note that Kμ(z)≥ 1/|z|4 and hence Kμ /∈ L1
loc(C).

Note also that assumption (a) can be stated in terms of the radial dilatation of
μ . In fact, we can replace it by the condition that D−μ,z0 belongs to Lp(B(z0,r0))
for each finite z0, where p > 1 is a fixed number. This follows from the double
inequality

Kμ

2
≤ Dμ,z0 +D−μ,z0 =

1+ |μ |2
1−|μ |2 ≤ Kμ .

Specifying appropriate dominating factors H(x), we obtain more concrete conse-
quences from Theorem A.10. Typical choices for H(x) are ηx and ηx/(1+ log+ x)
for a positive constant η . The integrability condition (A.2.2) now reduces to

∫
B(z0,r0)

eηDμ ,z0 (z)dA �(z)<+∞v (A.2.5)

and to the local subexponential integrability condition

∫
B(z0,r0)

exp

{
ηDμ,z0(z)

1+ log+ Dμ,z0(z)

}
dA �(z)<+∞, (A.2.6)

respectively. More examples will be given in Sect. A.2.3.
The following result can be viewed as an extended version of the corresponding

existence theorems from [56, 116]:

Theorem A.11. Let H be a dominating factor of divergence type. Suppose that a
Beltrami coefficient μ on C with ‖μ‖∞ ≤ 1 satisfies

∫
C

eH(Kμ (z))dA �(z)<+∞, (A.2.7)

where dA �(z) = (1+ |z|2)−2dA (z) denotes the spherical area element. Then there
exists a normalized homeomorphic solution f to the Beltrami equation such that
f ∈W 1,q

loc (C) for every 1 ≤ q < 2 and that f−1 ∈W 1,2
loc (C).
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Proof. Since H is of divergence type, assumption (A.2.7) implies that Kμ ∈ Lp
loc(C)

for every 1 < p < ∞. On the other hand, the inequality Δ ≤ K(z) a.e. and the
convergence of the integral (A.2.7) imply the local assumption (A.2.2). Hence, by
Theorem A.10, we have the required conclusion. 
�
Remark A.5. Condition (A.2.7) is optimal for the solvability of Beltrami equations
in the following sense:

Assume that H is a dominating factor of convergence type. We may assume that
H is smooth enough and H(1) = 1. Then, by Theorem 3.1 of [116], there exists a μ
satisfying (A.2.7) for which the following holds:

1. μ = 0 off the unit disk B.
2. Kμ is locally essentially bounded in C\ {0}.

3. There are no W 1,1
loc -solutions to the Beltrami equation with μ in the unit disk

which are continuous at the origin other than constant functions.
4. There is a solution f to the Beltrami equation in the weak-W1,2(B) Sobolev

space, where weak-W1,2(B) =
⋂

1≤q<2W 1,q(B), which maps the punctured disk
B\ {0} homeomorphically onto the annulus A(0,1,R) for some 1 < R <+∞.

Corollary A.1. Suppose that μ is a Beltrami coefficient in C such that, for some
η > 0, ∫

C

eηKμ (z)dA �(z)<+∞. (A.2.8)

Then there exists a μ-conformal homeomorphism f : Ĉ→ Ĉ such that f ∈W 1,q
loc (C)

for every q < 2 and f−1 ∈ W 1,2
loc (C). Moreover, for every compact set E ⊂ C, there

are positive constants C,C′ and a such that

C exp

(
− a
|z1 − z2|2

)
≤ | f (z1)− f (z2)| ≤C′

∣∣∣∣log
1

|z1 − z2|
∣∣∣∣
−η/2

(A.2.9)

for z1,z2 ∈ E with 0 < |z1 − z2|< 1/e. The exponent −η/2 is sharp.

The right-hand side of (A.2.9) can be written in the more precise form

| f (z1)− f (z2)| ≤C dist(E0,E1)

(
1+ log(M/πR2)

log1/|z1 − z2|
)η/2

for z1,z2 ∈ B(0,R/2) with |z1 − z2|< 1/e, where

M =
∫

B(0,R)
eηKμ dA ,

E0 = f (B(0,R/2)),E1 = f (Ĉ\B(0,R)) and C is a constant depending only on η .
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The sharpness can be seen by the following examples: Let f :C→C be the radial
stretching defined by

f (z) =
z
|z|
(

1+
2
β

log
1
|z|
)−β/2

(A.2.10)

for |z| ≤ 1 and f (z) = z for |z| > 1. (This example was given in [116, Sect. 11.1].)
Then K(z) = 1+(2/β ) log(1/|z|) for |z|< 1. Hence, integrability condition (A.2.8)
holds for β > η but not for β ≤ η . Since | f (z)− f (0)|= (1+2β−1 log1/|z|)−β/2 ∼
(log1/|z|)−β/2 as z → 0, the exponent η/2 in (A.2.9) cannot be replaced by any
larger number.

Remark A.6. It is noted in [25] that a necessary and sufficient condition for a
measurable function K(z)≥ 1 to be majorized inΩ ⊂C by a function M ∈BMO(C)
is that ∫

Ω
eηK(z)dA �(z)<+∞ (A.2.11)

for some positive number η . Moreover, M can be chosen so that ‖M‖BMO ≤
C/η where C is an absolute constant. For mappings of BMO-bounded distortion,
David [70] has proved the estimate

| f (z1)− f (z2)| ≤ A

∣∣∣∣log
1

|z1 − z2|
∣∣∣∣
−b/‖M‖BMO

(A.2.12)

for some positive constant b, which agrees with our estimate (A.2.9).

Remark A.7. It is shown in [116] that if μ has a compact support, then there exists a
number η0 > 1 such that the Beltrami equation for μ satisfying (A.2.8) with η ≥ η0

admits a unique principal solution f with f (z)− z ∈W 1,2(C).

The following consequence is due to [116, Theorem 14.2] except for the modulus
of continuity estimate. The almost same result was earlier obtained in [56] (see
Remark A.8 below).

Corollary A.2. Suppose that μ is a Beltrami coefficient in C such that

∫
C

exp

{
ηKμ(z)

1+ logKμ(z)

}
dA �(z)< ∞ (A.2.13)

for some η > 0. Then there exists a homeomorphic solution f of (A.2.1) in Ĉ such
that f ∈W 1,q

loc (C) for every q < 2 and f−1 ∈W 1,2
loc (C). Moreover, for every compact

set E ⊂ C, there are constants C,C′ and a such that

C exp

{
− a
|z1 − z2|2

}
≤ | f (z1)− f (z2)| ≤C′

(
loglog

1
|z1 − z2|

)−η/2

(A.2.14)

for z1,z2 ∈ E with 0 < |z1 − z2|< e−e. The exponent −η/2 is sharp.
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The modulus of continuity follows from the fact that η−1y logy < H−1(y) for
sufficiently large y where H(x) = ηx/(1 + log+ x). More precisely, we have an
estimate in the form

| f (z1)− f (z2)| ≤C dist(E0,E1)

(
log log(M/πR2)

loglog(1/|z1 − z2|)
)η/2

for z1,z2 ∈ B(0,R/2) with |z1 − z2|< e−e, where

M =

∫
B(0,R)

exp

{
ηKμ(z)

1+ logKμ(z)

}
dA (z),

E0 = f (B(0,R/2)),E1 = f (Ĉ\B(0,R)) and C is a constant depending only on η .
Next, we show the sharpness by examples. Let f : C→C be the radial stretching

defined by

f (z) =
z
|z|
(

1+
2
β

loglog
e
|z|
)−β/2

(A.2.15)

for |z| ≤ 1 and f (z) = z for |z|> 1. Then

K(z) = log
e
|z|
(

1+
2
β

log log
e
|z|
)

for |z|< 1.

(This example appeared in [116, Sect. 12.1]; however, there seems to be an error in
the formula for K(z).) Hence,

K(z)
1+ logK(z)

=
2
β

log
e
|z|
(

1− log3 e/|z|
log2 e/|z| +O

(
1

log2 e/|z|
))

as z → 0 and, in particular, we see that exp{ηK(z)/(1+ logK(z))} is integrable in
|z| < 1 if and only if β ≥ η . Therefore, the exponent η/2 in (A.2.14) cannot be
replaced by any larger number in general.

Remark A.8. The first proof of the above statement was given in [56] under the
assumption of special behavior of Kf (z) around the point at infinity:

∫
B(0,R)

K(z)dA (z) = O(R2).

This assumption says that K is bounded in the sense of the mean, and hence, it
is different from (A.2.13). Theorem 14.2 in [116] contains also the quite accurate
regularity assertion

∫
C

|Ψ (z)|2
log(e+Ψ(z)) log2(3+Ψ(z))

dA �(z)<+∞,

whereΨ (z) stands for the spherical derivative 1+|z|2
1+| f (z)|2 |D f (z)| of f .
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Next, we prove Theorem A.7 given in the Introduction, which shows that if
Sing(μ) of μ is a finite set, then μ can be modified without changing its absolute
value and the modified μ admits a “good” solution.

Proof. Let Sing(μ) = {a1, . . . ,an}. Without loss of generality, we will assume that
all ak’s are finite. Let δ be a positive number such that the disks |z − ak| ≤ δ ,
k = 1, . . . ,n, are disjoint. Setting

μ ′(z) = |μ(z)| · z− ak

z̄− āk
, k = 1, . . . ,n,

for |z − ak| ≤ δ , and μ ′(z) = μ(z) otherwise, we see that Dμ ′,z0
(z) is essentially

bounded in a sufficiently small disk B(z0,r0) for each z0 ∈ Ĉ. By Theorem A.9 and
Remark A.1, there exists a homeomorphism f : Ĉ→ Ĉ which is locally quasicon-
formal in Ω = Ĉ\{a1, . . . ,an}, and f |Ω satisfies the Beltrami equation with μ ′. The
condition |μ ′(z)|= |μ(z)|, which holds a.e., is immediate by construction. 
�
Remark A.9. For every H ∈ D , there exists a homeomorphism f : Ĉ → Ĉ locally
quasiconformal in Ĉ\ {a1, . . . ,an} with complex dilatation μ such that

∫
C

eH(Kμ (z))dA �(z) = +∞,

but weaker directional condition (A.2.2) holds.

In the above examples, the singular set of μ consists of isolated points only.
In the following examples, the singular sets of μ are the whole extended real axis
R̂= R∪{∞}:

Example A.1. Define the Beltrami coefficient μ in Ĉ for α ∈ [1,2) as

μ(z) = 1− 2

α log 1
|y|
, z = x+ iy,

for |y| ≤ y0, and as μ(z) = 0 for |y|> y0, where 0 < y0 ≤ e−1/α is a constant. Then
integrability condition (A.2.8) with η = 1 does not hold in any neighborhood of each
point on the extended real axis, whereas condition (A.2.5) with η = 1 still holds.
Indeed, since Kμ(z) = 1+α log(1/|y|) for |y| < y0, we see that eKμ (z) = e|y|−α .
Now the assumption α ≥ 1 implies that eKμ is not locally integrable at any point on
the real axis. On the other hand, writing z = reiθ , we compute for any a ∈ R

Dμ,a(z+ a) = Dμ,0(z) =
1− μ
1+ μ

+
4μ

1+ μ
· sin2 θ

1− μ
≤ 1+α sin2 θ

(
log

1
|y|
)
,

where the inequality 4μ/(1+ μ) ≤ 2 has been used. Since the function x logx is
bounded in (0,1), we obtain
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exp(Dμ,a(z+ a))≤ e|y|−α sin2 θ ≤ er−αe−
α
2 sin2 θ log(sin2 θ) ≤Cr−α

for some constant C. Hence, for sufficiently small r0 > 0, we have
∫

B(a,r0)
eDμ ,a(z)dA �(z)≤ 2πC

∫ r0

0
r1−αdr <+∞.

Thus, condition (A.2.5) holds for each a ∈ Re . Similarly, we verify (A.2.5) for
a = ∞.

Example A.2. Another example of Beltrami coefficient μ in C, for which Sing(μ)=
R̂, is provided by

μ(z) = 1− 2

α log 1
|y| loglog 1

|y|
, z = x+ iy,

for |y| ≤ y0, and μ(z) = 0 for |y| > y0, where α is a constant with 1 < α <

2e/(e+1)= 1.462 . . . and y0 is a positive constant with y0 ≤ e−e1/α
. An elementary

computation shows that integrability assumption (A.2.13) does not hold at any
neighborhood of each point lying on the real axis. On the other hand, assumption
(A.2.6) still holds. Indeed, since Kμ(z) = 1+α log(1/|y|) log2(1/|y|), |y|< y0, we
obtain

Kμ(z)

1+ logKμ(z)
=

α log 1
|y| log2

1
|y|

log2
1
|y| + log3

1
|y| +O(1)

= α log
1
|y|

[
1+O

(
log3

1
|y|

log2
1
|y|

)]

as y → 0. In particular, we see that eKμ (z)/(1+logKμ (z)) is not locally integrable at
every point on the real axis. On the other hand, as in the previous case, we obtain

Dμ,0(z)≤ 1+α sin2 θ log
1
|y| log2

1
|y| .

Hence, under the assumption that α sin2 θ log(1/|y|) log2(1/|y|) is large enough, we
have

Dμ,0(z)

1+ log+ Dμ,0(z)

≤
1+α sin2 θ log 1

|y|
[
log
(
α sin2 θ log 1

|y| log2
1
|y|
)
− log

(
α sin2 θ log2

1
|y|
)]

1+ log
(
α sin2 θ log 1

|y| log2
1
|y|
)

= 1+α sin2 θ log
1
|y| −

α sin2 θ log 1
|y|
[
log
(
α sin2 θ

)
+ log3

1
|y|
]

1+ log
(
α sin2 θ log 1

|y| log2
1
|y|
)
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≤ α sin2 θ log
1
|y| +

αe−1 log 1
|y|

1+ log
(
α sin2 θ log 1

|y| log2
1
|y|
)

≤ α
(
sin2 θ + e−1) log

1
|y| ,

where we used the inequality −x logx ≤ e−1 for 0 < x. This yields

exp

(
Dμ,0(z)

1+ log+ Dμ,0(z)

)
≤ |y|−α(sin2 θ+e−1) ≤Cr−α(1+e−1)|sinθ |−α/e

for some positive constant C. The last function in polar coordinates (r,θ ) is
integrable with respect to the measure rdθdr over 0 < r < 1,0 < |θ | < π because
α(1+ e−1)− 1 < 1 and α/e < 1. Thus, the function exp(Dμ,a/(1+ log+ Dμ,a)) is
integrable in a neighborhood of each a∈Re . Similarly, we obtain the same assertion
for a = ∞. Therefore, condition (A.2.6) holds for each point z0 ∈ Ĉ.

Remark A.10. For the above examples, whose Beltrami coefficients μ(z) =
μ(x+ iy) depend on y only, we can give normalized μ-conformal homeomorphisms
f : C→C in the explicit form

f (z) = x+ i
∫ y

0

1− μ(it)
1+ μ(it)

dt.

A.2.4 Uniqueness

The following remark is a simple consequence of a well-known removability
theorem for analytic functions:

Proposition A.22. Let μ be a Beltrami coefficient in a domain Ω such that the
singular set E = Sing(μ) in Ω is countable. Suppose that a topological embedding
f : Ω → Ĉ is locally quasiconformal in Ω \E and satisfies (A.2.1). Then f has the
property that for any homeomorphic solution f̂ of (A.2.1) in Ω \E, there exists a
conformal map h inΩ ′ = f (Ω) such that f̂ = h◦ f inΩ \E. In particular, f̂ extends
to an embedding of Ω .

Indeed, let us assume that f̂ is another homeomorphic solution to the Beltrami
equation (A.2.1) in Ω \ E. Note that ‖μ‖L∞(Ω0) < 1 for every relatively compact

open subset Ω0 of Ω \E. The local integrability of the Jacobian J f̂ = (1−|μ |2)| f̂z|2
of f̂ (cf. the proof of Lemma A.18) implies that f̂ ∈ W 1,2

loc (Ω \ E). Since f−1 ∈
W 1,2

loc (Ω
′ \ f (E)), the function h = f̂ ◦ f−1 belongs to W 1,1

loc (Ω
′ \ f (E)) and satisfies

hz̄ = 0 there. Now, Weyl’s lemma yields that h is an injective holomorphic map in
Ω ′ \ f (E). Since f (E) is closed and countable in Ω ′, it is removable for such a
function, and we conclude that h can be extended to a conformal map on Ω ′.
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In order to apply the removability arguments for the uniqueness problem, it
seems necessary to have information on the singular set E and its image E ′ = f (E)
simultaneously; see, e.g., [25,133]. As Lehto [149] noted, it is reasonable to consider
totally disconnected sets E. However, this condition does not imply uniqueness in
general. We will introduce a geometric condition on totally disconnected compact
sets E and show that this condition can be combined with integrability conditions to
guarantee the uniqueness.

A positive function m(r) defined on the interval (0,δ ) for small δ > 0 is said to
be a modulus bound for a dominating factor H of divergence type if it satisfies the
condition

liminf
r→0

∫ m(r)

0

dt
H−1(2t − 2logr)

> 0. (A.2.1)

Note that m(r)→+∞ as r → 0.
For example, if H(x) = ηx, then m(r) = ε log(1/r) is a modulus bound for

H, where ε is an arbitrary positive constant. If H(x) = ηx/(1 + log+ x), then
m(r) = ε(log(1/r))C is a modulus bound for H, where ε > 0 and C > 1 are
arbitrary constants. More examples will be given in Sect. A.2.3. Each modulus
bound m(r) generates the family of annuli Am(z0,r) = A(z0,re−m(r), r) around every
point z0 ∈ Ĉ.

The following notions describe the thinness of the boundary: Let H be a
dominating factor. A compact subset E of Ĉ is said to be H-coarse at z0 ∈ E if
there exists a modulus bound m(r) for H such that, for any small number δ > 0,
there is an r with 0 < r < δ such that Am(z0,r)∩E = /0. The set E is said to be
H-coarse if E is H-coarse at each point z0 ∈ E. We will also say that E is radially
coarse at z0 ∈ E if a positive constant function can be chosen as m(r) above; more
precisely, there exists a positive number m such that, for any small number δ > 0,
one can choose an 0 < r < δ with A(z0,re−m,r)∩E = /0.

It is clear that z0 ∈ E forms a degenerate boundary component of Ω = Ĉ\E if E
is H-coarse at the point.

Theorem A.12. Let μ be a Beltrami coefficient in Ĉ such that E = Sing(μ) is
a totally disconnected compact subset of Ĉ. Assume that one of the following
conditions holds for each z0 ∈ E :

1) Dμ,z0(z) is essentially bounded in a neighborhood of z0 and E is radially coarse
at z0.

2) There is a dominating factor H = Hz0 of divergence type for which E is H-coarse
at z0 and ∫

V
eH(Dμ ,z0 (z))dA �(z)<+∞ (A.2.2)

for some open neighborhood V of z0.

Then there exists a homeomorphism f : Ĉ → Ĉ which is locally quasiconformal
in Ω = Ĉ \ E and satisfies the Beltrami equation with μ in Ω . If f̂ is another
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homeomorphic solution to the Beltrami equation in Ω with the same μ , then
f̂ = h ◦ f for a Möbius transformation h. In particular, f̂ can be extended to a
homeomorphism of Ĉ.

For the proof of this theorem, we need the following auxiliary lemma which is
due to Gotoh and Taniguchi [96]. A compact set E is said to be annularly coarse
at z0 ∈ E if we can find a nesting sequence of disjoint ring domains An around z0

in Ĉ\E with infn modAn > 0. Here, a sequence of disjoint ring domains An is said
to be nesting if each An separates An−1 from An+1. A compact set E is said to be
annularly coarse if E is annularly coarse at every point in E.

Lemma A.20. (Gotoh–Taniguchi). If a compact subset E of the Riemann sphere is
annularly coarse, then E is removable for conformal mappings off E.

Proof of Theorem A.12. Let f be a uniform limit of the canonical approximating
sequence for μ . Note that the existence of such an f is guaranteed by Theorem A.9.
Set E ′ = f (E). We show that E ′ is annularly coarse. We may assume that E ⊂ C.
Let z0 ∈ E. Suppose first that case (2) occurs for z0. Then, by assumption, there is
an H ∈ D and a constant M with

∫
B(z0,r0)

eH(Dμ ,z0 (z))dA (z)≤ M

for which E is H-coarse at z0 with modulus bound m : (0,δ ) → (0,+∞). We then
take arbitrarily small r > 0 so that Am(z0,r)⊂Ω . By Lemma A.19, we estimate

mod f (Am(z0,r))≥
∫ m(r)

1/2

dt
H−1(2t + log(M/πr2))

.

It is easy to see that
∫ b

a

dt
H−1(2t + c− 2logr)

→ 0

as r → 0 for any fixed a,b, and c. Hence, by the definition of the modulus bound,
we obtain

liminf
r→0

∫ m(r)

1/2

dt
H−1(2t + log(M/πr2))

= liminf
r→0

∫ m(r)

0

dt
H−1(2t − 2logr)

> 0.

We can now find a sequence rn with 0 < rn+1 < rne−m(rn) such that Am(z0,rn)⊂Ω
for n = 1,2, . . . and that infn mod f (Am(z0,rn)) > 0. Hence, we conclude that E ′ is
annularly coarse at f (z0).

If case (1) occurs for z0, then E is radially coarse at z0. Now, it easy to see that
E ′ is annularly coarse at f (z0) (cf. Lemma A.18).

Assume that f̂ is another homeomorphic solution to the Beltrami equation
(A.2.1) with μ in Ω . Then the function h = f̂ ◦ f−1 is an injective holomorphic
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function in Ĉ\E ′. Since E ′ = f (E) is removable for such a function by Lemma A.20,
we conclude that h extends to a Möbius transformation. Thus, the proof is complete.


�
Specifying H ∈ D , we obtain some consequences of Theorem A.12. We only

consider the dominating factors H(x) = ηx and H(x) = ηx/(1 + log+ x) corre-
sponding to exponential and subexponential integrability assumptions on Kμ(z),
respectively.

Corollary A.3. Let E be a totally disconnected x-coarse compact subset of Ĉ.
Suppose that μ is a Beltrami coefficient in C with Sing(μ)⊂ E such that

∫
C

eηKμ (z)dA �(z)< ∞ (A.2.3)

holds for a positive constant η . Then there exists a homeomorphism f : Ĉ → Ĉ

which is locally quasiconformal in Ω = Ĉ \E and satisfies the Beltrami equation
with μ in Ω . If f̂ : Ω → Ĉ is a locally quasiconformal embedding whose Beltrami
coefficient agrees with μ a.e., then f̂ = h ◦ f for a Möbius transformation h. In
particular, f̂ extends to a homeomorphism of the Riemann sphere.

Corollary A.4. Let E be a totally disconnected compact subset of Ĉ which is
x/(1 + log+ x) coarse in E. Suppose that μ is a Beltrami coefficient in C with
Sing(μ)⊂ E such that

∫
C

exp

{
ηKμ(z)

1+ logKμ(z)

}
dA �(z)< ∞. (A.2.4)

Then there exists a homeomorphism f : Ĉ→ Ĉ which is locally quasiconformal in
Ω = Ĉ\E and satisfies the Beltrami equation with μ in Ω . If f̂ :Ω → Ĉ is a locally
quasiconformal embedding whose Beltrami coefficient agrees with μ a.e., then f̂ =
h ◦ f for a Möbius transformation h. In particular, f̂ extends to a homeomorphism
of the Riemann sphere.

A.2.5 Dominating Factors and Modulus Bounds

In this section, we provide critical dominating factors H of divergence type and
their modulus bounds. The functions presented below are more or less standard. For
example, similar examples can be found in [116].

We define the functions logn,expn,Πn,α and Πn for n = 0,1,2, . . . and for
α > 0 by

log0 x = x, logn x = log(logn−1 x) (n = 1,2, . . .),

exp0 x = x, expn = exp(expn−1 x) (n = 1,2, . . . ),
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Πn,α(x) = x(log1 x) · · · (logn−1 x)(logn x)α , and

Πn(x) =Πn,1(x) (n = 0,1,2, . . .).

In particular, log1 and exp1 coincide with the standard log and exp, respectively.
Note that logn is the inverse function of expn for each n. We also define the numbers
en by en = expn 0. Then for each n > 0, the functions logn,Πn,α , and Πn are defined
on (en−1,+∞), positive on (en,+∞), and greater than 1 on (en+1,+∞).

We consider the function H(x) = x2/Πn,α(x) for fixed n ≥ 0 and α > 0. Then
H ′(x) = (1+ o(1))H(x)/x and H ′′(x) = (1+ o(1))H(x)/ logx when x → +∞. In
particular, (eH)′′/eH = H ′′ + (H ′)2 = (1 + o(1))(H ′)2. Hence, we can choose a
sufficiently large number xn,α > en so that the function Hn,α defined by

Hn,α(x) =

⎧⎪⎪⎨
⎪⎪⎩

H(x) =
x2

Πn,α(x)
if x > xn,α

H(xn,α) if 0 ≤ x ≤ xn,α

is a dominating factor. Furthermore, Hn,α is of divergence type if and only if α ≤ 1,
since the integral

∫ ∞

xn,α

Hn,α(x)dx
x2 =

∫ ∞

xn,α

dx
Πn,α(x)

=

∫ ∞

xn,α

dx
x(logx) . . . (logn−1 x)(logn x)α

is divergent if and only if α ≤ 1. Note that the choice of xn,α does not affect the

integrability condition such as
∫

V
eH(Dμ ,z0 )dA � <+∞. We also write Hn = Hn,1.

Remark A.11. The dominating factor H0 = H0,1 is essentially the function x. The
dominating factor H1 = H1,1 is equivalent to H(x) = x/(1+ log+ x) in the sense that
for any η > 1, we have H(x)< H1(x)< ηH(x) for sufficiently large x.

First, we give information on the behavior of the inverse function of Hn,α .

Lemma A.21. For each n ≥ 1,α ∈ R and c > 0, the estimate

(cHn,α)
−1(y) =

Πn,α(y)
c

(
1+(b+ o(1))

log2 y
logy

)
(y →+∞)

holds, where b = 1 when n > 1 and b = α2 when n = 1. Suppose further that α ≤ 1
and, in addition, if n = 1, suppose that 0 ≤ α. Then

∫ t

t1

dy
(cHn,α)−1(y)

=

⎧⎪⎨
⎪⎩

c
1−α

(logn t)1−α +O(1) when α < 1

c logn+1 t +O(1) when α = 1
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as t →+∞ for a sufficiently large number t1. When n = 1 and α < 0,

∫ t

t1

dy
(cH1,α)−1(y)

=

(
c

1−α
+ o(1)

)
(logt)1−α

as t →+∞ be a sufficiently large number t1.

Proof. We assume that n ≥ 2. (The same and somewhat easier method can be used
for n = 1.) Letting η = η(y) be a positive quantity with logη(y) = O(1) as y → ∞,
we observe

log
(
ηΠn,α(y)

)
= logη+ logy+ log2 y+ · · ·+ logn y+α logn+1 y

=

(
1+(1+ o(1))

log2 y
logy

)
logy (y →+∞).

Inductively, we then obtain that

logk(ηΠn,α(y)) = logk y · (1+(1+ o(1)) log2 y/ logy log2 y · · · logk y)

for every integer k ≥ 1. Therefore,

cHn,α
(
ηΠn,α(y)

)
=

cηΠn,α(y)
log(ηΠn,α(y)) · · · (logn(ηΠn,α(y)))α

= cηy

(
1− (1+ o(1))

log2 y
logy

)
(A.2.5)

as y → +∞. We now restrict ourselves to the case when cη = 1+ p log2 y/ logy
for some constant p. Then (1− log2 y/ logy)cη = 1+(p−1)(1+o(1)) log2 / logy,
and since ηΠn,α(y) > Hn,α

−1(y) for sufficiently large y if p > 1 and ηΠn,α(y) <
Hn,α

−1(y) for sufficiently large y if p < 1, the asymptotic formula for the inverse
function follows.

We next show the second assertion. For simplicity, we assume that α < 1; the
case α = 1 can be absorbed in this case because Hn,1(y) = Hn+1,0(y) for large y. By
the first assertion, we obtain

∫ t

t1

dy
(cHn,α)−1(y)

=

∫ t

t1

cdy
Πn,α(y)

+ (−bc+ o(1))
∫ t

t1

log2 ydy
y(logy)2 log2 y · · · (logn y)α

if n > 1. For n = 1, a slight modification is needed. Since the second integral in the
right-hand side is convergent as t → +∞ under the assumptions on α, the required
asymptotic formula is obtained. 
�
Proof of Theorem A.8. Without loss of generality, we may assume that α < 1
(see the proof of Lemma A.21). Under the hypothesis, the integrability condition
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∫
C

ecHn,α (Kμ (z))dA �(z) < ∞ holds. Since cHn,α is a dominated factor of divergence
type, we conclude from Theorem A.11 the existence and the regularity of the
normalized homeomorphic solution f to the Beltrami equation. We now investigate
the modulus of continuity of f . From the assumption, for an arbitrary number R> 1,
it follows that

∫
B(z0,1)

ecHn,α (Kμ (z))dA (z)≤ M =

∫
B(0,R+1)

ecHn,α (Kμ (z))dA (z)< ∞

for each point z0 with |z0| ≤R. Setting b= log(M/π), we obtain from Theorem A.10
that

| f (z)− f (z0)| ≤C exp

{
−1

2

∫ 2m+b

1+b

dt
(cHn,α)−1(t)

}
, |z− z0|< 1,

where m = log(1/|z− z0|) and C is a constant depending only on μ ,c,n,α , and R.
Applying Lemma A.21, in the case when n > 1, we have

1
2

∫ 2m+b

1+b

dt
(cHn,α)−1(t)

=
c

2(1−α)
(logn(2m+ b))1−α +O(1)

=
c

2(1−α)
(logn(m))1−α +O(1)

as m → +∞. The case when n = 1 follows similarly from the latter part of
Lemma A.21. Thus, we have shown the estimate for the modulus of continuity of f .

Next, we construct an example; see the discussion after Theorem A.8. As we
noted, a more abstract approach for a dominated factor of convergence type can be
found in [116, Theorem 3.1].

Let M(t) = η log(1/t) · · · logn(1/t)(logn+1(1/t))α = ηΠn,α(log(1/t)), where
η > 0,n ≥ 0 and α ∈R. Let f be the radial stretching

f (z) =
z
|z| exp

∫ |z|

δ0

dt
tM(t)

in 0 < |z| < δ0, where δ0 is a sufficiently small number. Then, as is easily seen,
the pointwise maximal dilatation of f is given by K(z) = M(|z|). Note that the
function f can be continuously extended to z = 0 by setting f (0) = 0 if and only

if the integral
∫ δ0

0 dt/tM(t) diverges, namely, α ≤ 1. In particular, when α > 1, by
Theorem A.9 (and Proposition A.22 as well), exp(H ◦K(z)) is not locally integrable
around the origin for every dominating factor H of divergence type. On the other
hand, we see that H ◦K is exponentially integrable around the origin for H = cHn,α ,
where c is a constant satisfying c < 2/η . We fix a number ε with cη < ε < 2.
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From (A.2.5), it follows that H(M(t)) = cHn,α(ηΠn,α(log(1/t))) = cη(1+ o(t))
log(1/t) as t → +0. Therefore, there is a number r0 > 0 such that H(M(t)) ≤
ε log(1/t) for all 0 < t < r0. We now compute

∫
B(0,r0)

eH(K(z))dA (z) = 2π
∫ r0

0
teH(M(t))dt ≤ 2π

∫ r0

0
t1−εdt <+∞.

In particular, the exponential integrability condition for Hn,α ◦Kμ does not imply
the existence of a homeomorphic solution in the case α > 1.

Next, we assume that α < 1. (As we noted, the case α = 1 can be included in the
case α = 0.) Then the function f can be expressed in the form

f (z) =
Cz
|z| exp

( −1
(1−α)η

(logn+1(1/|z|))1−α
)
, 0 < |z|< δ0.

Since η can be chosen arbitrarily whenever η < 2/c, the sharpness is obtained. 
�
To state results on modulus bounds of the above dominating factors, we present

some auxiliary functions. For constants C > 1 and β ,δ > 0, and a nonnegative
integer n, we set

ϕn,C(x) = expn

(
logn x+ logC

)
and

ψn,β ,δ (x) = expn

([(
logn x

)β
+ δ
]1/β
)

for x ≥ en. By definition, ϕn,C = ψn,1,logC, and, e.g.,

ϕ0,C(x) = x+ logC,

ϕ1,C(x) = Cx, and

ϕ2,C(x) = xC.

Proposition A.23. For a positive integer n, a modulus bound for Hn is given by

m(r) = εϕn+1,C
(

log1/r
)

for r small enough, where ε > 0 and C > 0 are constants.

Proof. From Lemma A.21, we see that

liminf
r→0

∫ m(r)

0

dt

Hn
−1(2t − 2logr)

=
1
2

liminf
r→0

[
logn+1

(
2m(r)− 2logr

)− logn+1(−2logr)
]
.
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Noting that logr = o(m(r)) as r → 0, we obtain

logn+1

(
2m(r)− 2logr

)
= logn+1(ϕn+1,C(log1/r))+ o(1)

= logn+1(log1/r)+ logC+ o(1)

and logn+1(m(r)) = logn+1(log1/r) + o(1) as r → 0. Hence, m(r) is a modulus
bound for Hn. 
�

The same method yields the following result:

Proposition A.24. For a positive integer n and α ∈ (0,1), a modulus bound for
Hn,α is given by

m(r) = εψn,1−α ,δ
(

log1/r
)

for r small enough, where ε > 0 and δ > 0 are constants.

A.3 The Existence and Uniqueness Theorems
of Martio–Miklyukov

Existence and uniqueness of solutions of degenerate Beltrami equation were studied
in the paper [158] under the condition that the dilatation K has an upper bound in
W 1,2.

A.3.1 Introduction and Main Results

Let w : D → R2 be a homeomorphism of a domain D ⊂ R2 onto a domain D =
w(D) ⊂ R2 and let μ : D → R2 be a measurable function such that |μ(z)| < 1 for
a.e. z ∈ D. We say that w is a μ-homeomorphism if w ∈W 1,1

loc (D) and

wz = μ(z)wz for a.e. z ∈ D. (A.3.1)

Write

Kμ(z) =
1+ |μ(z)|
1−|μ(z)| ;

then Kμ(z) ∈ [1,∞] and Kμ(z)< ∞ for a.e. z ∈ D.
By the theorem of Gehring and Lehto [91], a μ-homeomorphism w is a.e.

differentiable and (A.3.1) yields ‖w′(z)‖2 ≤ Kμ(z)J(z,w) a.e., where ‖w′(z)‖ is the
operator norm ‖w′(z)‖ = sup|h|=1 |w′(z)h| of the linear map w′(z) and J(z,w) =
detw′(z) is the Jacobian of w′(z).
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We recall that a mapping w is q-quasiconformal, 1 ≤ q < ∞, if w is a
μ-homeomorphism and Kμ(z) ≤ q for a.e. z ∈ D. For q = 1, the mapping w is

conformal. Note that if w is q-quasiconformal, then w ∈ W 1,2
loc (D) and w−1 is

q-quasiconformal as well.
A measurable function p : D → [1,∞] is said to be locally W 1,2-majorized in

D if for every subdomain U ⊂⊂ D there exists a function KU ∈ W 1,2(U) such
that p(z) ≤ KU(z) a.e. in U . Note that if p is locally W 1,2-majorized, then the set
{z : limξ→z p(ξ ) = ∞} is of 2-capacity 0 (e.g., see [3, Theorem 6.2.1]).

Theorem A.13. Suppose that μ : D → R2 is a measurable function such that
|μ | < 1 a.e. and that Kμ is locally W 1,2-majorized in D. Then there exists a

μ-homeomorphism w : D → R2 onto a domain D = w(D) with w ∈ W 1,2
loc (D) and

w−1 ∈W 1,2
loc (D).

Moreover, the mapping w is unique up to conformal mappings on the w-plane.

Homeomorphic W 1,2
loc solutions of the Beltrami equation (A.3.1) with Kμ(z)≤ q

were first systematically studied by Morrey [176]. Bers [34] and Belinskii [30]
considered mappings with locally bounded distortion coefficients Kμ(z). The proof
for Theorem A.13 follows from the following result on μ-homeomorphisms of a
disk. We let B = B(0,1) denote the unit disk, and the space W 1,2

0 (B) is the closure
of C∞

0 (B) in W 1,2(B).

Theorem A.14. Let μ : B → R2 be a measurable function such that |μ | < 1
a.e. and that Kμ(z) ≤ K(z) a.e. in D, where K ∈ W 1,2(B). Then there exists a

μ-homeomorphism w of B onto B such that w ∈W 1,2
loc (B) and w−1 ∈W 1,2

loc (B). More-
over, w is unique up to conformal transformations on the w-plane. If, in addition,

Kμ(z)≤ K0 +K(z) a.e. in D, (A.3.2)

where 1 ≤ K0 ≡ const <∞ and K ∈W 1,2
0 (B), then w ∈W 1,2(B) and w−1 ∈W 1,2(B).

The case (A.3.2) of Theorem A.14 was proved by Miklyukov and Suvorov [174].
Because W 1,2 functions belong to BMO and VMO classes (see [58, Sect. I.2]), then
quasiconformal mappings with locally W 1,2 majorized characteristics are BMO-qc
and, respectively, VMO-qc mappings which are studied in [161, 213]. For other
results concerning degenerate quasiconformal mappings, see [70, 75, 98, 133, 149,
185, 271], [116, Sect. 10], and others. For the existence, we employ the standard
method of cutting the dilatation μ . However, the uniqueness is the essential feature
of the paper because without uniqueness the mappings are difficult to handle.

A.3.2 Proof of Theorem A.14

For n = 1,2, . . . we set

μn(z) =

{
μ(z), if |μ(z)| ≤ 1− 1/n,
0, if |μ(z)|> 1− 1/n.
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There exists a mapping wn(z) from B onto B with dilatation μn [152, Sects. 1 and V].
We may assume that wn(0) = 0 for all n = 1,2, . . .. We call such a sequence wn a
canonical approximating sequence for μ .

Because wn = (un,vn) ∈ W 1,2(B) for every fixed n = 1,2, . . . we can find a
sequence

{wnk}= {(unk,vnk)}∞k=1 ⊂W 1,2(B)∩C∞(B)

such that wnk → wn in W 1,2(B) or, in other words,

lim
k→∞

∫
B

(|∇(unk − un)|2 + |∇(vnk − vn)|2
)

dxdy = 0, (A.3.3)

lim
k→∞

∫
B

(|unk − un|2 + |vnk − vn|2
)

dxdy = 0. (A.3.4)

We may also assume that unk → un and vnk → vn pointwise in B. This is needed later.
Fix n and k. Let ψ be a nonnegative continuous function with a compact support

suppψ ⊂ B. Then

∣∣∣∣
∫

B
ψJ(z,wn)dxdy−

∫
B
ψJ(z,wnk)dxdy

∣∣∣∣
=

∣∣∣∣
∫

B
ψ (∂xun∂yvn − ∂yun∂xvn)dxdy

∫
B
ψ (∂xunk∂yvnk − ∂yunk∂xvnk)dxdy

∣∣∣∣
≤
∫

B
ψ
∣∣(∂xun − ∂xunk)∂yvn − (∂yun − ∂yunk)∂xvn

∣∣dxdy

+
∫

B
ψ
∣∣∂xunk (∂yvn − ∂yvnk)− ∂yunk (∂xvn − ∂xvnk)

∣∣dxdy.

Thus, from the inequality |ab+ cd| ≤ √
a2 + c2

√
b2 + d2, it follows that

∣∣∣∣
∫

B
ψJ(z,wn)dxdy−

∫
B
ψJ(z,wnk)dxdy

∣∣∣∣
≤
∫

B
ψ |∇(un − unk)| |∇vn|dxdy+

∫
B
ψ |∇unk| |∇(vn − vnk)|dxdy.

Now, from the Cauchy inequality, we obtain

∣∣∣∣
∫

B
ψJ(z,wn)dxdy−

∫
B
ψJ(z,wnk)dxdy

∣∣∣∣

≤
(∫

B
|∇(un − unk)|2 dxdy

)1/2(∫
B
ψ2|∇vn|2dxdy

)1/2

+

(∫
B
|∇(vn − vnk)|2 dxdy

)1/2(∫
B
ψ2|∇unk|2dxdy

)1/2

.



270 A Archives of the Existence Theorems

Note that ∫
B
ψ2|∇vn|2dxdy ≤ M2

∫
B
|∇vn|2dxdy,

where M = maxBψ , and that
∫

B
ψ2|∇unk|2dxdy ≤ 2M2

∫
B
|∇(unk − un)|2dxdy+ 2M2

∫
B
|∇un|2dxdy.

Hence, it follows from (A.3.3) that
∫

B
ψJ(z,wn)dxdy = lim

k→∞

∫
B
ψJ(z,wnk)dxdy. (A.3.5)

Next, we fix a sequence {Kl} of C1(B) functions with

‖Kl −K‖W1,2(B) → 0 as l → ∞. (A.3.6)

Let U ⊂⊂ B be a domain with a rectifiable boundary ∂U . We choose a Lipschitz
function φ : B → R with a compact support suppφ ⊂ B such that φ = 1 on U . Let V
be a subdomain of B with a smooth boundary ∂V and such that

U ⊂⊂ suppφ ⊂⊂V ⊂⊂ B.

We set ψ = φ2Kl . Then ψ has a compact support in B. The function ψ belongs
to the Lipschitz class, so that for k, l = 1,2, . . ., the Green formula and partial
integration yield
∫

V
ψJ(z,wnk)dxdy =

∫
V
ψ (∂xunk∂yvnk − ∂yunk∂xvnk)dxdy

=

∫
∂V
ψunk (∂xvnk dx+ ∂yvnk dy)−

∫
V
ψunk

(
∂xvky − ∂yvkx

)
dxdy

−
∫

V
unk (∂xψ∂yvnk − ∂yψ∂xvnk)dxdy

= −
∫

B
unk (∂xψ∂yvnk − ∂yψ∂xvnk)dxdy

= −2
∫

B
φunkKl (∂xφ∂yvnk − ∂yφ∂xvnk)dxdy

−
∫

B
unkφ2 (Klx∂yvnk −Kly∂xvnk

)
dxdy.

This leads to the estimate
∫

B
φ2KlJ(z,wnk)dxdy

≤ 2
∫

B
φ |unk||Kl ||∇φ | |∇vnk|dxdy+

∫
B
|unk|φ2 |∇Kl | |∇vnk|dxdy.
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Letting l → ∞ and using (A.3.6) for a fixed k = 1,2, . . ., we obtain

∫
B
φ2KJ(z,wnk)dxdy

≤ 2
∫

B
φ |unk||K||∇φ | |∇vnk|dxdy+

∫
B
|unk|φ2 |∇K| |∇vnk|dxdy. (A.3.7)

Next, we employ the length and area principle (see, e.g., [247, Sect. 6, Chap. III,
Part I]). Let z′,z′′ ∈U be a pair of points with

|z′′ − z′|< min{1,dist2(U,∂B)}. (A.3.8)

We consider the family of circles {S1(z′,r)} with center at z′ and radius r,

r′ = |z′′ − z′|< r < r′′ = |z′′ − z′|1/2.

For fk = unk or fk = vnk, k = 1,2, . . ., we have the standard oscillation estimate

∫ r′′

r′
osc2( fk,S

1(z′,r))
dr
r

≤ c1I( fk),

where c1 is a constant and I( fk) =
∫

B |∇ fk|2dxdy. This yields

inf
r∈(r′ ,r′′)

osc( fk,S
1(z′,r)) ≤ c1/2

1 I1/2( fk) log−1/2 |z′′ − z′|−1/2.

Now, the mappings wnk = (unk,vnk) are homeomorphisms, and thus, each of
functions unk,vnk is monotone in the sense of Lebesgue. The condition (A.3.8)
implies that the circles S1(z′,r) lie inside B and hence

osc( fk,B
2(z′,r′))≤ osc( fk,S

1(z′,r)), r ∈ (r′,r′′).

From the previous inequalities, it follows that

| fk(z
′′)− fk(z

′)| ≤ c1/2
1 I1/2( fk) log−1/2 |z′′ − z′|−1/2,

and hence,

|wnk(z
′′)−wnk(z

′)| ≤C(wnk) log−1/2 |z′′ − z′|−1/2 (A.3.9)

for any z′,z′′∈U satisfying (A.3.8), and C(wnk)=21/2c1/2
1 max{I1/2(unk), I1/2(vnk)}.

For fixed n, the integrals I(unk)and I(vnk) are uniformly bounded by (A.3.3).
Since the mappings wnk are uniformly bounded as well, it follows from (A.3.9)
that the sequence of mappings {wnk} is equicontinuous on U . Thus, wnk → wn as
k → ∞ uniformly on each subdomain U of B compactly contained in B.
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For k → ∞ in (A.3.7), the Fatou lemma implies

∫
B
φ2KJ(z,wn)dxdy ≤ lim inf

k→∞

∫
B
φ2KJ(z,wnk)dxdy

≤ 2 lim
k→∞

∫
B
φ |unk|K|∇φ | |∇vnk|dxdy

+ lim
k→∞

∫
B
|unk|φ2 |∇K| |∇vnk|dxdy,

and now (A.3.5) together with (A.3.3) yields

∫
B
φ2KJ(z,wn)dxdy

≤ 2
∫

B
φ |un|K|∇φ ||∇vn|dxdy+

∫
B
|un|φ2 |∇K| |∇vn|dxdy. (A.3.10)

Next, we observe that Kμ ≤ K implies

|∇un|2 + |∇vn|2 ≤ 2KμnJ(z,wn)≤ 2KJ(z,wn). (A.3.11)

Combining (A.3.10) and the Cauchy inequality

|ab| ≤ ε2

2
a2 +

1
2ε2 b2, (A.3.12)

we have
∫

B
φ2 (|∇un|2 + |∇vn|2

)
dxdy ≤ 2

∫
B
φ2KJ(z,wn)dxdy

≤ 4
∫

B
φ |un|K|∇φ ||∇vn|dxdy+ 2

∫
B
|un|φ2 |∇K| |∇vn|dxdy

≤ 3ε2
∫

B
φ2|∇vn|2dxdy+

2
ε2

∫
B
|un|2K2|∇φ |2dxdy

+
1
ε2

∫
B
|un|2φ2|∇K|2dxdy.

We choose ε > 0 such that 3ε2 < 1, e.g. ε = 1/2. Then

∫
B
φ2 (|∇un|2 + |∇vn|2

)
dxdy

≤ c2(ε)
(∫

B
|un|2K2|∇φ |2dxdy+

∫
B
|un|2φ2|∇K|2dxdy

)
,

where c2(ε) = 2
/
(ε2(1− 3ε2)) . Since φ ≡ 1 on U , we have proved
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Lemma A.22. Under the conditions of Theorem A.14, for each subdomain U ⊂⊂B
and each Lipschitz function φ : B → R, φ ≡ 1 on U and suppφ ⊂ B, we have

∫
U

(|∇un|2 + |∇vn|2
)

dxdy ≤ c3

∫
suppφ

|un|2
(
K2 + |∇K|2)dxdy, (A.3.13)

where c3 = c2 esssup
z∈B

max{φ2(z), |∇φ(z)|2}.

Next, we consider the convergence of wn as n → ∞. From (A.3.13) and the
inequality |wn|< 1, it follows that

∫
U

(|∇un|2 + |∇vn|2
)

dxdy ≤ c3

∫
B

(
K2 + |∇K|2)dxdy.

Similarly, as in (A.3.9) for z′,z′′ ∈ U with |z′′ − z′| < min{1,dist2(U,∂B)},
we thus have

|wn(z
′′)−wn(z

′)| ≤ c4 log−1/2 |z′′ − z′|−1/2, (A.3.14)

where c4 is independent of n = 1,2, . . ..
The estimate (A.3.14) means that the sequence {wn}∞n=1 is equicontinuous on

every compact subset of B. By the standard diagonal process, we can now choose a
subsequence {wn′ } which converges locally uniformly to some continuous mapping
w0 : B → R2. We shall show that the limit mapping w0 is a homeomorphism.

Let μn′(w) be the dilatation coefficient of the inverse mapping to w = wn′(z).
Since Kμn′ (w)(wn′(z)) = Kμn′ (z), we see that

∫
B

Kμn′ (w)(w)J(w,w
−1
n′ )dudv =

∫
B

Kμn′ (z)dxdy

≤ π1/2
(∫

B
K2
μn′ (z)dxdy

)1/2

≤ π1/2
(∫

B
K2(z)dxdy

)1/2

< ∞.

Now, the quasiconformality of the inverse mapping (xn′ ,yn′) to wn′ yields,
a.e. in B,

x2
n′u + x2

n′v + y2
n′u + y2

n′v ≤ 2Kμn′ (w)J(w,w
−1
n′ ),

and hence,

∫
B

(|∇xn′ |2 + |∇yn′ |2
)

dudv ≤ 2π1/2
(∫

B
K2(z)dxdy

)1/2

< ∞. (A.3.15)
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As in (A.3.14), it follows from (A.3.15) that the family {w−1
n′ } of inverse

mappings is uniformly continuous on any compact subset of B, and since wn′(0) = 0
for each n′, the limit mapping w0 of wn′ is a homeomorphism.

Sequences {wn′ } and {w−1
n′ } converge to w and w−1, respectively. Using (A.3.13)

and (A.3.15), we conclude that w ∈W 1,2
loc (B) and w−1 ∈W 1,2(D), D = w(B).

Next, we employ [98, Proposition 3.1]:

Lemma A.23. Let a measurable function μ : D → R2 satisfy |μ |< 1 a.e. Suppose
that a homeomorphism w : D→R2 is a uniform limit of the canonical approximating
sequence wn for μ . If w ∈W 1,2

loc (D), then w is a μ-homeomorphism a.e. in D.

The domain D = w(B) is simply connected, contains the point w = 0, and is
contained in B. If D 	= B, then we use an auxiliary conformal mapping f : D → B,
f (0) = 0, and consider the mapping w̃ = f ◦w. Since f is conformal, f is locally
bi-Lipschitz and thus w̃ ∈W 1,2

loc (B). It easily follows that w̃−1 ∈W 1,2
loc (B).

It remains to consider uniqueness. Assume that f : B → B and g : B → B
are two μ-homeomorphisms. Because f ∈ W 1,2

loc (B) and g−1 ∈ W 1,2
loc (B), then the

superposition f ◦ g−1 belongs to W 1,1
loc (B), and a.e. in B has the dilatation μ ≡ 0.

Therefore, the mapping f ◦ g−1 is conformal [116, Corollary 5.3.1].
Finally, we prove that the condition Kμ(z)≤K0+K(z) with K ∈W 1,2

0 (B) implies
that w,w−1 ∈ W 1,2(B). For this, observe that Kμw̃ = Kμ , w̃ = f ◦w, and hence, we
can consider the mapping w instead w̃. Now, this and (A.3.11) yield

∫
B

(|∇un|2 + |∇vn|2
)

dxdy ≤ 2
∫

B
KμJ(z,wn)dxdy

≤ 2K0

∫
B

J(z,wn)dxdy+ 2
∫

B
KJ(z,wn)dxdy.

The estimate (A.3.10) can now be used with φ ≡ 1 because K ∈ W 1,2
0 (B). It

follows that∫
B

(|∇un|2 + |∇vn|2
)

dxdy ≤ 2K0π+ 2
∫

B
KJ(z,wn)dxdy

≤ 2K0π+ 2
∫

B
|un| |∇K| |∇vn|dxdy

and, from |un|< 1 and from (A.3.12), we obtain
∫

B

(|∇un|2 + |∇vn|2
)

dxdy ≤ 2K0π+ ε2
∫

B
|∇K|2 dxdy+

1
ε2

∫
B
|∇vn|2dxdy.

Choose ε such that 1/ε2 < 1. Now,

(
1− 1

ε2

)∫
B

(|∇un|2 + |∇vn|2
)

dxdy ≤ 2K0π+ ε2
∫

B
|∇K|2 dxdy,

and thus, the limit mapping w belongs to W 1,2(B). Because Kμw−1 (w(z)) = Kμ(z),

it is easy to see that w−1 ∈W 1,2(B) as well. The theorem follows.
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A.3.3 Proof of Theorem A.13

Let {Dn}∞n=1 be an expanding sequence of subdomains of D which exhaust D and
Dn is compactly contained in D, i.e.,

D1 ⊂⊂ D2 ⊂⊂ ·· · ⊂⊂ Dn · · · , and
∞⋃

n=1

Dn = D.

Set Rn = maxz∈Dn
|z| and define

μn(z) =

{
μ(z), for z ∈ Dn,

0, for z ∈ R2 \Dn.

It is easy to see that Theorem A.14 holds also for the dilatation μ given in any
disk |z| < R. Fix a point z1 ∈ D1, z1 	= 0. The condition Kμ ≤ KU a.e. in U ⊂⊂ D
enables us to use Theorem A.14. Then there exists a homeomorphism w = wn(z),
wn(0) = 0, from the disk |z| < Rn onto some disk |w| < rn having the dilatation μn

almost everywhere on |z| < Rn and w ∈W 1,2
loc (B(Rn)), w−1 ∈ W 1,2

loc (B(rn)) Using an
additional similarity of |w|< rn, we choose rn so that wn(z1) = z1.

In each fixed domain Dn0 , the mappings wn(z), n > n0, can be represented in
the form wn = φn ◦wn0(z), where φn are conformal mappings in D̃n0 = wn0(Dn0).
Because φn(0) = 0 and φn(z1) = z1, Theorem 4.1 [152] guarantees that there is a
subsequence {φn′} locally uniformly convergent in D̃n0 to a conformal mapping
φ : D̃n0 → R2. Therefore, {wn} contains a subsequence {wn′} of quasiconformal
mappings which converges locally uniformly on Dn0 to the homeomorphism w0 =
φ ◦wn0 . By Lemma A.23, the mapping w0 has the dilatation μ a.e. in Dn0 .

Using the well-known diagonal process, we find a subsequence {wn′′ } uniformly
inside D convergent to some homeomorphism w : D → R2 with the dilatation μ .
Clearly, the mapping w satisfies both conditions w ∈ W 1,2

loc (D) and w−1 ∈ W 1,2
loc (D).

This mapping is unique in the indicated class up to conformal transformations.

A.4 The Existence Theorems of Miklyukov–Suvorov

In this section, we give a translation of the known paper [174].

A.4.1 Notations

Lα(D) is the space of all real-valued functions given in a domain D of the complex
plane z = x+ iy which are integrable with degree α ≥ 1 and ordinary norm.
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W 1
α (D) is the space of functions in D having generalized partial derivations in the

Sobolev sense of the class Lα (D) with norm

‖u‖W1
α
=

⎛
⎝∫

D

(
u2

x + u2
y

)α/2
dσz

⎞
⎠

1/α

=

⎛
⎝∫

D

|∇u|αdσz

⎞
⎠

1/α

.

The notation W 1
α (D) is kept also for the space of complex-valued functions w =

f (z) ≡ u(x,y)+ iv(x,y) with norm

‖ f‖W1
α
=

⎛
⎝∫

D

(|∇u|2 + |∇v|2)α/2
dσz

⎞
⎠

1/α

.

o
W

1

α(D) is the everywhere dense subspace of W 1
α (D) of all infinitely differentiable

functions in W 1
α (D) with a compact support in D.

Note that here we consider only plane one-sheeted mappings w = f (z) of the unit
disk D= {z ∈C : |z|< 1} onto itself.

A.4.2 The main result

Let p(z), θ (z) be characteristics of quasiconformal mappings f in the Lavrentieff
sense: p(z)≥ 1 is defined a.e. in D, θ (z), 0≤ θ (z)≤ π , a.e. in the set {z : p(z)> 1}.1

The classical theory of quasiconformal mappings considers the case

esssup
D

p(z)≤ q < ∞ .

We call such mappings here, as usual, q-quasiconformal.
The basis of the theory of these mappings and the first existence and uniqueness

theorem under some functional constraints on the characteristics p and θ originate
with Lavrent’ev [144]. Such a theorem in the general case was proved in the
papers [31, 43].

1The authors had in mind the characteristics first introduced in [144]:

p(z) =
|wz|+ |wz̄|
|wz|− |wz̄| =

1+ |μ(z)|
1−|μ(z)| ,

where μ(z) = wz̄/wz and θ (z) = (π+ argμ(z))/2 . They appear from infinitesimal considerations:
dw = dwz (dz+μ(z)dz) = wzεeiϕ (1+μ(z)e−2iϕ) where dz = εeiϕ , i.e., the infinitesimal circle
|dz| = ε centered at the point z is transferred under the differential dw to an infinitesimal ellipse
E = Ez,ε . The geometric sense of p(z) ≥ 1 is the ratio between the principal axes of E , and θ (z) is
the angle between the great axis of E and the real axis.
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The authors know only two results for the case of the essentially nonbounded
characteristics p: the existence and uniqueness theorem of Belinski obtained for
locally bounded p (the result was not published) and the theorem of Pesin [185,186]
under the condition of a “sufficiently strong” integrability of p.2

Note that, in the latter theorem, the existence is established in a wider (not usual)
class: f ∈W 1

α for all α < 2, f−1 ∈W 1
2 and

∫
D

exp[p(z)]mdσz ≤ M < ∞, m > 1.

The question as to the uniqueness in the given class remains open.
It is known that a q-quasiconformal mapping belongs to the space W 1

α with
some α(q) > 2.3 However, many important properties of such mappings (absolute
continuity by Banach, uniqueness etc.) are guaranteed by their (and f−1) property
to belong to the space W 1

2 . In this connection, the question about finding a class of
nonbounded characteristics with the existence theorem in the class W 1

2 is natural.
The following theorem in the given direction is proved in this work:

Theorem A.15. Let p(z) and θ (z) be measurable functions giving a distribution of
Lavrentieff’s characteristics in D, and let

p(z)≤ q0 + p0(z) a.e., (A.4.1)

where q0 is a constant and p0 ∈
o

W
1

α(D).
Then there is the unique mapping f (z) of the disk D onto itself, f (0) = 0,

f (1) = 1, with the given Lavrentieff’s characteristics such that f and f−1 ∈W 1
2 (D).

Moreover, we give here a simple proof of an existence theorem (Theorem A.16),
generalizing the theorem of Pesin, where the class of admissible characteristics is
extended, however, with extending the space of mappings. The uniqueness theorem
most likely does not hold. In the conclusion, we discuss the possibility of further
generalizations of our results.

A.4.3 The main lemma

Lemma A.24. If w = f (z) is a q-quasiconformal mapping of D onto itself with
smooth characteristics p(z) and θ (z), and p(z) satisfies (A.4.1), then

‖ f‖2
W1

2
≤ 2(q0 + 1)π+ ‖p0‖2

W1
2

(A.4.2)

2Note that the Belinskii theorem mentioned by the authors was published later as Theorem 9 in the
book [30].
3See [44].
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and

‖ f−1‖2
W1

2
≤ (q0 + 1)π+ ‖p0‖L1 . (A.4.3)

Proof. We obtain

‖ f‖2
W1

2
≤ (q0 + 1)π+

∫
D

p0
∂ (u,v)
∂ (x,y)

dσz (A.4.4)

from (A.4.1) and the equality

|∇u|2 + |∇v|2 =
(

p+
1
p

)
∂ (u,v)
∂ (x,y)

.

Note that p0 is integrable as a function in
o

W
1

α(D). Integrating by parts, we derive

∫
D

p0
∂ (u,v)
∂ (x,y)

dσz =−
∫
D

u
∂ (p0,v)
∂ (x,y)

dσz. (A.4.5)

Hence,

∫
D

p0
∂ (u,v)
∂ (x,y)

dσz ≤
∫ ∫
D

|v| · |∇p0| · |∇v| dσz

≤ 1
2

∫
D

(|∇p0|2 + |∇v|2)dσz ≤ 1
2
‖p0‖2

W1
2
+

1
2
‖ f‖2

W 1
2
.

Thus, we obtain (A.4.2) from here and (A.4.4).
If p∗(w) is a characteristic of f−1(w), then

‖ f−1‖2
W1

2
=

∫
D

(
p∗+

1
p∗

)
∂ (x,y)
∂ (u,v)

dσw ≤ π+
∫
D

p∗
∂ (x,y)
∂ (u,v)

dσw

≤ π+
∫
D

p∗dσz = π+ q0π+
∫
D

p0 dσz, (A.4.6)

because p∗(w) = p[ f−1(w)], and thus, (A.4.3) follows from (A.4.6). 
�

A.4.4 Proof of Theorem A.15

Let {(pn,θn)} (n = 1,2, . . .) be a sequence of smooth characteristics converging
a.e. to (p,θ ). By the existence theorem for q-quasiconformal mappings, there is a
sequence of mappings of D onto itself, fn(0) = 0, fn(1) = 1, whose characteristics
coincide a.e. with pn and θn, respectively.
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The condition (A.4.1) holds for pn too, and we conclude on the base of
Lemma A.24 that the sequences of mappings fn and f−1

n have equibounded Dirichlet
integrals. Hence, the family { fn} is equicontinuous and equiopen inside D (and even
in D, see [247], p. 75) and, by Theorem 22 in [247], p. 139, there is a subsequence
{ fk}, k = 1,2, . . . that converges uniformly on compact sets in D to a topological
mapping w= f0(z) of D onto itself, f0(0) = 0, f0(1) = 1, such that f0 and f−1

0 ∈W 1
2 .

Repeating word for word the arguments of the Bers theorem (see, e.g., [153],
p. 197), it is shown that a.e.

p0(z) = lim
k→∞

pk(z) = p(z), θ0(z) = lim
k→∞

θk(z) = θ (z).

To complete the proof, it suffices to establish the uniqueness of a mapping with the
given characteristics if f and f−1 belong to the Sobolev class W 1

2 .
Let f j(z) ( f j(0) = 0, f j(1) = 1, j = 1,2) be two mappings f j , f−1

j ∈W 1
2 whose

characteristics coincide a.e. with p(z) and θ (z), respectively.
The mapping z′ = T (w) = f1[ f

−1
2 (w)] belongs to W 1

1 (see [153], p. 159) and
consequently is absolutely continuous on almost every straight line, which is
parallel to axes. Moreover, it has a.e. in D the circular property. Thus, T is a q-
quasiconformal mapping with q = 1, i.e., T is conformal,4 and by the normalization
T (w)≡ w, and the proof is complete. 
�

A.4.5 One more theorem

Theorem A.16. Let measurable functions p(z) and θ (z) give the distinction of the
Lavrentieff characteristics in D such that

(a)
p(z) ∈ Lβ (D) , β > 1;

(b)
x∫

δ

dt
2π∫
0

p(z0 + e−t+iφ )dφ
→ ∞, x → ∞, (A.4.7)

at all points z0 ∈ D.

4See, e.g., Weyl’s lemma in [9].
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Then there is a mapping f of the disk D onto itself, f (0) = 0, f (1) = 1, whose
characteristics coincide a.e. in D with p and θ , respectively, and

‖ f‖W1
2β/(β+1)

≤
√

2π‖p‖Lβ , (A.4.8)

i.e., f ∈W 1
2β/(β+1)(D) and f−1 ∈W 1

2 (D).

In (A.4.7), p(z) is extended by a constant outside of D.

Proof of Theorem A.16. The proof is a combination of known arguments, and
hence, we restrict ourselves by an idea.

We construct cutoff {pN(z)} of p and consider N-quasiconformal mappings
{ fN(z)} of the disk D onto itself with characteristics pN and θ . Then there exist
constants a, b, c, and d such that, under |z− z0| ≤ a,

exp

⎡
⎣−b

‖ f−1
N ‖2

W1
2

|z− z0|2

⎤
⎦ ≤ | fN(z)− fN(z0)|

≤ c

⎡
⎢⎢⎢⎣

d∫

|z−z0|

dt
2π∫
0

pN (z0 + teiφ) tdφ

⎤
⎥⎥⎥⎦

−1/2

≤ c

⎡
⎢⎢⎢⎣

ln 1
|z−z0|∫

ln 1
a

dt
2π∫
0

pN (z0 + e−t+iφ )dφ

⎤
⎥⎥⎥⎦

−1/2

. (A.4.9)

The first inequality is known (see inequality (32) in [247], p. 75), and the latter is
a simple version of known inequality (see, e.g., the second inequality in (1) in [265],
p. 76).

The condition (a) together with inequalities (A.4.6), (A.4.9) and condition (b)
show that the family { fN} is equicontinuous and equiopen at every point z0 ∈ D.
From here, similarly to the proof of Theorem A.15, we conclude that there is a
subsequence { fNk} which converges uniformly on compact sets in D to a topological
mapping f0 of the disk D onto itself and such that { f−1

Nk
} also converges uniformly

on compact sets in D to f−1 ∈W 1
2 .

Next, we have

∫
D

(|∇uN |2 + |∇vN |2
)β/(β+1)

dσz ≤ 2β/β+1
∫
D

[
pN
∂ (uN ,vN)

∂ (x,y)

]β/β+1

dσz

≤ (2π)β/β+1

⎛
⎝∫

D

pβdσz

⎞
⎠

1/(β+1)

.
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We conclude from here that ‖ fN‖W1
2β/β+1

are bounded. Applying the uniform

convergence of { fNk} to f0, we obtain that f0 ∈ W 1
2β/β+1 by a known theorem

(see [230], p. 342). 
�
The convergence of the characteristics is established similarly to the proof of

Theorem A.15.

A.4.6 The final conclusions

The condition (b) in Theorem A.16 holds if the characteristic p is integrable in
a strong enough way. In such cases, we can determine a degree of equicontinuity
of quasiconformal mappings by revising expressions on the right in inequalities
(A.4.9) which, under the conditions of Theorem A.16, are retained as N → ∞. Let
us illustrate it by the example of the above theorem of J.N. Pesin.

With this aim, let us establish that the condition

∫
D

exp [p(z)]m dσz ≤ M < ∞, m > 1 (A.4.10)

implies the conditions (a) and (b) in Theorem A.16. The property (a) is obvious in
this case. Let us prove divergence of the integral (A.4.7) for the case z0 = 0. The
consideration of other points is reduced to this case.

Denoting A(r) =
∫ 2π

0 rp
(
reiϕ)dϕ and applying the Jensen inequality for the

convex functions, we obtain

∫
D

exp [p(z)]m dσz ≥ 2π
1∫

0

r exp

[
A(r)
2πr

]m

dr

and, consequently,

1∫
0

r exp

[
A(r)
2πr

]m

dr ≤ M1 < ∞ . (A.4.11)

Setting

Et =

{
r ∈ [t,1] : exp

[
A(r)
2πr

]m

≥ 1
tr3

}
,

we have
1∫

t

r exp

[
A(r)
2πr

]m

dr ≥
∫
Et

dr
tr2 ≥

1∫
1−mesEt

dr
tr2 .
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From here, in view of (A.4.11), we obtain that

mes Et ≤ M1t
1+M1t

. (A.4.12)

On the set [t,1]\Et , we have that

A(r)≤ 2πr

[
log

1
tr3

]1/m

.

Hence,
1∫

t

dr
A(r)

≥
∫

[t,1]\Et

dr
A(r)

≥ 1
2π

∫

[t,1]\Et

dr

r
[
log 1

tr3

]1/m
.

Noting that the integrand is decreasing on [t,1] and taking into account (A.4.12), we
have

1∫
t

dr
A(r)

≥ 1
2π

1∫
t+mesEt

dr

2
[
log 1

tr3

]

≥ m
2π (m−1)

[
log

1
t2 + log

1+M1t
1+M1 +M1t

] (m−1)
m

− m
2π (m−1)

[
log

1
t

] (m−1)
m

.

(A.4.13)

Consequently, the integral diverges as t → ∞ and (A.4.13) can be used to
concretize the estimate in (A.4.9).

Thus, (A.4.10) guarantees the conditions of Theorem A.16. Since (A.4.10)
implies that p is integrable with any degree, we obtain from (A.4.8) that f0 ∈
W 1

2β/(β+1) for any β 	= ∞, i.e., f ∈ W 1
α for all α < 2. Thus, all conclusions of the

theorem of J.N. Pesin hold in our case.

A.5 One Example of Iwaniec–Martin

Here, we present a section devoted to one example from [117]; cf. also [116].

Theorem A.17. Let A : [1,∞) → [1,∞) be a smooth increasing function with
A(1) = 1, τA′(τ) ≥ 1, and such that

∞∫
1

A (τ)
τ2 dτ < ∞ . (A.5.1)
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Then there is a Beltrami coefficient μ compactly supported in the unit disk D,
|μ (x)|< 1, with the following properties:

1. The distortion function

K (z) =
1+ |μ (z)|
1−|μ (z)|

satisfies ∫
D

eA (K(z))dm(z)<∞. (A.5.2)

2. The only W 1,1
loc (D) solutions to the Beltrami equation

fz = μ fz a.e. D (A.5.3)

which are continuous at the origin are the constant functions.

Proof. Given a function A satisfying (A.5.1), we define a function K (s), 0 < s ≤ 1,
via the functional relation

K (s)eA(K(s)) =
e
s2 . (A.5.4)

As the map K �→ KeA (K) is monotone increasing, we see that the solution K (s) is
well defined and unique with K (1) = 1. In fact, the solution is decreasing and

K′ (s) =− K (s)
s(1+KA ′ (K (s)))

≥−K (s)
s

(A.5.5)

as K (s)A ′ (K (s))≥ 1. Hence,

d
dt

(tK (t))≥ 0,

and so upon integration from s to 1, we obtain

K (s) ≤ 1
s
. (A.5.6)

Then

eA (K(s)) =
e

s2K (s)
≥ e

s
,

K (s) ≥ A −1
(

log
e
s

)
.
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From this, we deduce that for all 0 < t ≤ 1

t∫
0

ds
sK (s)

≤
t∫

0

ds
sA −1 (loge/s)

=

∞∫
a

A´(τ)dτ
τ

≤
∞∫

1

A´(τ)dτ
τ

,

where a = A −1 (loge/t) ≥ A −1 (1) = 1. The next lemma, which follows from
integration by parts and a minor estimate, asserts this last integral is finite. 
�
Lemma A.25. If A is an increasing positive function, then

∞∫
1

A (τ)dτ
τ2 < ∞ if and only if

∞∫
1

A (́τ)dτ
τ

< ∞ .

Thus,
t∫

0

ds
sK (s)

is a well-defined bounded increasing function. Next,

∫
D

eA (K (|z|))dm(z) = 2π
1∫

0

eA (K (s))sds = 2πe

1∫
0

ds
sK (s)

≤
∞∫

1

A (τ)dτ
τ

,

so function K is subexponentially integrable. Now, set

f (z) =
z
|z|ρ (|z|) , (A.5.7)

where

ρ (t) = exp

⎛
⎝

t∫
0

ds
sK (s)

⎞
⎠ . (A.5.8)

Then f is a radial stretching, defined on D\{0}. We compute (away from the origin)

ρ̇ (t) =
ρ (t)
tK (t)

,

K (z, f ) =
ρ

|z| ρ̇ = K (|z|) ,

|D f (z)| = ρ (|z|)
|z| ,
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J (z, f ) =
ρ2 (|z|)

K (z) |z|2 ,

μ f (z) = − z
z

K (z)− 1
K (z)+ 1

.

Notice here that the function f is not continuous at the origin. However, near the
origin we have ρ (|z|)≈ 1, and therefore, the formula for |D f | gives us the bounds

1
|z| ≤ |D f (z)| ≤ C

|z| , (A.5.9)

which yields our bounded solution in weak-W1,2.

Notice that ω = f (z) is a C∞ diffeomorphism away from the punctured disk onto
the annulus 1 < |ω |< R = ρ (1), and we have “cavitation” at the origin.

Finally, we wish to show that there are no nonconstant continuous solutions in
W 1,1

loc (D). To this end, let ε > 0 and set r = ρ (ε). Note that r → 1 as ε → 0. Let g

be a W 1,1
loc (D)∩C (D) solution to (A.5.3) with μ = μ f as above. Set

ϕ (z) = g ◦ f−1 : {r < |z|< R}→ g({ε < |z|< 1}) .

As ϕ ∈W 1,1 ({r < |z|< R}), a simple computation shows ∂ϕ = 0, and the Weyl
lemma gives ϕ holomorphic. This is true for every ε > 0, and so we are provided
with an analytic function for which

ϕ ◦ f (z) = g(z) , z ∈ D\{0} .

This equation implies the function ϕ has the limit g(0) as |z| → 1. Hence, both
ϕ and g are constant.

The existence and uniqueness theorems of Iwaniec–Martin in the Orlich–Sobolev
classes can be found in the monographs [26, 116, 117]; see also the corresponding
comments in Sects. 4.6 and 8.7 above.
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(1880).

87. Gehring F.W.: A remark on the moduli of rings. Comment Math. Helv. 36, 42–46 (1961).
88. Gehring F.W.: Extremal length definitions for the conformal capacity of rings in space.

Michigan Math. J. 9, 137–150 (1962).
89. Gehring F.W.: Rings and quasiconformal mappings in space. Trans. Amer. Math. Soc. 103,

353–393 (1962).
90. Gehring F.W.: Topics in quasiconformal mappings. Proceed. of the International Congress of

Mathematicians. Berkeley, California, USA. 62–80 (1986).
91. Gehring F.W., Lehto O.: On the total differentiability of functions of a complex variable. Ann.

Acad. Sci. Fenn. A1. Math. 272, 9 (1959).
92. Gehring F.W., Martio O.: Quasiextremal distance domains and extension of quasiconformal

mappings. J. Anal. Math. 45, 181–206 (1985).
93. Gehring F.W., Reich E.: Area distortion under quasiconformal mappings. Ann. Acad. Sci.

Fenn. AI. 388, 1–15 (1966).
94. Golberg A.: Homeomorphisms with finite mean dilatations. Contemporary Math. 382,

177–186 (2005).
95. Golberg A., Kud’yavin V.S.: Mean coefficients of quasiconformality of pair of domains.

Ukrain. Mat. Zh. 43(12), 1709–1712 (1991) [in Russian]; translation in Ukrain. Math. J. 43,
1594–1597 (1991).

96. Gotoh Y., Taniguchi M.: A condition of quasiconformal extendability. Proc. Japan Acad. Ser.
A Math. Sci. 75, 58–60 (1999).
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188. Pflüger A.: Quasikonforme Abbildungen und logarithmische Kapazität. Ann. Inst. Fourier
Grenoble 2, 69–80 (1951).

189. Ponomarev S.P.: The N−1-property of mappings, and Lusin’s (N) condition. Mat. Zametki
58, 411–418 (1995) [in Russian]; transl. in Math. Notes 58 (1995), 960–965 (1996).

190. Ragusa M.A.: Elliptic boundary value problem in vanishing mean oscillation hypothesis.
Comment. Math. Univ. Carolin. 40(4), 651–663 (1999).

191. Rado T., Reichelderfer P.V.: Continuous Transformations in Analysis. Springer-Verlag, Berlin
(1955).

192. Rajala K.: Mappings of finite distortion: the Rickman–Picard theorem for mappings of finite
lower order. J. Anal. Math. 94, 235–248 (2004).

193. Rajala K.: Mappings of finite distortion: removability of Cantor sets. Ann. Acad. Sci. Fenn.
Math. 29(2), 269–281 (2004).

194. Rajala K.: Mappings of finite distortion: Removable singularities for locally homeomorphic
mappings. Proc. Amer. Math. Soc. 132(11), 3251–3258 (2004) (electronic).

195. Rajala K.: Mappings of finite distortion: Removable singularities. Dissertation, Univ.
Jyvaskyla, Jyvaskyla, p. 74 (2003).

196. Ransford Th., Potential Theory in the Complex Plane, Cambridge, Univ. Press (1995).
197. Reich E.: Extremal quasiconformal mappings of the disk. Handbook of complex analysis:

geometric function theory, Vol. 1. North-Holland, Amsterdam, 75–136 (2002).
198. Reich E., Walczak H.: On the behavior of quasiconformal mappings at a point. Trans. Amer.

Math. Soc. 338–351 (1965).
199. Reimann H.M.: Functions of bounded mean oscillation and quasiconformal mappings.

Comment. Math. Helv. 49, 260–276 (1974).
200. Reimann H.M., Rychener T.: Funktionen Beschränkter Mittlerer Oscillation. Lecture Notes

in Math. 487 (1975).
201. Renelt H. Quasikonforme Abbildungen und Elliptische Systeme erster Ordnung in der Ebene.

Teubner, Leipzig (1982). English translation: Elliptic systems and quasiconformal mappings.
Pure and Applied Mathematics. A Wiley-Interscience Publication. John Wiley & Sons, Ltd.,
Chichester. 146 pp. (1988).

202. Reshetnyak Yu.G.: Space mappings with bounded distortion. Transl. Math. Monographs 73,
AMS (1989).

203. Rickman S.: Quasiregular Mappings. Springer-Verlag, Berlin (1993).
204. Ryazanov V.: On convergence and compactness theorems for ACL homeomorphisms. Rev.

Roum. Math. Pures Appl. 41, 133–139 (1996).
205. Ryazanov V.: On criteria of convergence for quasiconformal mappings and their generaliza-

tions. Ukrainskii Mat. Zh. 48 5, 665–674 (1996).
206. Ryazanov V.I.: On mappings that are quasiconformal in the mean. Sibirsk. Mat. Zh. 37(2),

378–388 (1996) [in Russian]; translation in Siberian Math. J. 37(2), 325–334 (1996).
207. Ryazanov V., Salimov R.: Weakly flat spaces and bondaries in the mapping theory. Ukr. Mat.

Vis. 4(2), 199–234 (2007) [in Russian]; translation in Ukrain. Math. Bull. 4(2), 199–233
(2007).

208. Ryazanov V., Sevostyanov E.A.: Toward the theory of ring Q-homeomorphisms. Israel
J. Math. 168, 101–118 (2008).



References 295

209. Ryazanov V., Sevostyanov E. A.: Equicontinuity of mappings quasiconformal in the mean,
arXiv: 1003.1199v4 [math.CV] 27 Sep 2010, 1–19.

210. Ryazanov V., Srebro U., Yakubov E.: BMO-quasiconformal mappings. Reports Dept. Math.
Univ. Helsinki 155, 1–22 (1997).

211. Ryazanov V., Srebro U., Yakubov E.: To the theory of BMO-quasiregular mappings. Dokl.
Akad. Nauk Rossii 369(1), 13–15 (1999) [in Russian].

212. Ryazanov V., Srebro U., Yakubov E.: BMO-quasiconformal mappings. J. Anal. Math. 83,
1–20 (2001).

213. Ryazanov V., Srebro U., Yakubov E.: Plane mappings with dilatation dominated by functions
of bounded mean oscillation. Sib. Adv. Math. 11(2), 94–130 (2001).

214. Ryazanov V., Srebro U., Yakubov E.: Degenerate Beltrami equation and radial
Q-homeomorphisms. Reports in Math. of the Helsinki Univ. 369, 1–34 (2003).

215. Ryazanov V., Srebro U., Yakubov E.: On ring solutions of Beltrami equation. J. Anal. Math.
96, 117–150 (2005).

216. Ryazanov V., Srebro U., Yakubov E.: Beltrami equation and FMO functions. Contemp. Math.
382, 357–364 (2005).

217. Ryazanov V., Srebro U., Yakubov E.: Finite mean oscillation and the Beltrami equation. Israel
J. Math. 153, 247–266 (2006).

218. Ryazanov V., Srebro U., Yakubov E.: On the theory of the Beltrami equation. Ukrain. Math.
J. 58(11), 1571–1583 (2006).

219. Ryazanov V., Srebro U., Yakubov E.: The Beltrami equation and ring homeomorphisms.
Ukrain. Math. Bull. 4(1), 79–115 (2007).

220. Ryazanov V., Srebro U., Yakubov E.: On strong ring solutions of the Beltrami equations.
Complex Variables and Elliptic Equations. 55 (1–3), 219–236 (2010).

221. Ryazanov V., Srebro U., Yakubov E.: Integral conditions in the theory of the Beltrami
equations, Complex Variables and Elliptic Equations, DOI:10.1080/17476933.2010.534790
(expected 2012).

222. Ryazanov V., Srebro U., Yakubov E.: On convergence theory for Beltrami equations.
Ukrainian Math. Bull. 5(4), 524–535 (2008).

223. Ryazanov V., Srebro U., Yakubov E.: Integral conditions in the mapping theory. Ukr. Math.
Visn. 7(1), 73–87 (2010); transl. in J. Math. Sci. 173(4), 397–407 (2011).

224. Saks S.: Theory of the Integral. Dover, New York (1964).
225. Salimov R.: On regular homeomorphisms in the plane. Ann. Acad. Sci. Fenn. Ser. A1. Math.

35, 285–289 (2010).
226. Sastry S.: Boundary behavior of BMO-qc automorphisms. Israel J. Math. 129, 373–380

(2002).
227. Sarason D.: Functions of vanishing mean oscillation. Trans. Amer. Math. Soc. 207, 391–405

(1975).
228. Shabat B.V.: On a generalized solution to a system of equations in partial derivatives. Math.

Sb. 17(59), 193–210 (1945) [in Russian].
229. Shabat B. V.: Introduction to Complex Analysis. Nauka, Moscow (1969) [in Russian].
230. Smirnov V.I.: A course in higher mathematics. Vol. 5. Fizmatgiz, Moscow (1959)

[in Russian].
231. Sobolev S.L.: Applications of functional analysis in mathematical physics. Izdat. Gos. Univ.,

Leningrad (1950); English transl, Amer. Math. Soc., Providence, R.I. (1963).
232. Srebro U.: Extremal length and quasiconformal maps. Israel Math. Conf. Proc. 14, 135–158

(2000).
233. Srebro U., Yakubov E.: Branched folded maps and alternating Beltrami equations. J. Anal.

Math. 70, 65–90 (1996).
234. Srebro U., Yakubov E.: μ-Homeomorphisms. Contemporary Math. 211, 473–479 (1997).
235. Srebro U., Yakubov E.: Uniformization of maps with folds. Israel Math. Conf. Proc. 11,

229–232 (1997).
236. Srebro U., Yakubov E.: On folding solutions of the Beltrami equation. Ann. Acad. Sci. Fenn.,

Math. 26, 225–231 (2001).



296 References

237. Srebro U., Yakubov E.: On boundary behavior of μ-homeomorphisms. Israel J. Math. 141,
249–261 (2004).

238. Srebro U., Yakubov E.: The Beltrami equation. In: Handbook of Complex Analysis, Geometry
Function Theory, vol. 2, pp. 555–597. Elsevier, Amsterdam (2005).

239. Stein E.M.: Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory
Integrals. Princeton Univ Press, Princeton (1993).

240. Stoilow S.: Lecons sur les Principes Topologue de le Theorie des Fonctions Analytique.
Gauthier-Villars (1938). Riemann, Gauthier-Villars, Paris (1956) [in French].

241. Stoilow S. Lectures on topological principles of the theory of analytic functions. Nauka,
Moscow (1964) [in Russian].

242. Strebel K.: Quadratic Differentials, Ergebnisse der Mathematik und ihrer Grenzgebiete (3)
[Results in Mathematics and Related Areas (3)], 5. Springer-Verlag, Berlin (1984).

243. Strugov Y.F.: Compactness of the classes of mappings quasiconformal in the mean. Dokl.
Akad. Nauk SSSR 243(4), 859–861 (1978) [in Russian].

244. Strugov Y.F., Sychov A.V.: On different classes of mappings quasiconformal in the mean.
Vest. PANI, 7, 14–19 (2002) [in Russian].

245. Sullivan D.: Quasiconformal mappings and dynamics I. Solution of the Fatou-Julia problem
on wandering domains. Ann. of Math. 122, 401–418 (1985).

246. Sullivan D.: Quasiconformal mappings in dynamics, topology and geometry. Proceedings
of the International Congress of Math. Berkley (1986), American Mathematical Society,
Providence, R.I., 1216–1228 (1987).

247. Suvorov G.: Families of plane topological mappings. Izdat. Sibirsk. Otdel. Akad. Nauk SSSR,
Novosibirsk (1965).

248. Suvorov G.D.: The metric theory of prime ends and boundary properties of plane mappings
with bounded Dirichlet integrals. Naukova Dumka, Kiev (1981) [in Russian].

249. Suvorov G.D.: Generalized principle of the length and area in the mapping theory. Naukova
Dumka, Kiev (1985) [in Russian].

250. Tamrazov P.M.: Moduli and extremal metrics in nonorientable and twisted Riemannian
manifolds. Ukrain. Mat. Zh. 50(10), 1388–1398 (1998) [in Russian]; transl. Ukrain. Math.
J. 50(10), 1586–1598 (1998).

251. Tamrazov P.M.: Continuity of certain conformal invariants. Ukrain. Mat. Zh. 18(6), 78–84
(1966) [in Russian].

252. Titus C.J., Young G.S.: The extension of interiority with some applications. Trans. Amer.
Math. Soc. 103, 329–340 (1962).

253. Tucker A.W.: Branched and folded coverings. Bulletin AMS. 42(12), 859–862 (1936).
254. Tukia P.: Compactness properties of μ-homeomorphisms. Ann. Acad. Sci. Fenn. Ser. A1.

Math. 16, 47–69 (1991).
255. Trokhimchuk Yu.Yu.: Removable singularities of analytic functions. Naukova Dumka, Kiev

(1992).
256. Trokhimchuk Yu.Yu.: Differentiation, inner mappings and criteria of analyticity. IM NASU,

Kiev (2008).
257. Uhlov A., Vodopyanov S.: Mappings associated with weighted Sobolev spaces. Complex

Anal. Dynam. Sys. III. Contemp. Math. 455, 363–382 (2008).
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BMO-quasiregular, 17
FMO-qc, 17
FMO-quasiconformal, 17
H-coarse, 260
K-quasiconformal, K-qc, 97
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distributional derivative, 13
divergence type, 74, 246
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elementary, 4
elementary solution, 55
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finite mean oscillation, 9
finite mean oscillation at ∞, 178
finite mean oscillation in D, 9
finitely star set, 69
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folded quasiregular, 196
folded quasiregular maps, 183
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folding map, 186
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good approximation, 85
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H-length, 143
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induced by, 58
inverse function, 34
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mapping of bounded distortion, 49
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modulus bound, 260
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NED set, 127
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prime solutions, 196
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quasiconformal, 47
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quasiextremal distance domain, 123
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radial dilatation, 99, 247
radial direction, 99
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regular point, 99, 171
regular solution, 162, 172
ring, 20
ring Q-homeomorphism, 31, 99
ring Q-homeomorphism at ∞, 98
ring Q-homeomorphism at the point, 98
ring domain, 20

S
s.p., 17
sense-preserving, 17
simple straight umbrella map, 187
simple umbrella map, 187
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Sobolev class, 13
solution, 239
solution of (B), 4
spherical (chord) distance, 20
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spherical modulus constraint, 242
standard folding, 186
star, 183
Stoilow’s factorization theorem, 48
straight, 187
straight (3,1)-cusp map, 187
straight umbrella map, 187
strong ring solution, 100, 129

strongly accessible, 42
strongly elliptic, 4
super-regular solution, 172

T
tangential dilatation, 32, 99

U
umbrella map, 187
uniform, 124
uniformly, 4

V
vanishing mean oscillation, 5
vertex, 183
vertex of the umbrella map, 187
VMO, 5

W
weakly complete, 14
weakly converges, 14
weakly flat, 42
weakly flat at a point, 42
weakly fundamental, 14
Whitney’s canonical cusp mapping, 187
winding map gd of order d, 186
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